CHAPTER V

CONSTRUCTION OF SETS OF ORTHOGONAL LATIN SQUARES

FROM BLOGK DESIGNS

51 Pairwise Balanced Design

5e%1e1 Definitions Let K :{k,],..., km} be a set of m distinect
positive integers., Let v, A be positive integers such that k g v

for all k & K. A pairwise balanced design BIB(Vykygeeey k o A)

is an arrangement of v objects into b blocks such that each block
oont'ains k distinct objects for some k belongs to K and every pair

of distinct objects ocours in exactly A blocks .

5¢1¢2 Remark, If bi is the number of blocks with ki elements

m : m
then Eb =b, Aviv=1) = Eb.k (k.= 1)a
f=1 pr

m
Proof Clearly Eb
i=1

‘e b. To prove the other observe that there

are (;) distinct pairs and each pair of objects occurs in exactly
A blocks. Therefore )\(Z) is the number of pairs of objects

that occurred altogether. On the other hand, we have bi blocks of

k. distinot elements. This implies that each blook contains (ki>
2

i
distinet pairs, hence bi (21) is the number of pairs of objects

that occurred in these bi blocks. Therefore the total number of

m : f?
pairs of objects that can be occurred altogether is E bi (21) -
i=1
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which is equivalent to the required identity,
Q.E.D,

5¢1e3 Definition. The bi blocks with ki elements of a pairwise

balanced design BIB(Vyk,yeesy k yA) will be called the i'® equiblLook

component, A glear set is a set of equiblock components in which
no two blocks have an element in common ¢

We shall write BIB(v,k1,..., kr; kr+1""’ km,i\) to indicate
that the first r equiblock components of BIB(v,k1,-.¢, km.-KJ form

a clear set,

5e1e4 Examples. The following are examples of pairwise balanced
design BIB(v,k1,..., km,ih) and pairwise balanced design

BIB(v,k1,..., k3 ""lﬂn’h)' In these examples, we use

r+1?
14240esy v to denote objeots and B1,..., Bb to denote blocks,
In (1) and (2) we give examples of designs without and with elecaw

set respectively, Example (1) is constructed by the method of trial
and error. Example (2) is constructed by the method in the proof
of Theorem 5,71.9,

(1) Example of a pairwise balanced design BIB(6,2,3,1),

{1’2} ’ B, {1’3}

3 {1’4} ’ By {1,5)

By

il
i

B

it
il
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55_{1;6} , B = { 34 5}
B7={2,5} X BS={3'6}
By = {2, 6} i Byo™ {2, 3, ‘+}

B,,= ‘4, 5, 6} X

(2) Example of a pairwise balanced design BIB(18,3;4,5,1).

B17=

{
i

Byg® {0,3,4,9,11 } y B, =
{

12,15,16,0,2} . Bﬁ8= 13,16, 17,1,3}

By = {9,12,13} : B, = {15,3,5}
By = 116,#?6 } ; B, = {7 10,11 16}
Bg = {8,11,12,17} , B, = {10 13,14 o}
B, = {11,14,1'5,1} ; By = {14 17,2 4}
By = {17,0,5,7} , B - {0,1,6, }
Byq= 51,2,779 } ) By,= {2,3 8,10 }
Biye {3.6.7002,08) Bru= {417:8,13 15}
By 5,8,9,14,16} - S {6,9 10,15 17}
{
5

4,5,10 12}

2,5,6,11,13} ’

541.5 Theorem, A finite projective plane of order n is a pairwise

balanced design BIB(v,k,1) where v = n2+ n#A k= n + 1,

Proof Take the points as objects and the lines as blocks, Since
there are exactly n2+ n + 1 points in plane, Then v = n2+ n + 1,

Every line contains exactly n + 1 points, then each block contains



ko

n + 1 points, Since each pair of points determines a unique line,

hence A = 1,

Q.E.DO

5¢1.6 Theorem. A finite affine plane of order n is a pairwise

balanced design BIB(v,k,1) where v = n2, k = n,

Proof Take the points as objects and the lines as blocks, Since
there are n2 points in the plane and each line contgins n points,
hence v = n2 and k = n, By axiom 1 of affine plane, any two distinct

objects are contained in a unique line, therefore A = 1,

Qe.E.D,

5.1.7 Theorem. If there is a pairwise balanced design BIB(v,k1,...,

ko3 K qreees km,1), then

N(v) > nﬁn.{N(k1),...,N(kr), N(kr+1)-1,...,N(km)-1 } '

Proof Let ¢ = min { N(k1)+2,..., N(kr)+2, N(kr+1)+1,..., N(km)+1} .
Since for L = Y .46, OA(ki,c) exist., Let us denote OA(ki,c) by A, .
Let the object of Ay be Tyeeoskse For i =12+ 1,,.., m, OA(ki,c+1)
exist. Let us denote OA(ki,c+1) by Di' Let the objects of Di be
Tgosay ki. We may permute the columns of Di so that the first ki

columns of Di are of the form

1 1 L » . 1
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From Di' i=r+l,i..,my, we form matrices Ai by deleting the first

row and first ki columns of Di' Note that Ai’ i=r+1,,..,m are
2 g : s
c x (ki- ki) matrix which have in every two rows all columns (3)

with u £ w, u, w = 1,..., ki as submatrices, Let the b blocks of

the given pairwise balanced design be Bﬂ’B2""’Bb'

1t Bj has ki elements, then we form an array Sj from Ai as
follows : replacing the numbers 1,...,ki of Ai by the objects in Bj.

Form the array
C = (81 ’S'Z’.."Sb'E)

where E is an extra set of columns, each column of E consisting of
the same objects repeated ¢ times and E has one column for each
object that did not appear in the blocks of the clear set.

We elaim that the array C is an OA(v,c)., Let any two rows
be chosen, We shall show that for any objects u,w, the pair (;)
occurs as a submatrix of this two rows. First, let us consider the
case u ¥ ws There exists exactly one block Bj containing both
elements and in the corresponding Sj' there will be a column (u)
occuring as a submatrix of the two rows. We shall show that uwand
w do not both occur in any other Sy nor can both of them occur in
a column of E, If u and w belong to some S's say Si0 J £ k,
then u, w belong to Bk which contradicts to the fact that u, w
belong to exactly one block, Clearly u and w can not occur in the

same column of =,
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Next, consider the case u = w, If u is an element of the
block Bj in the clear set, then the array Sj contains a pair (3)
occuring as a submatrix of the two chosen rows. ILf u is not the
element of the block in the clear set, then the pair (E) occurs as
a submatrix of the two rows in E,

Hence any two rows are orthogonal and C is an OA(v,c),
Therefore, there are at least ¢ - 2 mutually orthogonal Latin squares
of order v and N(v) » ¢ - 2

= min {N(k,l),ooo, N(kr), N(k—r+1)-1,ooo’N(km)"’1} .
QeLeD,

We shall illustrate the construction given in the proof of the
above Theorem by using the pairwise balanced design BIB(18,3%4,5,1)
of example (2) in Section 5,%.4, From this Theorem and the existence

of the pairwise balanced design BIB(18,3;4,5,1), it follows that
N(18) 2 min { N(3), N(4)=1, N(5)=1 } s

By Theorem 2,1,7 and Corollary 2,1.4 we see that N(3) = 2, N(L4) = 3,

N(5) = 4, Hence
N(18) » min {z, 321, be } . 2-a

Hence the method of construction described in the above proof will
give us a set of 2 mutually orthogonal Latin squares. To construct
this pair of orthogonal Latin squares, let

min { N(3)+2, N(4)+1, N(5)+1}

min { b, &4, 5}

b .

C

1

11
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So that we need to construct OA(344), OA(kL,4+1) and 0A(5,4+1),

By Theorem 4,1,3, we may construct these arrays from 2 orthogonal
Latin squares of order 3y 3 orthogonal Latin squares of order 4 and
3 orthogonal Latin squares of order 5. These sets of orthogonal
Latin squares are already given in Theorem 2.1.1 and Corollary 2,1.4.

They are as shown below :

e a8 1.2 %
Ly =]3 1.2 L,={2 3 1
2 A1 2 .4 2
17 2. 35 ) SRS (1 2 37k
Lj,=21“3 754 3 AN o 3 2.4
L e e 3 02N > 12 1 & 3
L2020 S St N 3 - S D
4 2345\ /12345\ (1 2 F W5
2 3 K 5 .9 SNCH-5 21 2 4 85 1.8
” 4 ”
1=3L;5*|2 L2=51231+ L3=23’+51
. el ol W 35 Yllg 4 5 4.2-% &
- PR . 7 h1dngeee 3 3 k5. Fi 8
_ . 7 \ /

Now, apply the method of constructing orthogonal arrays from
orthogoanl Latin squares as decribed in the proof of Theorem 4,1,3%
to the above sets of orthogonal Latin squares, we obtain the
following arrays :

111 22.2 54535

Le3 123 123

23 K 239
1-2 3 2:% 1 3 %2

OA(B,’"’) =



T8 2 g u A
$ 1238 1234 %3
Qalla1) =11 230 244§ 3y
1235 3412 43
L1234 #32% 219
(11111 22222 3
12345 12345 9
OA(S,441) = {1 2345 23451 3
123 %5 348128 5
\12345 k5123 »
Hence
119 Y2/ D5PS 5
- 12 ¥ V300 3
1 2 373/ eees.d
123 25 4880
ERE N e e T
12 VA 423k 12
D2= 12 THW 214334
-1 WA RPN
{1 215 & dBk@n 2n
r1111') 22.282%
123485 128458 1
D3=123’+5 25889 3
12%45 345%3 8
12345 45123 2

\

By deleting the first row and

respectively, we get

A
T2 3
L 3
29
34

F N A W W
Ny B AN
-

33
b 5
T8
34
- 4

W - &=~ oW
DU W
Vi N & a =

i L
142
49
25
34

£ NN N W
W 2 oW

33
5
12
34
2195

ol ey A

= P00 AT A KN
VP R G

= W WU oo

first 4, 5

MW /Sl NS

—‘-C‘I\J\_N-l—“‘

\

A X N
R . I
L 5 R T S
F S W U o
Wi o

N W s o

%

N W
W AN e
F 2 W v s
W U a2 U

columns of

=

F U 2 nvowm
U =2 v WU

U 2 vowm
Ui =2 v W »

2!
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W
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Uuu n Foa
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Next, by using the BIB(18,3; 4,5,1) we

above proof,.

i

(

10
11
16

We have

7% 3
9. 1293
9 12 13
9 12" 13

3
15
10
15

W W W W
Ul Ul U1\

L
16
16
16

= F F
Oy ON O\ &

10 11 16
716 11

6 7 10

.50 9

3
1

L
2

/

5
23
b |
34

~

123458
51234
b5123
34512

/

5k

form Sj as described in the

121212 13 13 13
91213 912 13
13 .912 1213 9
1280829 13 9 12
2 2 3 I5M/5 15
5.5 15 Y5 15
T 215 .3
gt o DOl AL - Lh. S
6 6 6 16 16 16
L 6 16 L 6 16
1€ L4 6 6 16 4
616 4 16 L 6
710 1116 '
11 9% 7190 16 4
16 441 % - 10
. 7% 1 149

A

N

0 41 16
440 -9
7 46 14
6 710

J
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N O SN

12
17

11

13
14

10

14
15

11

14
17

17

N O

- O Co O

N A O 3

17
42
11

14
13
10

15
1l
11

17
14

17

=\

O 2 O 0

<= NV 3V

12
17
14

13
14
10

14
15
11

14
17

17

- 0 O O

N O N o

11

12

10
14

13

11

15
14

17
14

17

12

11
17

13

10
14

1k

11
15

0 17

O O OO0

- J v N

o A O O

O NV o

L
11

12

14
10

13

15
11

14

17

14

17

AN O = o ~J

N -2 N

17
11
12

14
10
13

15
11
14

17

14

17

~

N 2 & O

N NVWO A

11
12

17

10
13

14

1
14

15

14

17

~J

17

o O OV -

O a2 N v

12
11
17

13
10
14

14
11
15

14

i s

17

O 0 - O

= W0 N

17
12
i |
1 |

13
10

15

14

11)

25
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Sqy

15

16

17

S48

12

10

Ny O

7 12

14

13
15

14
16

10
15
17

12
15
16

13
16
17

10
15
17

12

15
16

13
16

17

12
14

13
15

14
16

15
17

15
16

16
17

10

(o)

W

14

[Co R B )

16

O ©o

2% 0%
810 2 3
M 8 32
3 210 8

3 6 712 14
%4 3 6

7
14
6

12

15

10

15

12

16

13

6
12

15

13

16

14

10
17

15

12
16

15

13
17

3
16

7
14

13
L
8

15

14

O

15

10
17

15

12
16

16

1
13
17

12
3

17

16
1

n

7 21
8 10 2

12 14 3

15 17 6
9 10 15

15 16 0
Z %2 15

1% 17 1
3 1% 16

3 8 10 |

15

17
10

15

16
12

16

17
12

17
10

15

16
12

15

17
13

16
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3 .6 %

14
12

15
13

16
14

17
15
10

16

15
12

17
16

13

3
1

12

~J

15
13

16
14

17
15

16
15

17
16

6

3
1k

15

U1 o0 W0

16

10

17

12

16

13

-

7

oy a

W

£ a1 00 AN

14

16
13

1

14
12

O\ N

7

15
13

7

1
10

\2_\0




o 3
9 11
3 4
11 ©
1 4 5
10492 1
L 5 10
12 1 4

2 5.8
11 13 2
S &1
13 2 5

17
17
17
17

ro 3 9.9 0 % 4 991
g - |F 4 911 0o 4 911 o 3
19 b 9141 0 3 11 0 3 4 o
k9 1M1 0 3 4 3 4 9141 0
(1 4 51012 1 4 510 12
s 4 51012 1 51012 1 &4
20 ~
51012 1 4 12 1 4 5 10
1012 1 4 5 4 541012 1
(2 5 61113 2 5 61113
PR 6 1113 Z 1125
21 61113 2 5 13 2 5 6 11
1M1 13 2 5.6 /56871 132
To form E, we observe that 0,1,2,7,8,10,11,14,17
any blocks of the cleam set, Hence
O 107 6 M0 "11 "
-y 0 12 7 8 10 11 4k
D . oo T,
0 R WRlagilgileyi Havicyy
So that the orthogonal array
C = (51,..., 521, E)

can be obtained,

This is an OA(18, 4),

57

911 0 3 4 9 1
3 .8 3% 4
1 0 911 0 3 H
L 9 4L 911 o0 3
012 1 4 5 10 12
L 5 12 1 & 5 10
12 1 1012 1 & 8
510 51012 1 K
M43 . 2% 611 1§
5 6 - %% 2 5 6%
13 & 1915 2 %9
611, 611:% & 3

do not appear in

Finally, we can construct 2 orthogonal Latin squares of

order 18 from this orthogonal array by the method described in the

proof of Theorem 4,1,3.

The following table shows the resulting

squares,y one superimposed on the other,



Table

0,0 | 6,8 12,15(4,9 11,31 P17 8 1[17.5] 1,6 | 3,11|13 14 9,416, 2|14,10(10,13(2 16[15,12] 5,7

2 2 2

8,61 1,1179[13,16 5100124 0,8 | 9,2( 60| 2,7| 4,12 14,19 10,517, 3151111, 14 317 16,13

2 4 2

16,15[9,7 | 2,2| 8,10{14,17 6,11(13,5/ 1,9[10,3| 7,1 |3,8 | 5,13[15 16/ 11,6 (12 4|0 12|12,0] 4,14

2 2

11,9 [1716/10,8| 33 | 11| 55| 212/14,6//210| O 4|8 2| 40| b,14]161712,715,15] 1, 1313,1

P4

” bl ) 2

9,3112,1917 14 011 | 4 4| 1042 6,6 | 813 15,2441,0 | 1,5 | 3,9 | 51 | P15|2,12{13,8 [16,16]14. 2

17,7110,4 [13,11115,5 | 1,12| 3:45[4143]60,17] 9,14{46,8112,1| 2,6/ 4,10 6,2| 816 5 3 [14,9] 7.0

2 2

1,8 | 8,0 [11,5[14,12] 16,6| 2 13| A f6{12,14: 01 10,1517 9(13,2| 37| 51| 7,31917] 6,4 (1510

> 7 ) 2

517 29| 9111261513120/ 314 B2 113,15 1,2 11,1616 10 14,3 4,8 | 612 8 4 }10,11] 05

2 2 2

61|06/ 310102137 16714 1,0 %15 88 |14 16| 23 [12171711115,4| 59 | 13| 95 [11,12

2, >

L1 v2 | 1,7 114 | 30 g 1215215 16] 99 [1517] 0,3 121213 13116,5| 6,10/ 8,14{10,6

2

1h,13| 512| 83| 28 |12, 54 B {15916, 3.2 16,19110.10 7,16 1,4|0,1413,017, 6[11,7] 9,15

su b5 613 90] 009 13 6] 520112 4316 7 1111 8Av[25 [ 115f4,1 | 710128

>

152 #,5] 01¢] 21101 | 1101147 6,3[11,17|13,12 S4|17,8| 913|12,9] 3,6(16,0] 215 811

1014[16,3 | 5,6 | 117} 15[ 11,2 211|158 | 74 [12.1314,0] 6,5(13.9| 912 010 47 17,1 |3 16

2

13,10011,15| 4,17 67 [17.2] 91612,3| 31216,9 | 85 [0,13(151| 7,6 (10,014 14 1,11f 58 | 2 4

2 2 ) )

121614111612 515| 7,8 |15,3 [1017[13,4| 413/1210] 9,6 | 1,14] 20| 87|11,1|3,5] 02| 69

pJ £)

212[13,1715,0 [12.13] 6,16| 89 |16,4|1110/14,5| 514 711[10,7| 015 3,1 | 9.8 112, 2| 4,6/ 1,3

5 2

7.5( 31314 16,1 | 2140 07| 910 502.11[156| 615] 812118 | 1,16 4,210,943, 317,17

J

FT PI r gw
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5.1.8 Theorem, If there is a pairwise balanced design BIB(v,k,1),
then (1) N(v-1) > min{ M(k~1), N(k)-'l} :
(2) N(v-x) » min { N(k-x), N(k=1)-1, N(k)-1} for any x

such that 1 <€ x € k.,

Proof First, we show that N(v-1) 3 min { N(k=1), N(k)-1 }

1T we delete a single object from the pairwise balanced design
BIB(v,k,1), then there are blocks of sizes k and k-1. The set of
equiblock components of size k-1 forms a clear set. Hence we get a
pairwise balanced design BIB(v-1,k-13k,1).

Application of Theorem 5.1.7 gives N(v-=1) min{N(k—‘l), N(k)=-1 } o
Next, let 1< x ¢ k. We shall show that N(v-x) 3 min {N(k-x),
N(k=1)=1, N(k)-1} » Observe that if we delete x objects bélonging
to the same block of a pairwise balanced design BIB(v,k,1). Then
there are blocks of sizes k-x, k-1 and k. Among these blocks,there
is only one block of size k-x., This block alone forms a clear set.
The set of equiblock components of size k-1 (alternately k) does not
form a clear set., Hence we get a pairwise balanced design BIB(v~-x,

k-x; k=1,k,1). Application of Theorem 5.1,7 gives
N(v-x) 3» min { N(k-x), N(k=1)=1, N(k)-1} ‘
QeE.D.

51,9 Theorem, If there is a pairwise balanced design BIB(v,k,1),

then N(v-3) » min { N(k=-2), N(k=1)=1, N(k)=1 } .

Proof If we delete three objects x + X,y X, not occuring in the
X000 1 2 3

same block from the pairwise balanced design BIB(v,k,1), then
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there are blocks of sizes' k22 k-1 and k., Since any two distinct
objects occur in exactly one block, therefore no two blocks can have
more than one object in common, The three blocks of size k=2 which
have been obtained by deleting {x1,x2},{x2,x3},4x1,x3} have no object
in common. Hence they form a clear sets, The set of equiblock
components of size k-1 (alternately k), does not form a clear set;

Hence we get a pairwise balanced design BIB(v=3,k-2; ke1,k,1),

Application of Theorem 5.1.7 gives
N(v-3) > min { N(k=2), N(k=1)=1, N(k)-1 }

Q.E’D‘

5+1410 Definition., A pairwise balanced design BIB(v,k, A) is called
" resolvable if the blocks can be separated into r sets (replications)
such that each set contains cach object exactly once,

We shall also refer to such a design as a resolvable design

with r replications.

Examgle. The lines of an affine pPlane of order n can be divided
into n+1 sets of parallel lines, So that any affine plane of order

n formsa resolvable design with n+1 replications.,

541411 Theorem, If there is a resolvable BIB(v,k,1) with r
replications, then
(1) N(v+x) » min { N(x), N(k)=1, N(k+1)=1 } for 14 2 <€ r=1,
(2) N(war-1)y min { W(z=1), K, N(k+‘l)-1} .

(3) N(v+r) > min { N(r), N(k+1)=1 }
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Proof Let x be any integer such that 1 ¢ x £ r. We form a new
design from BIB(v,k,1) by forming the following blocks : To each
block of the ith replication add a new object Yy Lo 15605 %
Then add a new block {y,l,..., 9 } e Clearly any pair of distinct
objects occur in exactly one block,

First, let us consider the case 1¢ x £ r-1 . 1In this case,
at least two replications are added by new objects and at least two
replications are left unchanged, Since each replication contains
each object exactly once, therefore some two blocks of size k
(alternately k+1) have an object in common,

If x,k,k+1 are distinct, then there are blocks of sizes x, k
and k+1, Since there is only one block of size X, is.€, {y1,..., yx}.
hence this block alone forms a clear set. Therefore we get a
pairwise balanced design BIB(v+x,x;k,k+1,1). Application of Theorem
5.1.7 gives N(v+x) % min { N(x), N(k)=1, N(k+1)= } i

If x = k (alternately k+1), then there are blocks of sizes k
and k+1, In this case no block forms a clear set., Hence we get
a pairwise balanced design BIB(v+x,k,k+1,1). Application of Theorem
5147 gives N(v+x) » min { N(k)=1, N(k+1)=1 } i
Since x = k, hence N(x) = N(k) » N(k) - 1,

So that we have '

min { N(k)=1, N(k+1)-1} = min { N(k), N(k)=1, N(k+1)-1} i
Hence N(v+x) 2 min { N(x), N(k)=1, N(k+1)-1} .

Hence in any case for 1< x ¢ r-1, we get N(v+x) ¥ min { N(x),N(k)=1,

N(k+1)=1 } P
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For the case x = r-1, there is only one replication left unchanged
and at least two replications are added by new objects. Each
replication contains each object exactly once, thérefore some two
blocks of size k+1 have an object in common.

If x,k,k+1 are distinct, then there are blocks of sizes x, k and
k+1, Note that there is only one block of size r-1. This block
does not have any element in common with the replication which is
left unchanged; Hence they form a'clegr set., Hence we get a
pairwise balanced design BIB(v+r;1,r-1,k; k+1,1), Application of

Theorem 5,1.,7 gives
N(v+r=1) > min { N(r-1), N(k), N(k+1)=1 } A

If x = k, then there are blocks of sizes k and k+1. Since
the blocks in the rth replication and the new block { Tqresey yx}
have the same size and have no objects in common, therefore the set
of equiblock components of size k forms a clear set, Hence we get
a pairwise balanced design BIB(v+r-1,k; k+1,1), Application of

Theorém 567167 givés
N(vr=1) % min { W(K), N(k+1)-1} .
Since k = x = r - 1, hence we have
N(v+r-1) » min { N(r-1), N(k), N(k+1)=1 } .

If x = k+1, then there are blocks of sizes k and k+1, Again, the
set of equiblock components consisting of blocks of size k in the
rth replication forms a clear set, llence we get a pairwise balanced

design BIB(v+r-1,k; k+1,1), Application of Theorem 5.1,7 gives
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N(v+r=1) > min { N(k), N(k+1)=1 } .
Since k+1 = x = r-14 hence N(r-1) = N(k+1) > N(k+1)=1., So that
we have _

min { N(k), N(k+’|)-1} = min { N(r-1), N(k), N(k+‘|)-1}.
Hence

N(v+r-1) > min{ N(r-1), N(k), N(k+1)=1 } A

In any case, we get N(v+r-1) > min { N(r-1), N(k), N(k+1)-1}fof X=r—
For the case ® = r, no replication is left uAchanged,

If x # k+1, then there are blocks of sizes k41 and r, There is only

one block of size r and this block forms a clear set. Hence we get

& pairwise balanced design BIB(v+r,r; k+1,1), Application of

Theorem 5,1,7 gives

N(v+r) > min { N(r), N(k+1)-1} .

If x = k+1, then all blocks are of size k+1. Hence we get a pairwise

balanced design BIB(v+r,k+1,1), Application of Theorem 5.1.7 gives

N(v+r) 2 N(k+1)-1

Since r = k+1, hence N(r) = N(k+1) > N(k+1)-1, Therefore, we have

N(v+r) » min { N(r), N(k+1)-1} .
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5.2 Group Divisible Designs

Another kind of designs intimately related to orthogonal

arrays are called group divisible designs.

502471 Definition, A group divisible design GD(vik,m; Aq, 7\2) is
an arrangement of v objects into blocks such that

(1) each block contains k objects,

(2) the v objects can be divided into f disjoint sets G1,G2,...,q£
called groups, each containing m elements such that any two objects
from the same group occur together in.,k1 blocks while any two objects
from different groups occur together in 7\2 blocks.,

We shall be concerned with group divisible design in which

A1 = 0, A2 = 1 only,

5¢2.2 Example, The following is an example of a group divisible
design GD(63 2,33 0,1), In this example we use 1,,..,,6 to denote

objects and B1,..., B9 to denote blocks.

o
i

B, = {1, 2} ; R/SH {~3,t+}

33={576} , B,+={3,2

BS={574} : B6={1,6}

B7={5,2} , B8={’1,’+}
{

Observe that if we let G, = {1,3,5} y G, = {2,4,6} s then any two

objects from the same Gi do not occur together in any block while
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any pair of objects, one from G1 and the other from G occur

2!
together exactly in one block.

5243 Definition., A group divisible design GD(v;k,m,0,1) is called
resolvable if the blocks can be separated into r sets (replications)

such that each set contains each objects exactly once,

5.2.% Theorem. If k & N(m)+1, then there exists a resolvable

GD(km; k,m; 0,1),

Proof We assume that there exists an orthogonal array OA(m, k+1),
Let the objects in OA(m, k+1) be 1,044, ms We form a design as
follows : Arrange the columns of OA(m, k+1) so that the last row

is of the form
Tyevey VBT Ta Bie 000y Mycesy Me

Now drop the last row, Replace the number i in the J row by the
ordered pair (i,j). These ordered pairs (i,3) will be the km objects
of our design., We take as blocks of the design the columns of these
ordered pairs,

We claim that this design is resolvable GD(kmj; k,m; 0,1).
First, we show that this design is GD(km; k,m; 0,1)s Clearly,
there are km objects and each block of the new design contains k
objects, Let the km objects (i,3)y i = 1,040,m, j = Ty0eey k Dbe

partitiqned into k groups Gq,..., Gk where

a, =-; (i;j)’ 1= 19000, m}.
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Thus each group contains m elements. Clearly theloﬁjects with the
- same coordinate never occur in the same block, Claim that the
objects whose second coordinates differ occur together in exactly
one block, Suppose the contrary, then thefe exist i,j,i’,j° such
that j # j° and the pairs (i,3),(i’,j’) occur together in two blocks,
Then the corresponding original column (%}) occurs twice,which is
a contradiction. Hence any two objects ;rom the same group never
occur in the same block, i.ec. A1 = O while any two objects from
diffgrent groups occur together in exactly one block, i,e. 412 ; e
Next, we show that this design is resolvabie,

Let the blocks of this design be divided into m sets in the
same way as the original corresponding columns are divided into m
sets of m each, i.e. the ith set being that for which the entry in
the last row of OA(m, k+1) is i, Note that the orthogonality of the

st

k+1 rows to the others in OA(m, k+1) assures us that in each of the

the m sets, we have each of the km pairs (i,j) exactly once .

QoEoDo

5+2.5 Theorem, If there is a resolvable GD(v,k,m; 0,1) with r
replications, then
(1) N(v+x) » min { N(m), N(x), N(k)-1, N(k+1)-1} for 1< x« r.

(2) N(v+r) » min { N(m), N(zr), N(k+1)-1},

Proof  Assume that there is a resolvable GD(v; k,m; 0,1) with r
replications, Let WogbeogW be distinct objects of the design.

Let B1""’Bb denote blocks and G1,..., Gl dencte groupss Let x
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be any integer such that 2 & X&r. VWe form a new design with v+x
objects as follows : Let {w.,,..., Wi Fyreess yx} be the set of
objects of the new design. Let us take the following as blocks of

the new design

1) the set X = { y1,...,yx} i

2) the groups Goyensy Gy s

e

3) the sets Eq,..., B. , where

b
B, { vl Nt B, is in the i*" replication, 1¢ i g x.

J B, if B, is not in any of the first x
replications,

We shall show that any two distinct objects occur in exactly

one block. Let p, q be any two objects of the new design,

Case (i) {p, q} = { s yj} R B3y G g = Yyeeve i

Clearly the pair { Vi yj} already occurs in the block X,

Case (ii) { P, q} = { LA wj} NAPRSs 3, J =100,y Ve

Case (ii a) Wy w:j are from the same group, say G, for some k,

k

Hence the pair { Wi wj} occurs in the block Gk'

Case (ii b) Wiy Wy are from different groups, Hence the pair

of GD(v; k,m; 0,1). So that

{wi, ij occurs in exactly one block Bt

{w., w.} occurs in B_.
> J t

CaSO (iii) {p, q} = {Wi, yj} o = 1,...,V, j = 11000, Xe
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Since w, occurs once in the jth replication, hence the pair {wi, yj}
occurs in exactly one block of the form Bt & B W {yj} , where
B, is a block in the j°" replication.

To show (1) in the conclusion of the Theorem, we shall

consider the following cases !

Case 1 2\<x,{.r-2.
Case 2 : Sl g s

Case 1 2¢& x £ r-2, In this case, at least two replications are
added by new objects and at least two replications are left unchanged,
Since the original design is resolvable, therefore some two blocks

of size k (alternately k+1) have an object in common. There are 10
subcases to be considered,

Case 1.1. All x,m,k,k+1 are distinct, In this case there are
blocks of sizes x,m,k and K+, Among these blocks, there is only
one block of size x, It is clear that this block together with the
set of equiblock components of size m form a clear set, Hence we get
a pairwise balanced design BIB(v+x,x,m;k,k+1,1)ﬂ1:'Application of
Theorem 5,1.7 gives (1)

Case 1,2 x = m and xy ky k+1 are distinct, In this case
there are blocks of sizes x,k,k+1, -Since the block X and blocks
G1,..., Gl have the same size and have no object in common, therefore
the set of equiblock components of size x forms a clear set,

Hence we get a pairwise balanced design BIB(v+x,x3; k,k+1,1),

Application of Theorem 5.,1.7 gives
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N(vax) 3 min { NG, N(R)-1, N(e1)-1 ] .
Since m = x, therefore N(m) = N(x)., Hence
N(vex) 3 min { N(m), NGx), N(K)-1, N(km-q} .

The remaining cases can be considered in similar manner. Ve

summarize the result of our consideration in the following table :

Table III
Case Conditions on x,m,k,k+1 Design Obtained
1 x=m=k BIB(v+x,k,k+1,1)
2 x =m= k+1 BIB(v+x,k,k+1,1)
3 x=my X £ ky x £ ksl BIB(v+x,x; k,k+1,1)
L X #my x = kym = k+l BIB(v+x,k,k+1,1)
b x £ my x = k, m# k#l BIB(v+x,mj k,k+1,1)
6 x £ my x =3kF =Kk BIB(v+x,k,k+1,1)
e d x£Fmy x =k, m#£k BIB(v+x, mj k,k+1,1)
8 x£Am x £k, m= k1 BIB(v+x,x; m,k,1)
9 x £ my %A K+, m''=k BIB(v+x,x; k,k+1,1)
10 x,m,k,k+1 are distinct BIB(v+x,x,m; k,k+1;1)

When Theorem 5.1,7 is applied to each case, we can conclude that
N(v+x) > min{ N(m), N(x), H(k)=1, N(k+1)-1 } :

Case 2 X = r-1, In this case, exactly one replication is left

unchanged (i.,0. the PR replication), No two blocks in the %

replication have an object in common,
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To determine the design obtained, there are 10 subcases to be

considered, They are summarized in the following table :

Table IV

Case Conditions on x,m,k,k+1 Design Obtained

1 X.= 85k BIB(v+x,k,k+1,1)

2 X =m = k1 BIB(v+x,k; k+1,1)

3 x=my X # ky, x £ kit BIB(v+x,x; k,k+1,1)
Iy x £my x=kym= kt BIB(v+x,k; k+1,1)

5 x £ my x = kym# k+ BIB(v+x,m; k,k+1,1)
6 x £ my x=ktlym=k BIB(v+x,k,k+1,1)

7 x £ my x = kily, m £ k BIB(v+x,m; k; k+1,1)
8 x £ my x £ ky m= kel BIB(v+x,x,k; k+1,1)
9 x £ my x # kfigEmcslle BIB(v+x,x; k,k+1,1)
10 x,m,k,k+1 are distinct BIB(v+x,x,m; k,k+1,1)

When Theorem 5.1,7 is applied to each case, we can conclude that
N(v+x) » min 00w, ¥(x), NOO-1, NG},

Next, we shall show (2), To do this we let x = r. In this case,
no replication is left unchanged. To determine the design obtained,
there are 5 subcases to be considered, They are summarized in the

following table :



Table V
Case Conditions on r,m,k+1 Design Obtained
1 r=m= kt ABIB(v+.r, k+1, 1)
2 r=m, m# k+1 BIB(v+r, m; k+1,1)
3 rédm,m# k1, r = ks BIB(v+r,,m; k+1,1)
b rém, m= k1 BIB(v+r, rj; k+1,1)
5 r, m, k+1 are distinct BIB(v+r, r, mj; k+1,1)

When Theorem 5.1,7 is applied to each case, we can conclude that

N(v+r) » min {N(r), N(m), N(k+1)=-1 ) ’

Q. Ecba'

Theorem 5,2.4 and 5.2.5 may be combined to yield the important

result.

5246 Theorems If k £ N(m)+1, then for 1 < x < m,

N(km+x) > min { N(m), N(x), N(k)-1, N(k+1)-1} a

Proof By Theorem 5.2.4, we get a resolvable GD(km; k,m; O,1)

with m replications, By (1) of Theorem 5¢2.5, we obtain

N(km+x) » min{ N(m), N(x), N(k)-1, N(k+’|)—1} o
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