CHAPTER IIT

CHARACTERIZATION OF COMPLETE SETS OF MUTUALLY ORTHOGONAL LATIN

SQUARES BY FINITE GEOMETRIES

3.1 Projective Plane and Affine Plane

3.,1,1 Definition, A projective plane is a set of points, of which

certain distinguished subsets are called lines satisfying the

following axioms 3

PP1. Any two distinct points are contained in one and only one

line.

PP2, Any two distinct lines contain one and only one point in

in common.,
PP3, There exist four points, no three of which are on a line.

The unique line containing two distinct points A and B

.will be called the line joining A and B and denoted by ADB,

The unique point P contained in two distinct lines L and 1 owill

be called the intersection of L and L’.

3+1.2 Proposition. There exist four lines, no three of which go

through the same point. Later on we shall refer to this Proposition

as PP3’.
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ggggiv By PP3, there exist four points, no three of which ‘are on a line
Let A, By Cy D be such points, By PP1, any two of them determine

a unique line, Since no three of these points are on the same line,
hence AB, BC, CD and AD are distinct lines, We now prove that no
three of these lines go through the same point. Suppose that

ABy BC, CD intersect at the same point. Since AB and BC alréady
have B in common, the common point must be B, But then B is a point
of CD, Hence B, C, D are on a line, contradicting the assumption
that no three of the points A, B, C, D are on a line. Therefore
three lines AB, BC, CD can not intersect at the same‘pointf
Similarly we can show that any other three of the lines AB, BC, CD,

AD can not intersect at the same point,
QelieDs

3¢743 Proposition. Any line of brojective plane n contains at

least three points, '

25222 Let L be any line and P and Q be distinct points of I,
Since n contains four points, no three of which are on a line,
therefore there must be two points 4 and Q/ of nm which are not
on the line PQ., The point p’ and Q, determine a unique line P/Q,.
Claim that P’Q’ intersects L at some point other than P or «,

Suppose P’Q’ intersects I at P, then P/, O/, P are on a line, which

is a contradiction, Hence P/Q/ intersects L at some point other -
than P. Similarly we can show that P'¢Q” intersects L at some point
other than Q, Therefore P/Q’ intersects I. at some point other than

P or Q. Hence L contains P, Q and at least one other point .

QeIeD,
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Let S be the statements concerning " point ¢ " Line ﬁ,
" is on " and " goes through ". The statement S’ obtained from 5
by interchanging " point " and " line "y " is on " and " goes through "
is called the dual of S, Observe that PP2 and PP1are’ dual, PP}f
and PP3 are dual, It can be seen that if S is provable from PP1,
PP2, PP3 then 5’ is provable from PP2, PP1, PP3’, a proof of S’
can be obtained by replacing each statement in the proof of S by

its dual, Since PP}’ is provable from PP1, PP2, PP3, Hence s’ is

also provable from PP1, PP2, PP3, So we have

34%.4 Theorem, (Duality Theorem) If S is a theorem in theory of

projective plane then S/, the dual of S, is also a theorem,

/
34165 Lemma, If L and I, are distinct lines, then there exists

a point P not on L and L/.

Proof Since L and L/are dintinct lines, therefore L intersects 58
at a unique point, say X. It follows from I’roposition 3.1.3 that
there exist four distinct points A, B, Cy D such that A, B are on L
and C, D are on L'. Therefore Ay C and B, D determine two distinct
lines, AC and BD respectivelys By P2, AC and BD must intersect

at a unique point, say P, Claim that P is not on L and L/. 1t.P
is on L,then L intersecets AC at two distinct points A and P, which
is a contradiction, Similarly, if P is on L/, then 1% intersects

7
AC at C and P, which is a contradiction, Hence P is not on L and I.

QchDo
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3e1s6 Theoreme Let n 3 2 be an integere. In a projective plane ¢
any one of the following properties implies the rest :

1) One line contains n+1 points.

2) One point is on exactly n+1 lines.

3) Every line contains exactly n+1 points,

L) Every point is on exactly n+1 lines,

5) There are exactly n2+ n + 1 points in g

6) There are exactly w3d /4.1 lines ‘in e

Proof First, we show that (1) is equivalent to (3).

Suppose that one line contains n+1 points. We will show that
every line contains exactly n+1 pointse Let L and L’ be two distinct
lines in n « By Lemma 3.145, there exists P not on L and L/. Let X
be any point on L, The point P and X determine a unique line PX.
Clearly PX and I arc distinect lines. Then PX and L' have a common
point, say f(X). This defines a function f from L into L. Ve now
prove that f is one-to~one and onto. Suppose f£(X) = f(X3 « Then
Pe(X)«Pf(X)s Now L intersccts P£(X) at X and L intersects P£(X’)
at X7, Therefore, by PP2, we have X = X/, Hence f is one~to=—onec.
Suppose Y is any point of L/, The point P and Y determine a unique
line PY, Clearly PY and L are distinct lines. Then PY and L have
a common point, say X. Consequently, Y = £(X); hence f is onto.
Since there is a one-~to-one function from L onto L/, hence L and L
have the same number of points, Therefore, all lines have the same
number of points. So that, (1) implies (3). It is clear that (3)

implies (1). Therefore (1) is equivalent to (3).
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By duality Theorem (2) is equivalent to (4).

Next, we shall prove that (1) is equivalent to (2)e

Suppose that one line contains n+1 points, We shall show
that one point is on exactly n+1 lines, Assume that a line L contains
n+1 points., By PP3, there exists a point P not on L, Ve will
establish a one~to=one correspondence between points in L and lines
passing through P, Let X be any point in L., Clearly P and X are
distinct points, then P, X determine a unique 1line PX, To each X

in L, set
(X)) = BX,

We now prove that f is one~to-one and cntoe. Suppose f(X,l) = f.(XZ),
iece f(X,]) and f£(X,) are the same line. IHence this line intersects
L at a unique point. DNote that both X,1 and XZ’_ are points that L
intersects with f(X,') and f(Xa), respectivelys Hence X, = X, »
Therefore f is one-to-one. MNote that any line L’ that goes through P

must be distinct from L. Hence L’ intersects L at some point,

say X j that is, there exists X on L such that f(X) = L’ Hence f

is onto,. Conscquently, there are n+1 lines passing through P i.e.
(1) implies (2)s By duality Theorem, (2) implies (1). Hence (1)
is equivalent to (2)

Finally, we prove that (1) is equivalent to (5).

Suppose that one line contains n+1 points, We shall show
that there are exactly n2+ n + 1 points in n « We have shown that
(1) implies (2), therefore one point is on exactly n+1 lines. Let P

be a point of © and let L1,..., Ln+ be the n+1 lines through P.

1
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We claim that these lines include all the points of m « Let Y be a
point in n « The point P and Y determine a unigque line., Let L be
a such line,s If L does not belong to f L1,...,I&H4 }. then there
are n+2 lines passing through P, which is a contradiction.
Hence these lines L1""’Ln+1 include all the points of n « Each of

these lines contains P and n other pointse. P is the only point

e Hence n contains 1 + (n+1)n

common to any two of L1,...,Ln+1

& BRaLh + 1 points, Therefore (1) implies (5). Now we shall prove
that (5) implies (1). Assume that m contains n B points
and a line contains m+1 points, where m is a positive integer.
Then, by the above argument, n contains m2+ m + 1 pointse Therefore
2 2
m+ m o+ 1 = n+n+ 1,

mz— n2+ me-n = 0,

(m =)+ +1) = 0.

Sincem + n + 1 # 0, hence m = n = O § Therefore m = n.

By duality Theorem, (2) is equivalent to (6),
QealeDe

3e1¢7 Definition. A finite projective plane is said to be of order n

if a line contains exactly n+1 points.

Be1al Definitions An affinec plane is a set of points, of which

certain distinquished subsets arc called lines satisfying the

following axioms :



1e Any two distinct roints are contained in a unique line,

2e DEach line contains at least two points.,

3e There are three points such that not all of them are on the
same line,

be If a point P is not on a 1line Ly then there is precisely one

line L/ which contains P and which does not intersect with L.

3¢149 Definition. If L and L7 are lines of an affine plane which

either are equal or have no common point, then we say that L is

parallel to LI.

3¢1¢10 Remark. Observe that the relation " is rarallel to " is
an equivalence relation on the set of lines of any affine plane.
Hence it induces a partition of the set of lines into equivalence

classes,.

b T P Definition. If L is a line of an affine plane A, then the

set of all lines parallel to L is said to be the parallel class of

L and denoted by ILl.

3e1e12 Proposition, Let n be a projective plane and L7 be any

line of n o We form a new structure Alny 1”) from © as follows :

Let &(my L) = % = L', The lines of A(n, 1°) are the
nonempty subsets of A(n, L/)bof the form A(w, L7)N L, where L is
a line of m . Then the set A(m, 1”) together with the lines as

described is an affine Planc,
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Proof Before showing that A(m, L’) satisfies the four axioms for
affine plane, Let us observe that A(m, L' )AL = L ~(LN L' ). Hence
the lines of A(m, L’) can be obtained from lines of ® by removing
from them the points they have in common with L/-

1¢ Let P and Q@ be distinet points of A(n, L/). Then P and Q are
distinct points of ne Therefore P and @ are contained in a unigque
line PQ of n o Therefore PQ = (PQAL") is the unique line of A(m, L )
which contains P and Q.

2e Since, by Iroposition 3,1.3%, any line of i contains at least
three points, hence each line of A(m, L/), which contain one fewer
point than that of n , contains at least two pointse

3 Lef X be a point in L/. By the dual of Proposition 3,143,

there are at least three lines in n passing through X. Thercfore
there exist at least two distinct lines that are different from L’
and go through X. Let L and L be such lines., By (2), we see that
there exist two distinet points of L which are distinct from X.

Let P, Q be such points, By a similar argument, there exists a point
R of L which is distinct from X. Clearly P, Q4 R are distinct points.
We claim that P, Q, R are not on a line. Suppose that P, Qe R are

on a lines Then R is on the line PQ, i.ee R is on L. Since X and R
are two distinet points, which are on L and f, hence L = L. This is
a contradiction. Hence there are three points such that not all of
them are on the same line.

4, Let L” be a line of A(nm, L) and P be a point of A(m, L') which

does not lie on L”. We shall show that there is a unique line of
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A, L) which contains P, but which does not intersect with L”.
Suppose that the line L” comes from a line L of = i.e. L”= L =L 0
Let Q be the point of intersection of L and L/. Note that P and ¢

are distinct points, therefore they determine a unique line PQ of T
Then PQ -{ Q} is a line of A(m, L’) which contains Pe Since L and

PQ intersect only at Q, the line PQ —{ Q} and L”‘do not have any

points in common j; hence they are parallel, Therefore, we have shown
that there is some line of A(m, L/) which contains P and is parallel

to L”. We now prove the uniquenesse.

Let T ve any line of A(m, 1) which contains P and is parallel
to L”. By the above argument, there exists a line L1 of m such that
L= L,~ (L1ﬂ A T Q, be the point of intersection of L, and  Jer
We claim that Q1 = Qe ‘Since L must intersect L1 at a unique point
in n 4, say X. X must belong to L/, otherwise Lois not parallel to L.
Ve shall show that X = Q = Qq. Suppose X # Q, then L intersects L’
at two distinct points Q and X, This is a contradiction. Therefore
X = Qe Supposc X # Qq, then L1 intersects L’ at two distinct points

Q1 and X. Again, this is a contradiction. Therefore X = Q1. Hence

A i 3,74 AT - O, ] i
Q = Q¢ Therefore PQ = PQ,, Hence PQ gQ_} = PQ, {Q1J L
QeEoDe

%+1413 Propositions Let & be any affine plane.y Let L be any set
having the same number of elements as there are parallel classes of
4y and such that no element of L is a line or point of A, Let

n(A) = AUL. To each parallel class of A we assign a unique element

of T such that each element of L is assigned to one and only one
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prarallel class. We denote the point assigned to |L| sy the parallel
class of L, by P(IL|), The lines of =(A) are defined as follows :
Suppose P and Q are distinct points of n(A). If P and Q are both
contained in [, set PQ = T, Suppose P is in E, but @ is in A, then

P has been assigned to a unique parallel class |Ll, There is a

unique line L’ of IL! which contains Qe Let PQ =L'vu *P} « Suppose
now that P and Q are both points of 4, Then there is a unique line
(PQ ) of & which contains both P and Q. Set PQ = (PQ) u {P(I(PQ)/I )}.
Then = (A) with the points and‘lines as described is a projective

plane,.

"Proof Ve must ferify that -n(A) satisfies the three axioms for
projective plane,

1« Clearly from the construction, any two distinct points determine
a unique line,

2; We shall show that any two distinet lines contain a unique pointe.
Since to each parallel class of A, we assign a unique element of T
such that each elements of I is assigned to one and only one parallel
class., Therefore any two distinct lines which are parallel in A
intersect at a unique point in the new structurec, Next, we show that
any two distinct lines which are not parallel in A must intersect at
a unique point., Let L and L’ be any two distinct lines which are not
parallel in A, L intersects L~ at some point. To see that the peint
of intersection is unique.

Suppose that P and Q are points of intersection of L, L: We claim

that P = Q. Suppose that P # Q, Then by (1), P and @ determine a
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unique line., Hence L = L/, which is a contradiction. Hence P = Q,
therefore any two distinct lines intersect at a unique pointe

3e VWe shall show that there are four poiﬁts, no three of which

go through the same line., Since in an affine plane, there are three
points such that not all of them are on the same line. Let P, Q, R
be such points. Let L be a line in ‘A which contain P and Q, but not
Re Ve shall show that there exists a point S such that no three of
Py Qy Ry S are one a line,. By axiom 4 of affine plane, there exists
a unique line Ad passingrthfough R and parallel to L. Since there
are at least two points in each line of A, hence there eXists a point
S in L such that S # R; Clearly P, Q, Ry S are distinct points.

Now we show that no three of Py Qy Ry, S are on a line. Clearly P, Q,
'R are not on a line, If Py Qy S are on a line, then S is on PQ. But
PQ = L,therefofe S is on L,This is contrary to the fact that S is
not on L, Hence P, Q, S are not on-a line. Similarly we can show

“

that any other three o6f these points Py Q, R and S are not on a linec.
QeEeDsy

3e1e1% Remark. Let A be an affine plane. By Proposition 3.1,13,
adjoining a new line L and one object in this line to each parallel
class, we obtain a projective plane =(A, L), Conversely, by
Proposition 3.1.12, deleting T from n(d, L) we obtain A. Observe
that all the lines of n(dy L) have the same number of points, hence
all the lines of A have the same number of points. If each line of
n(Ay I) contains n+1 points, then each line of A contains n pointse

We shall refer to such a plane 4 as an affine plane of order n,
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It follows that an affine plane of order n exists if and only if a
projective plane of the same order exists. Since each point in

Tt(A, T) is on exactly n+1 lines, therefore by PP2, when L is deleted,
these lines are parallel. Therefore, there are n lines in cach
parallel class. Since there are n+ n + 1 lines in =(a, L),

2 . . n+ n
therefore there are n"+ n lines in A, Hence there are ww;r¢‘= n+ 1

parallel classeses Finally we note that the number of points in A is

(n%-n+1)-(n+—ﬂ =na

31415 Theorems The existence of a finite affine plane of order n,
n» 2 is equivalent to the existence of a family of n-1 mutually

orthogonal Latin squares of order ne

Proof First we prove that the existence of a finite affine plane of
order n implies the existence of a family of n~1 mutually orthogonal
Latin sQuares of order n, Let A be an affine plane of order n. By
Remark 3.1.14 there are n+1 parallel classes and each parallel class
contains n lines, Ve arbitrarily designate two of these classes as
Fr and Fc’ and the remainder as F1,.., Fn—1‘ We number the lines of
each class from 1 to n in arbitrary fashion. Let the ith line of Fu

be denoted by Lui’ u = I‘,C,1‘..,n-1, i.ce
Fr = { Lr_], ss ey Lrn) ]
8 = { Lc1’ way Ly } :

F1 = { L11’ seey an} £

Fn--'i= i L(n—1)1' e L(n-1)n % *
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Note that each pair of lines Lri' Lcj intersect at a unique point.
We shall denote the point of intersection of Lri and Lcj by Pij -

Observe that the mapping

(i, J) +—— Pij

determine a one~to=one correspondence between the cells of then >~n
square and the points of A, Here the ordered pair (i, j) denotes
the (i, j) cell of the squarc.

For each u = 1,.444y n=1, we construct a square Su from Fu
as follows : We insert the number v in (i, j) cell of the nxn
square if the pﬁint Pij is on the line Luv o

We claim that S1,..., Sn-1 form a set of n-~1 mutually
orthogonal Latin squares of order n. First we show that cach Su is
a Latin square, Suppose the contrary, then
(1) there exist i, g, j , v stuch that 3£ 3 and v belongs to both
(1,3) cell and (i,3’) cell,
or (2) the exist i, i 4 j, v such that i # i’ and v belongs to both
(i,3) cell and (i',j> cell,

<o . T .
£ (1) holds, then Pij’ Pij’ are on the line L,y Since Pij’ Pij/

are on L_., therefore L intersects L_. at P,. and P.., »
ri uv ri ij 1]
Hence Py = Pyisy ieew (4,3) = (4,37), which is a contradiction.
Similarly, we can show that (2) leads to a contradiction.
Hence Su is a Latin square. Next, we show that each pair Su' Sw,

where u # w are orthogonales Suppose the contrary, then there exist

i, i,, b Y j’, V4 Vo such that

iy 3 wdD
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and (v1, v2) is in both (i, j) cell and (i/, j’) cell of S,

superimposed on Sw. Therefore Pij is on Luv and va o« Similarly,

1 2
we can show that Pi’j/ 1s on both Luv1 and vaz e Since Luv1 and
vaz has only one point in common, therefore Pij = Pi'j' « Hence

(i43) = (4/,3”), which is a contradiction., Hence any two squares
i 4 i ‘
8,1 S,, are orthogonal, Therefore, Spreesy Sn_1’ forms a set of

n=-1 mutually orthogonal Latin squares of order ne

Next, we shall show that the existence of a family of n=1
mufually orthogonal Latin squares of order n implies the existence
of a finite affine plane of order n. Let 81,.}., Sn_1 be a family
of n~1 mutually orthogonal Latin squares of order ne Let the objects
be 140e0y ne We shall conétruct a finite affine plane as follows :
Consider the n° ordered-pairs, (i,j) i, J = 14eeey n as

points and let the lines be

Lri = J (i,j) j = 1'000' n } i = 1,0..’ n’
Lcj = { (i,j) i = 1’..., n} j = 1’0-.’ n’
Luv = 2‘ (i’j) v is in (i,j) cell of Su} u = 1,.0.| n"'1,

v = 1,..0’ e

We claim that the set of points and lines satisfy the four
axioms of affine plane :
1se Ve shall show that any point (i,3),(i’,3j’) where (1,3) # (1/,437)
are exactly on one line, If i # i’, i # j/, since the Latin
property and orthogonality of S1,..., Sn_1 agsure us that there

exists a unique u such that v is in (i,3j) cell and (1’43") ecell of S,
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Therefore (i,3),(i",3") are exactly on the line Ly ®

If i =1"y jJ # 3/, then clearly (1,3),(1,37) are exactly on the

line Lri' I 4 £4/, 3= i’y then clearly (i,j),(i/,j) are exactly
on the line Lcj' Hence any point (i,3),(i”,5) where (1:3) # (B 070
determine a unique line.

2e¢ Since n 2 2, it is clear that ecach line contains at least two
points,

3« Observe that (1,1),(1,n),(n,1) are three points such that not
all of them are on the same line,

be Let L be any line of d¢ Let (17,3/) be any point not on L.

There are three cases to be congidered.
Case 1 L = er for some k, k = Theeey n,

Clearly the line Lri/ contains point (i/,j’) and is parallel
to er. To see that Lri’ is the only line that contains the point

(i’437) and is parallel to L k ! ¥e observe that the only lines that

xr

contain (1i”,3/) are L 179 Lcj’ and all L.y for which v is in (i/,5%)

r
cell of 5 . Note that L, s intersects with L, at (k,37)s Hence

Lcj’ 1s not parallel to er. Next, let Luv be any line that contains
(1/43%)e By Latin property, v must occur in the k‘> row of § .
Suppose that v occurs in the (kyh) cell of S, Hence (k,h) is in
L,v* But (k,h) is also in L+ Therefore, L, intersects L, at

(kyh), Hence L.isis the only line that contains (1/437) and is

rarallel to er.
Case 2, L = Lch for some hy, h = Tyesay N,

By a similar argument, it can be seen that Lcj’ is the only

line that contains the point (i’,3’) and is parallel to Lop »
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Case 34 L = Luﬁ for some u, f, U= Tyeeay N=1, A = Tyeeey Ne

Let v be in (i”,3”) cell of S8, Hence, by definition of L ,

uv
L,y &oes through (i’,3”). Suppose L,y @and L intersect at some
point, séy (iyj)e Then both { and v are in (i,j) cell of Su. Hence
y v, therefore Ly =1L, » So that L, B8oes through & N g v
which is a contradiction., Therefore Luf and Luv do not intersect,
i.ee they are parallel, Hence there exists a line Luv that goes

through (i’,j’) and is parallel to L. By an argument similar to

that in case 1, it can be seen that this line is uniques

QefiaDe
As a consequence of Remark 3.,1.14 and Theorem 3e1e15, we have

3116 Theorem, The existence of 2 finite projective plane of order
nyg n» 2 is equivalent to the existence of a family of n-1 mutually

orthogonal Latin squares of order n.

34117 Note. We note in passing that the problem of deciding
whether a projective plane of order n exists for any given n > 2

is still open., Henee the same holds for the existence of complete
set of mutually orthogonal Latin squares of order ne 4 result along

this line is the following theorem which we state without proof1.

Theorem. A necessary condition for the existence of a finite

projective plane of order n is that for n = 142 (mod 4), integers

ayb exist with n = a2+ b2.

.

1« For the proof, see ' 2
L
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