CHAPTER III

MAXTMAL STRONGLY FACTORIZABLE

SUBSEMIGROUPS OF SYMMETRIC INVERSE SEMIGROUPS

In this chapter, we characterize maximal strongly factoriza-

ble subsemigroups of the symmetric inverse semigroup on a finite set.

Since'a regular semigroup in which any two idempotents
commute is an inverse semigroup, it follows that a regular subsemigroup
of an inverse semigroup is an inverse subsemigroup. Then, a strongly
factorizable subsemigroup of an inverse semigroup S is a strongly factori-
zable inverse subsemigroup of S. Hence, for a subsemigroup T of an
inverse semigroup S, T is a maximal strongly factorizable subsemigroup
of S if and only if T is a maximal strongly factorizable inverse subsemi-

group of S.

If X is a set, then for a nonempty subset A of X, let lA denote

the identity map on A and let l¢ 0, the empty transformation.
Let X be a set. If S is a transformation semigroup on X, then

E(S) {c € S| Vo SAc and xa = x for all x € Va}.

Hence

E(T,) fo e I, | va = Ao and xa = x for all x € Va}

(1, | asx
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because for a € IX’ o is a one-to-one map.

A finite group with zero is a strongly factorizable inverse

semigroup. Then we have

3.1 Lemma. For a set X, if Y is a finite subset of X, then GY U {0}
is a strongly factorizable subsemigroup of the symmetric inverse semi-

group on X.

If S is a strongly factorizable inverse semigroup, then for
e, f e E(S), ef ( = fe) = e or ef = £, and hence every nonempty
subset of E(S) is a subsemigroup of S, so it has a maximum.element by
Theorem 1.9.

Let X be a set. For AS X, B < X, we have that bys 1z ® E(IX)

B

= ol { o = i
end 1,1, =1, g€ E(IX) Then for A, B&S X, 1,15 =1, if and only
if BSA.

3.2 Lemma. Let X be a set and (60 a nonempty set of subsets of X. Let
S = {1A | A€ ©3}. Then S is a strongly factorizable subsemigrouf: of

the symmetric inverse semigroup on X, I if and only if AN B € ?

x,
for all A, B ¢ %0 , and every nonempty subset bo of 20 with the
property that AN B ¢ «So for all A, B ¢ bo has a maximum element

under the partialorder of set inclusion.

Proof : Assume that S is a strongly factorizable subsemigroup
of IX' Since S is a semigroup, for all A, B ¢ %,0 s 1A1B = lA nBE S

which implies A N B € ‘6’ . Next, let 50 be a nonempty subset of (f

such that AN B ¢ P forallA,Binbo..Then{lAlAebo}isa.
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subsemigroup of S, so it is strongly factorizable. Hence { lA I A esp}
has a maximum element under the natural partial order, say lM’ Me 3”.

Thus 1,1, =1, for all A ¢ ¥ which implies ASM for all Ae .

Conversely, assume that AN B ¢ 27 for all A, B ¢ ¥ , and
every nonempty sebset P or ® such that ANBe ¥ for all A, B ¢ 30
has a maximum element under the partial order of set inclusion. Because
for all A, B € %7, ANBEe %7, it follows that S is a subsemigroup of

IX. Let T be a subsemigroup of S. Let
i {AeiollAeT}.

Since T is a subsemigroup of S, we have that ép #9¢ and AN B ¢ 50

for all A, B ¢ bﬂ . By assumption,  there exists M ¢ SO such that
L= =

ASM forallAec)f. Thenl e T and 11 =1 forall Ac f,

and thus {1M}E(T) = {lM}T = T. Hence T is factorizable. a

3.3 Lemma. Let X be a set and T a strongly factorizable subsemigroup
of the symmetric inverse semigroup on X, I,- Then for all o g 1,

Aa = Va.

Proof : Let a € T. Since T is strongly factorizable, there
exists B € E(T) such that aJ%’B in T. Because T is a transformation
semigroup and(:]?s in T, it follows that Aa = AR and Va = VB [Chapter

II, page 29 |. But B ¢ E(IX)’ we have that AB = VB. Hence Aa = Va. o

It has been showed in [4] that if a semigroup S has an identity

1 and S is factorizable as GE(S),then 1 is the identity of G.
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If G is a group such that lG[ > 1, then it clearly follows that

the semigroup G U 1 [Introduction, page 5 | 1is not factorizaBle.

Let X be a set and aa € I Suppose that Ao = Va., Then ¢ is

X

a permutation on Aa, that is, a € G If |Ao| < = , then the eyclic

Ao’
subsemigroup generated by o, <a> , 1is a subsemigroup of G&a’ and hence

<o> 1is a subgroup of GAQSEI with identity 1

x Ao ”

3.4 Lemma. Let X be a set and o e IX ~ E(IX) such that Ao = Voo which
is finite. Let Y be a subset of X such that Ac =Y. Then <a> U {lY} is

a factorizable subsemigroup of IX if and only if Y = Ao,

Proof : Let S = <a> U {lY}' Since Aa &Y, S is a subsemigroup

of I, having 1, as its identity. Because Aa = Va and |Aa| < = , <a>

X Y

is a subgroup of IX with identity lAa'
If Y = Aa, then S = <a> which is a group, so it is factoriza-
ble .
Assume that Ac & Y. Then S = <a> U 1. Because a ¢ E(IX) and
Ao = Vo which is finite, it follows that <ao> is a subgroup of IX and

| <o> I > 1. Then the semigroup <a> U 1 is not factorizable. Hence

S is not factorizable. o

3.5 Lemma. ‘Let Y be a subset of a finite set X. Then <Gx u {lY}> p T RE RS
a strongly factorizable subsemigroup of Ix if and only if Y =¢ or

Y = X.

Proof : Assume <GX u {1Y}> is a strongly factorizable subsemi-

group of L. If [X| <1, thenY =¢ or Y = X. Assume |X| > 1. Claim
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that Y = ¢ or Y = X. Suppose not, then Y #.4 and Y SX. Let
Y = {al, Do S5 am} and X = {al, Bhs vres an} where m and n are

positive integers such that m < n and a, #a. ir1F 3 in 11.8,.445 0}

J

Define the map o : X -+ X as follows, ala = 89, a2a = a3 5 [ereusig

a ,*=8,8a0=a. Then o € GX. Let B = 1Ya. Then

B e <G U {lY}>’ hence by Lemma 3.3, AB

VB. But AB = AlYa =

e i ~ 0
(y n x) I *. ¥ md 98 = Vig = (YN X)a = {a2, 835 +ces 85 %n+l}’

A g
hence A8 # VB which is a contradiction. This proves that Y = @§ or
Y = X.
Conversely, assume Y = @ or Y =X. IfY=¢ , then
§GX u {lY}> — GX U {0} which is a strongly factorizable semigroup by

Lemma 3.1. If Y =X, then <Gy Y {1Y} > = G, which is a strongly

X

factorizable semigroup because G

% is a finite group. o

3.6 Lemma. Let Y be a subset of a set X. Then Gy U {lX} is a strongly
factorizable subsemigroup of IX if and only if Y is finite and either

¥« 1 or ¥=1X.

Proof : Assume that GY U {1X} is a strongly factorizable semi-
group. Since GY is a subsemigroup of GY U {lx}, GY is a strongly -
'.factorizable semigroup. By Theorem 2.3, Y is a finite set. Claim that
Y] <« 1 or Y = X. Suppose that |Y| > 1 and Y §X. Since Y §£X, Gy

and {lX} are the only maximal subgroups of the semigroup G U {1X}' But
{]X}E(GY U {]7(}) = {lY’ lx} # Gy U {]1(} since |Y| > 1, and
GYE(GY U {lX}) = Gy # Gy U {lX} since Y §X. Then the semigroup

GY U {lX} is not factorizable, a contradiction.
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Conversely, assume that Y is finite-and either Y| ¢ 1 or

Y=X. If |¥] < 1, then Gy U {lX} = {ly’ lX} which is a strongly

factorizable semigroup. If Y = X, then GY u {1x} = which is

Gy

a strongly factorizable semigroup since G

Y is ‘a finite group. a

Let S be a semilattice. If S is strongly factorizable, then
by Corollary 1.12, S is a chain under the natural partial order. If
S is a finite chain, then any subsemigroup T of S has a maximum
element e and {e}E(T) = eT = T.

Hence a finite semilattice is strongly factorizable if and

only if it is a chain.

3.7 Lemma. Let X be a finite set with |X| = n. For each

ie{0,1, ..., n}, let Y. be a subset of X such that

=Y SYSY,S ...S Y =X and |Y.| =i. Let Z be a subset of
o 1 & n 3 i :

X. Then <{ 1Y I i = Qi {1Z }> 1is a strongly factorizable
i ‘ |
subsemigroup of IX if and only—ifZ—= Y, for some i e10, 1, sows BY,

Proof : Leinf = <f 1 1 4 =@y 1. _ n} U {1,}>. Then

i C
¥

i, [1a8, dyduynd gy | i =0, 1, ..., n } which is

¢ Z Ny,
1 ol
a finite semilattice.

Assume that T is strongly factorizable. Then T is a chain and
thus {Yi | 20,1, «essxn B E 2N Y, L £ 20, 1, «isa i )} ds0

chain of sets under the partial order of set inclusion. Let |Z| = k.

Then Z N Y =2 < Y, or Yk‘; Z. Since IYkI = k, it follows that
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Conversely, assume that Z =Y 5 then T = {1

= | 420, 1,....m}-

1

)

which is a finite chain, so T is strongly factorizable. a

For any set X, let T be a strongly factorizable subsemigroup

of IX' Then for o € T, lAa = 1Va € T. To prove this, 1let a € T.
Then by Lemma 3.3, Aa = Va. Since T is an inverse subsemigroup of IX’
a_l € T. Hence aa_l =1 € T. Thus 1 =1 S i

Aa Aa Vo

Let X be a finite set with |X| > 1. Let n be a nonnegative

integer and Zo’ Zl’ ey Zn’ Y subsets of X such that

b=2<SI,<...S2 SV |2 .~ 2 1 for a1

i+l il
ie{0,1, ..., n-1}. and éither Zn =Y

Xor|¥X = Zn > 1. Then

Por each 4 e {0, 1, <o,y 13/ IZil = i. Let
T(zo,zl,...,zn;Y) = {1Zi| i=0,1, ..., n} U {a.€ Gy |ae = a

for all a € Zn}'

3.8 Theorem. T(Zo, Zys wees T3 Y) is a maximal strongly factorizable

subsemigroup of the symmetric inverse sémigroup on X.

Proof : It is easy to see that T(Zo, B n wios zn;y) is a

1’
subsemigroup of IX with identity lY and

B(T{Z , 2 Z : ¥Y)) =11

oo Bap ey B 1, » Ly}

k] 5 9%y 2
Zo Zl Zn b ¢

Since Z < Z =...S7 =Y, E(T(Zo, A

1 ¥ i Zn;Y)) is a chain. If

l’
1

o € GY such that ac = a for all a € Zn’ so a—l € GY and au_l = (aa)a_

= a for all a € Zn' Hence



T(Zo, Zl,...,Zn;Y) = {lzo} e {lzd},U {a € GY ao 7/a

for all a € zn}.

which is a union of subgroups of T(Zo, Z,, ...zn;y). Then

T(ZO, Zys eees 23 Y) is a finite inverse semigroup. By Corollary 1.13,

n

e..s Z_3 Y) 1is strongly factorizable.

T(Zo’ Zl’ n

Now, to show that T(Zo, Z.y eeay 2 3 Y) is a maximal strongly

12 n
factorizable subsemigroup of IX’ let K be a strongly factorizable

subsemigroup of IX

K=1I orK="T(Z, 2

containing T(Zo, Ziseres Z 5 Y). Claim that
15 wevs D Y). Since |X| > 1, by Theorem 2.k,
I, 1is not strongly factorizable, it follows that K # Iy-

Assume that for each k ¢ { 1, 2, ..., n}, Z,= {al, 85 +vs ak},

a, #a, if i # J.

i J
Case 1 : Z =Y =X. Then T(ZO, Zys wees Zn;Y) = {1Zi| i3 0, 1, sesqy O}
Let @ € K~{0}. Thus 1, =1, €K, so <{lz.| i=0,1, ...,n} U {1, b

e

is a subsemigroup of K. Then <{lZ S AcPadey 205 D} U {lAa}> is
i

strongly factorizable. Hence by Lemma 3.7, Aa = Zk for some

ke{l, 2, ..., n}. Thus by Lemma 3.3, Aa = Va = Zk' To show that

@ =1, , suppose not. Then there exists i ¢ €1, 2, «+45 kI puch that
k

aa # a; . Let io be the smallest positive integer such that a; o # a.1 .
o o
Let B = lZa . Then B € K, so by Lemma 3.3, AB = VB. But AB = Alza =
Yo ‘o
o - ) "
(z; Nz )1~ =2, andV8=7Vla (2, N2 )a = {a,ay500058; s
o io o 1° o o

aa }, thus AB # VB which is a contradiction. This shows that
o
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a =1 ,soaeT(Zo,Z

B

so K& T(Zo, Zys wees zn;y); and thus K = T(ZO, %

12 tees Zn;Y). Hence K~ {0} ‘ET(ZO, zl,...,zn;y),

12 eeeo Zn;Y).

Case 2 : | Y~2 | >1andZ=¢. Then T(Z s Zys..-aZp3¥) = Gy U {0} and
]YI ‘> 1. 'Since K is a factorizable ‘inverse semigroup, K has an identity.
Let A =X be such that 1, is theé identity of K.Since K # {0}, A # . Let
K be factorizable as K = GE(K). Then lA is the identity of G and G is the

“‘unit group of K. Hence G'=KN GA and thus K< GAE(K). Since -

. : < = <
1, € T(ZO, Zys wees Zn,Y) K, 1,1, =1, and thus Y S A. Hence Gy U {1A}
is a subsemigroup of K, so it is strongly factorizable. By Lemma 3.6,

Y| ¢ 1'6r ¥ = A. But |¥| > 1, then Y = A. Thus G, U {0} K = G/B(K).

Let @« € K~{0}. Then o = By for some B € G, and y € E(K). Therefore

x
3-10‘=1YY=Y=1 1

a subsemigroup of K, so it is strongly factorizable. By Lemma 3.5, Ay = @

, S0 Ay = a7 e =g = ¥. Since <Gy U {lAY}> is

or Ay =Y. But o # 0, soy # 0 and thus Ay # §. Hence Ay = Y. Thus

a = fy = BlAy = BlY = Bre Gy o This shows that K = Gy U {o}.

Case 3 : | ¥ ~ zZ | >landZn_#¢. Let |Y] = mand Y = {a), a5, «ovs 2
8 15 +ees a.m}. Thenm - n > 2. Let o € K\{O}. Then @ # Ao = Va and
€
lAa K
Subcase 1 : |Aa|_s n. Let |aa| = k. Since {1Aa’le’ lAan Zk}

is a subsemigroup of K, it is strongly factorizable. By Lemma 3.2,

~f{Aa, Zk’ Aa N Zk} has a maximum element under the partial. order of set ..
inclusion. Then Aa <72, or Zkg Aa. But since IAal = IZkl =k, it
follows that Aa = Z,. Suppose a ¢ E(IX)‘ Because <a> U {lY} is a
subsemigroup of-K, <a> U {]Y} is factorizable. By Lemma 3.4, Y = Aa, . .
Hence Y = Zk’ a contradiction. This shows that a € E(Ix), so a = lzke

T(Z s Zqs wees Z3Y).

l’

i
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Z,lAanZ}and
n n

Subcase 2 : n < IAaI < m. Since {lAa’ 1

{1,,»1

y } are subsemigroups of K. By Lemma 3.2, (Ac & z or

A 1Aa Ny

Z < ba) and (Aa S Y or YS Aa). But since |Zn| =n < |aa| <m = |Y],

it follows that 7 S Aa & Y. Because 2 = {a;, a,, ..., a } and

2,

Y = {al, iiig By B

” P am}, without loss of generality, we may

n+l’

assume that

Aa = {a sniey Ml

s Blaas
g 3 n+2

1:* n’ "n+l?

for some positive integer £ < m - n. Define the map B : Y > Y by

ra if x = a
n+l m?
b4 = a, ifx=a
8 * m n+2°?
| X otherwise:

Then B € T(Zo, - SRR Zn;Y). Let y =1, 8 . Theny €K, so by

l’

Lemma 3.4, Ay = Vy. But Ay = A1, B = (Aa () Y)lZi’ = Ao and

Ac

W = VL, 8 = (A N Y)B = {a s %m}’ hence

T e Bl s oo Bn4p 1

Ay # Vy which is a contradiction. Thus this subcase cannot occur.

Subcase 3 : n < |Aa|_> m. Since {1, 1,s lAaf]Y} is a

subsemigroup of K, it is strongly factorizable. By Lemma 3.2,

Aa S Y or YS Aa. Since |Aa| > |Y|, YS Aa. Let B : Y > Y be defined

by
am if x= am_l,
xB = a 1 if x = a s

% otherwise.. gl T e R
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Let T ={8, 1,, 1, _}. “Thefi-

Then B € T(Zo, Zis aees Zn;Y) and B8 = 1,. v* Lag

T is a subsemigroup of K, so T is factorizable. All maximal subgroups

of T are {8, 1Y} and {1Aa}, and E(T) {ly’ 1Aa}. Eut

{1

{8, lY}E(T) = {8, lY} # T and {lAa}E(T) lAa} # T. Hence T is not

Y,

factorizable which is a contradiction. Then this subcase cannot occur.

Subcase i : n < |Aa|_=m. Since {lAa’ * } is a subsemi-

Y2 lAa ¥

group of K, it . ds strongly factorizable. By Lemma 3.2, Ac = Y or
Y S Aa. But |Aa| = |Y| =m, then da =Y, so Ae = Ya = Y. Claim that
aa = a for all a € Z . Suppose there exists i € {1, 2, ..., n} 'sucﬁ
that a.a # a;. Let i be the smallest positive integer such that

a;a # a; . Let B = lZa 7 Then B € K,' so by Lemma 3.3, AB = VB.
o o 1
‘ o

But AB = Alja = (zi n Y)lz = zi and VB = Vlz?‘ & (zi il Y)a =

i o i o 55 o
o o) o

1

{al, 8y5 +e05 8, 1, 8,0 }, then AB # VB which is a contradiction.
o o

This shows that aa = a for all a € Z . Hence a ¢ T(Zo, Zl’ . Zn;Y).

Hence, the theorem is completely proved. a

Let X be a finite set.
If X =@, then T {0}, hence there are no maximal strongly

factorizable subsemigroups of IX.

If |X| =1, then Ix = {o, 1X}, hence all of the maximal

strongly factorizable subsemigroups of IX are {0} and {1X}.

3.9 Theorem. Let X be a finite set with |X| > 1 and T a maximal

strongly factorizable subsemigroup of I Then there are a nonnegatiwe

Xo

integer n and some sets Zo’ Zl’ sony L.y Y& X suech that

\

n
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N

g e 2 |

i+l i

Z,S...S2 <Y, j2: 1- for alr 1 e {0; 1, «oey n=l}, -

o 1
eithean=Y=Xor Y\an > 1 '‘and T

T(Zo, - PR, Zn;Y).

l’

Proof : Since T is a strongly factorizable semigroup, by Theo-

rem 1.1, To is also strongly factorizable. Then T < Tog IX' Since

|x| > 1, by Theorem 2.k, I is not strongly factorizable. But since .

(o]

T is a maximal strongly factorizable subsemigroup of I then T = T

9

X,
it follows that 0 € T. Beca.usé {0, lX} is a strongly factorizable sub-

semigroup of I_ and {0, lX} # Iy» it follows that T # {0}.

X
Because T is a-factorizable inverse semigroup, .T has an identity.

Let Y< X be such that 1, is the identity of T. Since T # {0}, Y # @.

- Let T be factorizable as T = GE(T). Then G is the unit group of T with

identity 1 Thus G = Gy N T, and so T _G_GYE(T). Because 0, 1, € T,

Y.
we have {0, 1Y}g E(T) = T.

¥

Case 1 : {0, 1Y} = E(TNy="F. et =< rapl’K = {0, l{a}’ lY’ lX}' Then
K is a finite chain, so K is a strongly factorizable subsemigroup of IX'
Since |X| > 1 and Y =X, {0, 1Y} =TS K<I,, this contradicts the
maximality of T. Hence Case 1 cannot occur.

Case 2 :{0, 1.} = E(T)E T. Let a € T ~ {0}. Since TS GYE(T), a = By

for some B € G, and y € E(T). But a # 0 and E(T) = {0,1Y}, it follows

that v = 1 Then o = By = Bl, = B € G,. This shows that T~ {0}<= G

Y ¥ Y Y’
so T ;:GY U {0}. Since from Lemma 3.1, GYl-J {0} 1is a strongly factori-

zable subsemigroup of I, and GYU{O} # I, it follows that T = GYU {o}.

X
If Y| = 1, then G, U {0} = {0, 1,}. Hence {0, 1,} = :E(T)Q T =

GYU {0} = {o, lY}’ which is a contradiction. Therefore |Y| > 1 since
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Y#@. Then T = Gy U {0} = T(g; ¥).

Case 3 : {0, 1Y} < E(T) = T. Then there are distinct subsets @ = Zgs2q5

AT Zn of X such that T = {1 | i=0, 1,...4n}. Eecause T is strongly
a i 5

factorizable, T is a chain, so {Z. }._ is a chain under the
i £ 0 1 P o

Z

partial order of set inclusion. Then we may assume @ = Zo; Zl; eee S Zn

Then 1Z is the identity of T which implies lZ = lY’ so Zn =Y. To
n n

show that Y = X, suppose not. Then Y & X. Thus we have @ = Zo; Zl<_;

ki Zn = Y& X. Therefore TU {lx} is a finite chain and thus TU {1X}

is a strongly factorizable subsemigroup of I Since |X| =il

X.
TU {lX} # IX' But TG TU {lX}’ this contradicts the maximality of T.

This shows that ¥ = X, so Zn= Y = X. Claim that for all k € {0, 1,...,
n-1}, lzk+l\ Zkl = 1. Suppose that there exists k € {0, 1, ..., n—l}_

such that lzk+l\ Zkl > 1. Let A be a nonempty proper subset of Zk e Zk'

Then we have @ = A~ ...-‘;Zkg'; ZkU AS 24 P~ Z, so TU{lZlyA}
is a finite chain, so it is a strongly factorizable subsemigroup of IX'

b #I,. But TETU{L }, this contradicts

Since |X| > 1, TU({1 ZkU INE

ZIPA
the maximality of T. This shows that for each k ¢ {0, 1,..., n-1},

le+l\ zkl =1, Hence T = T(Z _, Zys eees Z5Y).

(o]

Case L4 : {0, lY} < E(T) £ T. In this case claim that IXI > 2. Suppose

not, then |X| = 2. Assume X = {a, b}. Then

={0,1

IX {a.}a, {b}b, {a} {b}a’ (a,b)},

& b?
E(Ix) = {0, 1y {a.}a, {b}b} and the multiplication of I, is given as

follows :
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o o 1, fal, (v}, {a}, (v} (s, D)

0 0 0 0 0 0 0 0

1. |o Lo {a}, {o}, {a}b {v}, (a, b)

(a}_ |0 fa}, fa}, 0 a3, o0 a},
{p} o fok O {v} 0 {v}, (b}
{a}, [0 {a}, O Jgb. p {a}, (s},
{v} |0 {b}a. {b}a 0 {v}y 0 {v},
(a,0){0  (a,b) (b}, {aky {b}, {a} 1,

Since T is a strongly factorizable subsemigroup of I_, by Lemma 3.3,

X’
for all o € T, Aa = Vo, it follows that {a.}b and {b}a are not elements
of T. Because E(T)& T, there exists an o in T ~ E(T), then a = (a,b).
~ But (a,b)(a,b) = lX which implies lX € T. It follows that 1Y= lX since
1, is the identity of T. Because {0, 1Y} & E(T), there is a B in

E(T) ~ {0, 1Y}, then B = {a}a or {b}b. ITE = {a}a, then B(a,b) =

{a}. € T, it is a contradiction. If B = {b}b, then B(a,b) = {b}a e T,

b

it is a contradiction. This shows that [X| > 2.

Let @ = Zo’ Zl’ - Zn be distinct subsets of X such that

Z; #Y for allice {0, 1, ..., n} and E(T) = {1, T S PR
n} U {1Y}. Since 1, is the identity of P ror sll 1€ 10, 1y eseu i}

11, =1, , soZ;S¥ for all i ¢ {0, 1, iss’y n}s Beceuse T is
i  §

strongly factorizable, E(T) is a subsemigroup of-T, - hence E(T) is.

also strongly factorizable, so E(T) is a finite chain and thus
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{21, is a chain under set inclusion. We may assume
171201, .ve)

$=2 F2,F ---F2,F Y. Then |Y ~2Z|>1.

Let a € T ~E(T). Since 10 = a, Ao = Y. By Lemma 3.3,

Ao = Va & Y. Since <a>U {lY} is a subsemigroup of T, <a>U {lY} is
factorizable. Then by Lemma 3.4, Aa = Vo = Y . Claim that ac = a

X A i, =
for all a. e zn. Let B.= 1Z§ . Then B € T and AB = Alz;ll = (znﬂ Y)lzn-

Z » so by Lemma 3.3, AB = VB =7 . If B # 1, , then 8 ¢ E(IX). Since
s

<> U {lY} is a subsemigroup of T, <f> U {lY} is factorizable, thus by

Lemma 3.4, AB = VB = Y which is a contradiction since AB = ch_; Y. - This

shows that B = lZ . Because B = lzu , aa = a for all a € Zn' Hence for
n n '

all a € T ~ E(T), Aa =Va =Y and ao = a for all a € 2 . This shows that

T = E(T) U (T ~ E(T))

{1, | i=0,1,...,0} U{a e T | A = Va =Y and aa = a for all a e Z }.

i

Z

Claim that for each k € {0,1,..., n-1}, lzk+l\ Zkl = 1. Suppose
that there exists k ¢ {0,1,...,n-1} such that Izk+1\ Zkl >1. Let A be a

nonempty proper subset of Zk+l\ Zk' Then we have ¢ = ZOQ cioie S Zkg

ZkU AS Zep F oo == an Y. Let y = leU K Then it follows that
TS T U {y}. It is clear that T U {y} is a finite inverse semigroup
and E(T U {y}) is a chain. Since T is a finite strongly factorizable

inverse semigroup, by Corollary 1.13, T = U H, such that H_ = {e}
ecE(T)
if e € E(T) \{]_Y}, Since {y} is a meximal subgroup-of T-U {y}, ~ _
TU{y} = U He " . Hence by Corollary 1.13, TU{y} is a strongly
ecE(T U {y})

factorizable subsemigroup of I.. But T & TU({y}, this contradicts the

X
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Claim that |Y ~ znl >1. Suppose that |Y ~2 | = 1. Let

@« €T ~E(T). Then Aa = Va = Y and ac = a for all a ¢ Zn which

1, so o € E(T), a contradiction.

implies o = lY since |Y ~ an

This shows that |Y ~2Z | > 1. Then

T={1, |i = 0,1,...,n} U {0 &|7 )|, A

Vo = Y and aa = a for all a € Zn}
i

c {1, | 1 =0,1,.. 3058 (afe GYI aa = a for all a € Z }
1. ,

= T(ZO,Z ,...,Zn;Y).

i

By Theorem 3.8, T(ZO,Z Z_ 3Y) 1is a strongly factorizahle subsemigroup

l,o-o, n

of I., hence T = T(ZO,Z PRI A r4 i

X 1

Hence, the theorem is completely proved. o
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