CHAPTER IV

CONSTRUCTION OF SETS OF MUTUALLY ORTHOGONAL LATIN SQUARES

FROM ORTHOGONAL ARRAYS

441 Characterization of Set of Mutually Orthogonal Latin.

Squares by‘Orthqgonal Array

4¢1.1 Definition. Let v, = (x1,..f, xnz), v, = (y1,.--. ynz) be

any two vectors whose components Xy y; are taken from any sets of
n objects. The two vectors v, and v, are said to be orthogonal
if theordered pairs(xi, yi), =1 Te e s n® include all pairs (ayb)

from S XS,

be1,2 Definition. An orthogonal array OA(n,s) of order n and

length s is a matrix with s rows and n2 columns with entries taken
from any set of n objects such that every two distinct rows are
orthogonal,

Usually we shall denote the objects by 1425e00y N

ko143 Theorem, The existence of k mutually orthogonal Latin squares

of order n is equivalent to the existence of OA(n,k+2)

Proof Let Lq,..., Lk be a Set of mutually orthogonal Latin squares
of order n. Let rij denote the jth row of Li’ 1= 1060y k,

J = Tyeesy ne Construct a matrix A as follows
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where x = (14240003 n)y k = (kykyoeoyk), k = 14000y n, are vectors
of length n, We.éhall show that A is an OA(n, k+2). Since A is

a matrix with k+2 rows and n2 columns. The ordered pair (i,j),
i=174e0y n from the first row, j = 14¢00.y n from the second
represénts the ith row and jth column of Latin square. The third
row and so on are the element in the corresponding cell. Hence any
two rows gf.Aareorthogonal by the properties of orthogonal Latin

squares. On the other hand if A = OA(n, k+2), we can permute

Pl
columns of A so that the first and second rows are

B B e (R
r - e e TR WYY ¢se 1
because of orthogonality of any two rows., Then reverse the process
of the first part, We cén get k mutually orthogonal Latin squares
of order n,
QeE.D.

L,2 Construction of Orthogonal Arrays from Smaller

Orthogonal Arrays

4.,2.1 Theorem, If OA(n1,s) and OA(nz,s) exist, then OA(n1n2,s)

exists.,
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Proof lLet A = (aij) i Bim (bij) be OA(n1,s), OA(na,s) respectivelys.
Assume that the objects aij' bij are positive integers, 1 £ aij £ 049
14 bij & n,e

¢ & LR
Forn a new matrix D = (dij)’ 1= Tyeeey 8y J = Tyeeey ny 0y

by replacing aij in 4 by the row vector

WBgit Tegh g Bogi sesl BL gt ey

where mg s = (aij- 'l)n2 for every i, je
As the numbers aij run from 1 to n, and the number bij fronm
1 to ) the numbers bit+ mij run from 1 to n,]nz, hence every dij

is one of the numbers 1,2,404, nnye

Consider any two rows of D, say the hth row and the it“1 roVe
Let u, v be any two numbers in the range Tyeeey n n,e Then we can
write

u=u+(u2-1)n2, v=v+(v2-1)n

1 2

with. 1€ u vy £ Ny o9 1L Usy vzg n, uniquelyes

1,

In A, let us determine j as that column in which

= u 3 &, ., = v

%nj ij 2"

In By let us determine t as that column in which

b = v

g = Wy it = Vq°

i

Then in D, in column g =t + ng(j-’l), we have

a, =1b - 1)n2

»” ntt (ah:J U+ (u2— ‘I)n2 =u

1
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and dig o PO (aij- 1)n2 2 Wy (v2- 1)n2 B vy
Hence any u, v is paired at least once in any pair of rowse.
Since there are (n1n2)2 columns and (n1n2)2 possible pairs (u,v),
hence each u, v are paired exactly once in any two rowse This shows

that D is an 0A(n1n2,s)
ReEsDe
%e242 Theorems If N(m) > 2, then N(3m+1) > 2,

Proof Since N(m) > 2, hence, by Theorem bele3y, OA(myLt) existse

Let E be an OA(m44) with the letters Xq9eeey X as objects.

Define following vectors of length m of residues modulo 2m+1,

for i = Oy414eeey 2m

a, = (35 1yees, 1) ,
b= (441, 342,40 di+m) ,
C; = (i=1y i-24400y di-m) ,
Le?
d, = a;~ b, = (2n, 2M=Tyeeey m+1),
d; = bynes w0 (1,2 segy B,
d2 = 8= 0 = (%y 2, coey M),
dé = ;- a; = (2my 2m=1y eeey m+1),
d = b= ¢, = (2, 4y eaey 2m),
p
d, = ¢y~ b; = (2m=1, 2m=3,.00y 1),
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/
Here dj and dj for j = 1,42,3 together contain all nonzero residues

modulo 2m+1. Now construct three vectors of length m(2m+1) as

follows :
A = (aO, gy 8oy weey a2m) 5
B = (bO’ b1a bzs seey b2m) 1
5 S (co, Ci1 Cpy weey cam) .

We take the m letters Xysevey X and form a vector I of length

m(2m+1)
X == (xO' X1| seny sz)
where X, = (x1, Xy eeey xm).

Now we form a b > km(2m+1) wmatrix D

( \
A B - C X
B A X C
D = :
C X a B
X G B A .
J
(4
where
3
r 0 1 2608 2m
0 1 2 ees 2N
G =

O 1 2 LR 2m

0 1 2 ese 2Mm »
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We claim that F is an OA(3m+1,4), We shall verify that
for any objects u, v in {(),1,..., 2m} U£‘x1,..., xm} s the pair

' 3
{ ) oceurs exactly once in every two rows of F.

i
¢ s

Since the submatrix E of F is an orthogonal array, hence

each of the pairs (3) of the form(;xi) occurs in every two rows

, Xj
il

X
of Be Thus each of the pairs {:) of the form (x | occurs in every
two rows of F,

: uy i
Note also that eaeh of the pairs (v) of the form (i) where

i = 0y1yeeey 2m occurs in every two rows of the submatrix G of Fa

Hence each of such pairs occurs in every two rows of F,

It remains to be shown that

(1) Each pair (3) with u, v in ’ O37140eey 2m %, u # v, occurs in

every two rows of F,

!

(2) Each pair (:) with u in f (0] P o Zm} and v in

{x1,..., xm;
oscurs in every two rows of F. ’
(3) Each paiz-(:) with u in { Xqpewes X } and v in 40,1,..., 2m}
occurs in every two rows of F.’ h
For convenience, let us call the pairs (:) in (1),(2),(3) the
pairs of typés I,II,IIT respectively. We shall show that each of
these pairs occurs in every two rows of the submatrix De Observe

that each pair of rows of D contains one of the following submatrices

0 K N R S
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To show that each pair (3) of type I occurs in every two rows
of D, it suffices to show that each pair (:) of type I occurs in
each of these submatrices. Since u # v, hence there exists e
belonging to {1,2,.;., 2m‘} such that

U=-v = € (mod 2m+1).
Thus e must occur in d, or d; .

1

If e belongs to dqs let h = 2m+1=-e and choose i from { O,1,2,...,2m}

such that
i+h = ¥y (mod 2m+1),
Since u=-v=ue =/ 2m41 -« h,
A /4 A 1 e B v,
hence u /= 2m %1 « h + i + h
u =28 % 1+ i,
so that = (mod 2m+1),

Therefore the pair i“) occurs in the WO column of the submatrix

Lv.
a ~ .
i) fuy . A
(bi‘ « Hence {v} ocecurs 1n( B ).
If e belongs to d; s let h = e and choose i from i0,1,...,2m}
such that
i =2 % (mod 2m+1).
Since U -v = e ' h ,
u = h + v,
hence u = h+ i,

so that u = i+ h (mod 2m+1).
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Therefore the pair (:) occurs in the hth column of the

b
% i u . B 5 u
submatrix (ai) » lHence (v) occurs 1n.(A) ¢ Thus, each pair (v)

of type I occurs in.(ﬁ g ).

o

Similarly we can show that each pair (:) of type I occurs

3 . A G
in submatrlx(c A ) -

It remains to be shown that each pair (:) of type I occurs

5.0

#
). Observe that e must occur in dy or @. @
C B 5 3

in submatrix (

8

If e belongs to d3, let h = 5 e Clearly h belongs to{1,...,m}.

Choose i from { O,1,...,2m} such that

i-h =/ 7% (mod 2m+1),
Since u ~"v/+ el RA2h
u/=v + 2h,
hence u “=lld-ih4/2h ,

W = i + h,

i+ h (mod 2m+1).

+

L]

so that u
- z u . th
Therefore the pair (v) occurs in the h column of the

X B, u B
submatrix ( 1) o Hence occurs in ) .
ci (v) ( Cj

If e belongs to dg, let h = 3ﬂi%:3 « Clearly h belongs to

11,..., m} e Choose i from % 04742500y 2m f such that

i+h = v (mod 2m+1),
Since Ue~=v = e=2m+ 1~ 2h,
u = v+ 2m+ 1 « 2h,
hence U = i+ h+2m+ 1~ 2h,

8 +1T+4%h,

I
I

so that u = 1~h {mod 2m+1).,
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Therefore the pair (3‘; occurs in the hth column of the
{
¢ .
7€ i
i) « Hence (3) occurs in } e« Thus each pair (u\

bi (\B, v/

submatrix (

B-C)
T S R

of type I occurs in (

Next, we shall show that each pair (:) of type II occurs in

every two rows of D, Observe that each pair of rows of D contains

one of the following submatrices
( A B ) C
e ) ; (x : ( X ) :
To show that each pair (:) of type II occurs in every two

rows of D, it suffiges to show that each pair (:) of type II occurs

; ;
in each of these submatrices. Since v belongs to i Xqseees xm}i .
Hence v = X, 9 for some h = 1y..,., me

Choose i from io,’l,..., 2m¥ such that
u = i (mod 2m+1).
It can be seen that the pair (3) occurs in the hth column of the
i ) u A
submatrix (- ) « Hence ( ) occurs in(v) .
xi v pis
Choose i from {0,1,..., Zm} such that
u = i+ h (mod 2m+1).

Noiase®

b.
Then the pair (3) occurs in the hth column of the submatrix (521
i
u s B
Hence (v) occurs in (X) .
Choose i from { OyTgweny Zm} such that

4 = i~h (mod 2m+1).
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Then the pair (3) occurs in the hth column of the submatrix (;1) o
Hence u) occu i 0

(v curs in [y |

Finally, we shall show that each pair (3) of type III occurs
in every two rows of D, Observe that each pair of rows of D contains

one of the following submatrices

(odaihat o Ll

By similar arguments it can be shown that each pair (:} of
type III occurs in each of these submatrices,
' Hence any Uy v is paired at least once in any pair of rows.
Since there are 2m + 1 + 4m(2m+1)+ ma = (3m+1)2 columns and there are
(3m+1)° possible pairs (u,v), hence each u, v are paired exactly once

in any two rows of F. 'This shows that F is an OA(3m+1,4) &
Q.E.D.
he2e3 Corollary N(6t+4) 3 2,

Proof By Remark 2.4.4, we have N(2t+1) > 2o Hence by Theorem 4,2,2
N(3(2t+1)+1) > 2
iee. N(6t+h) > 2w

QeEsD,



Example, Two superimposed 10 X 10 orthogonal Latin squares

obtained by Theorem 4,22 are shown below :

Table I

0,0 6’7 5’84 419 9451 8s3 745 1,2 214 346

7’6 1371 0,7 ] 6,8] 5,91 9,2 8y} 2,3 | 3,5 ko0

85| 7.0} 2,24 471 048 699 | 943 | 34l | 4,6 541

9elt| 846 | 7541 | 3,31 24711,8 0,9 Lk,5 5,0 6,2

149 945 8,0 | 7242 4,4 [ 3,71 2,8| 5,6 |6,1] 0,3

3981 299|946 [ 8,41 7,3 | 55| 4,7 ]| 6,0 [0,2] 1,4

5,7 | 4,8 3,9 9,0 852 | 7,41 64,6 0,1 11,3 2,5

2941 342 | 4,315,165 0,6 450 | 7,7 18,81 9,9

he2 | 5,3 | 6,4 10,5} 1,6 2401 3,1] 8,919,721 7,8

693 | 044 | 1,5 | 246 | 3,0 [ 4,41 | 5,2] 9,8 749 | 8,7
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