CHAPTER II

TRANSFORMATION SEMIGROUPS

The purpose of this chapter is to characterize strongly factori-

zable transformation semigroups.

Throughout this chapter, the following notation are adopted :

For a set X, 1let

TX = the partial transformation semigroup on X,
7& = the full transformation semigroup on X,
IX = the symmetric inverse semigroup on X or the 1-1 partial

transformation semigroup on X,

UX the semigroup of all almost identical partial transfor-

mationsAof X,

VX = the semigroup of all almost identical transformations
of 'K
wx = the semigroup of all almost identical 1-1 partial

transformations of X,

1}

E the semigroup of all onto transformations of X,

X
Mx = the semigroup of all one-to-one transformations of X
Gx = the permutation group on X,
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c = the semigroup of all constant partial transformations

of X,

F

X the semigroup of all constant transformations of X.

Let X be a set. For a nonempty subset A of X and for x e X,

let A denote the partial transformation of X with AA_ = A and VA_ = {x).

Then
Cyp = {Ax|¢#A§X,XeX.}U{O},
Fp = X | xeX}t ir X #4
and Fp = (0) /107%<5' 8. N ‘ 3

Let X be a set. Then for a,b € X, XaXb = Xb' Then the semigroup
of all constant transformations of X is a right zero semigroup. Hence the

semigroup FX is strongly factorizable [ chapter I, page 12].

Therefore we have
2.1 Theorem. For any set X, the semigroup of all constant transforma-
tions of X is strongly factorizable.

The next theorem gives necessary and sufficientconditions for the
permutation group on a set to be a strongly factorizable semigroup. The

following lemma is required :

2.2 Lemma. For any set X, the permutation group on X, G,, is periodic

if and only if X is finite.
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Proof : Assume that X is an infinite set. Then X contains a
denumerable subset, say A. Then |ZZ | 2 |A| where Z is the set of all
integers. Then there exists a one-to-one map y from Z onto A. Thus
A={ny [ neZ}and my # nyY ifm # n in Z. Define the map

a s X' *+X by

(n+l)y if x = ny for n.e Z .,

g if x £ Aa

Clearly, o is a permutation on X. By the definition of o , we have
that for any positive integer k,
K (n+tk)y if x=ny for ne Z,
Xxa =
X 1L [l
Then ak # o* for k, 2 € {1,2,3,...} 'such that k # 2. Hence Gy is not

periodic.

Conversely, if X is a finite set, thgn'GX is a finite group,

so it is periodic. o

2.3 Theorem. For any set X, the permutation group on X, GX’ is a

strongly factorizable semigroup if and only if X is a finite set.

Proof : If the permutation group GX is a strongly factorizable
semigroup, then GX is periodic [ Theorem 1.7 ] , S50 by Lemma 2.2, X is

finite.

Conversely, if X is a finite set, then GX is a finite group, so

it is a strongly factorizable semigroup [Chapter I, page 11 ].
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For a set X, for a e TX’ o 1is an idempotent of TX

if Vo< Ao and xa = x for all x € Va.

if and only

Let S be a transformation semigroup on a set X; that is, S is

a subsemigroup of TX' Then

E(S) = {oc € S | Va< Ae and xa = x for all x € Val}.

Let o , B ¢ S such that a £ 8 in S. Then @« LB and a KB, so a = Y8,

B=Ya, a =B\ and B = aX for some vy, y, A, X € S. Hence

Va = VyB S VB, VB = Vya < Va, Aa = ABAS AB and AB = AaX < Aa. It

follows that Aa = AB and Va VB. If a, B € S such that o 76 B and

B € E(S), then Va = VB < AB Ao and thus Va < Aa. Therefore, for
a € S, if o belongs to a subgroup of S, then Vo < Aa. Hence, if 8

is a union of groups, then Vo< Aac for all a € S.

2.4 Theorem. Let X be a set and let S be Ty Iys Uys W or Cy. Then

the semigroup S is strongly factorizable if and only if |X| < l.
Proof : Suppose that |X| > 2. Let a and b be two distinct
elements of X. Then {a.}b € S. Since A{a.}b = {a} # {b} = V{a}b 5 it

follows that S is not a union of subgroups of S. By Theorem 1.7, S is

not strongly factorizable.

Conversely, if |X| < 1, then 8 = {0} or 8§ = {0,1.}, so it is
clear that S is strongly factorizable. a
Let X be a set. The following theorem characterizes the semi-

groups 7)( and VX which are strongly factorizable in term of cardi-

nality of X.
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2.5 Theorem. Let X be a set and let S be 7% or V.. Then the semigroup

S is strongly factorizable i

Proof : Suppose |X|

in X. Define the maps o, B

X0 =
b's
b
xB = e
b'd

Then @, B € S, a € E(S), aB
subsemigroup of S with E(A)
{&}E(A) = {a} # A, hence A
factorizable. This proves t

then |X| < 2.

Conversely, assume

S is strongly factorizable.

Assume that |X| = 2,

X
f and only if |X| < 2.

> 3. Let a,b and c be three distinct elements

: X+ X by
it x=z is,b},
otherwise,

if x = a,

if— x

]
o’

otherwise. -

a = Ba and BR = a. Hence A = {a,B} is a

{o} and {a} is the only subgroup of A. But
is not factorizable. Thus S is not strongly

hat if the semigroup S is strongly factorizable,

ez e Fgx| = 1, then |8] =1, =0
let X = {a,b}. Then V,= U%, so S = 7& = V.

Let 1 be the identity map on X. Then S = {1, X , X (a,b)} where (a,b) is

the permutation on X = {a,b}

a

with a(a,b) = b and b(a,b) = a. Thus

E(s) = {1, Xa, Xb} and the multiplication on S is given by the following

table :
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(a,b)

(a,b)

m><-'
m><
m><
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(a,b) (a,b)

>

Since {1,(a,b)} ’{Xa} and {Xb} are maximal subgroups of S, we have that

;= (1, (a;0)}, HX % {x.] and»HXb= (x.}.

From the table of multiplication on S, E(S) is a subsemlgroup ef 8. It

S is a union of subgroups of S, H

is easy to see that every nonempty subset of E(S) is a subsemigroup of

E(S) having a left idenlity. Moreover, X F Xal =X, 1X = X1=X,
= = = = = x =

Bty ™ Yoo gl = K os B X, ek E o e e U S el

[H =1= IHXbI .Since S is  finite, S is periodic. Hence by

Theorem 1.11, S is strongly factorizable. o

/ It is known that for any set X, EX' if and only if X is

=GX
finite, and M= G, if and only if X is finite. For any set X, if S = By

or MX » then S is regular if and only if X is finite. To prove this,

first suppose S = EX is regular. To show X is finite, suppose not. Let

a € X . Then | X~ {a}l =| X ], so there exists a one-to-one and
onto map a : X ~{a} — X. Let b € X ~ {a} such that ba = a.
Define the map B : X — X by

a if x=a,
xB =

xa if x & X~{a}.
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Then B € EX and aB = a = ba = bB. Since EX is regular, there exists
Y € EX such that 8 = ByB and y = yBy, Because y is onto X, there
exist x,y € X such that xy = a and yy = b. But a = xy = xyBy = aBy = ay
and b = yy = yyBy = bBy = ay, hence a = ay =b . It is a contradiction
since a # b. Then X is finite.
Now, suppose S = MX is regular. To show X is finite, suppose X is
infinite. Let a € X. Then |X~{a}| = |X| , so there exists a
. one-to-one map o from X onto X~{a}. Then a € MX' Since Mx is regular,
there exists B ¢ Mk such that a = oBo and B = BaB. Thus aB = aBaB which
implies a = (aB)a since B is one-to-one. Hence a € Va, which is a
contradiction. |
This proves that if S is regular, then X is finite.
Conversely, assume that X is finite. Then S = G which is a

X

group, so S is regular.
From the above fact, the following theorem is obtained.

2.6 Theorem. Let X be a set and let S be EX or MX' Then the semigroup S

is strongly factorizable if and only if X is finite.

Proof : Assume that the semigroup S is strongly factorizable.
Hence S is factorizable, so S is regular [h, Proposition 2.2]. Therefore
X is finite.

Conversely, assume that X is finite. Then S = Gx which is a finite

group. Hence S is strongly factorizable since every finite group is a

strongly factorizable semigroup,. o
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