CHAPTER I
STRONGLY FACTORIZABLE SEMIGROUPS

The pufpose of this chapter is to study the algebraic structure
of strongly factorizable semigroups and to characterize strongly factori-

zable semigroups.

Recall that a semigroup S is said to be factorizable if there
exists a gubgroupG of S such that S = GE(S) where E(S) is the set of all
idempotents of S, and a semigroup in which each subsemigroup is factori-

zable is called a strongly factorizable semigroup.

Every factorizable inverse semigroup S has an identity and if S

is factorizable as S = GE(S), then G is the unit group of S [1, Lemma 2.1].

Let a factorizable semigroup S be factorizable as S = GE(S). Then
the identity of G is a left identity of S [ 4, Lemma 2.1 ] and G is a _

maximal subgroup of S (that is, an # - class of §) [4, Theorem 2.4].

Every factorizable semigroup is regular [h, Proposition 2.2].

Observe from the definition of a strongly factorizable semigroup
that every subsemigroup of a strongly factorizable semigroup is strongly
factorizable, and every strongly factorizable semigroup is factorizable.
But a factorizable semigroup need not be strongly factorizable. The group
of all integers under usual addition, (Z,+), is a counterexample since

N ={1,2,3,...} is & subsemigroup of (Z,+) which is not factorizable.
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Every group is a factorizable semigroup. It is known that
every subsemigroup of a finite group is a subgroup. Then every finite
group is a strongly factorizable semigroup. A question arises. Is
there an infinite group which is a strongly factorizable semigroup ?

The following example is the answer:

Example. Let Z be the set of all integers and N the set of all

positive integers. Let p be a fixed prime and

G= (= |me Z,neNU{0}}. Then G is an infinite commutative
5 .

group under usual addition and Z is a subgroup of G. Let

Z(p ) =G/Z . Because lm A B # _]:'n + Z form,n € N such that

B/, D
m# n, it follows that Z(p ) is an infinite group having Z as its

identity. Claim that the group Z(p ) is a strongly factorizable

semigroup. To prove this, let T be a subsemigroup ofIZh;W. Let

En+ze T. Ifn =0, then En+Z=Ze T. Ifn >0, then
P D '

(Eh +Z) +'(Eh +Z) + ..+ (Eh +2Z) (p"- 1 times) is an element of
b b p

T and it is the inverse of the element Eh + Z'. This shows that T is
p

a subgroup of the group Z(p ).

Hence, the group Z(p ) is an infinite group which is a

strongly factorizable semigroup. o

Observe that the group in the above example is periodic. In
fact, every subsemigroup of a periodic group G is a subgroup of G.
To prove this, let T be a subsemigroup of G. Let a € T. Since G is
periodic, there exists a positive integer k such that ak= e where e

is the identity of G. Then a2k= e. Because 2k - 1 is a positive



) 12
¢ 2k- - 2k N 4
integer, a * 13 T. Also, aa2k % a X e € T. It then follows that T

is a subgroup of G. This proves that every periodic group is a strongly

factorizable semigroup.

An example of a strongly factorizable semigroup which is not a
group is the semigroup N of all positive integers under the operation

defined by

mxn maximum {m,n}

for all m,n ¢ N . Observe that every element of N is an idémpotent of
the semigroup (N , #). To prove the semigroup (N, #) is strongly
factorizable, let T be a sﬁbsemigroup of (N, #). Let n, € T be such
that n is the smallest positive integer belonging to T. Then

T = {no}*E(T). This shows that T is factorizable. Therefore, the

semigroup (N, %) is a strongly factorizable semigroup.

A semigroup S is called a right [left] zero semigroup if ab = b

[ab = a] for all a,b € S. Then every right [lefﬁ] zero semigroup is a
band. Observe that every nonempty subset of a right [left] zZzero semi-
group is a subsemigroup.

If T is a subsemigroup of a right zero semigroup S, then for
aeT, T={a}lE(T). Thus every right zero semigroup is strongly facto-
rizable.

If S is a left zero semigroup, then for a € S, {a}lE(S) = {a}.
Hence, a left zero semigroup S is strongly factorizable if and only if

Is| = 1.
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The first theorem shows that if S is a strongly factorizable

semigroup, then the semigroup So is strongly factorizable.

1.1 Theorem. A semigroup S is a strongly factorizable semigroup if and

only if the semigroup So is strongly factorizable.

Proof : If S has a zero, then s° = S, so we are done. Suppose
that S has no zero. Let T be a subsemigroup of Ss°. Then'T = {0} or
T+{0) is & éubsemigroup of S. If T = {0}, T is clearly factorizable.

If T~{0} is a subsemigroup of S, then T~ {0} = GE(T~{0})for some sub-
group G of T~{0}, so T = GE(T) and G is a subgroup of T. This proves
that the semigroup So is strongly factorizable.

Because S is a subsemigroup of So, the converse follows. a

In general, if a semigroup S is a strongly factorizable semi—

group, the semigroup Sl need not be a strongly factorizable semigroup.

Example. Let G = {e,al and H = {e,a} be two disjoint groups of order
2 with identities e and e , respectively. Let S = G U H, and define the

operation ¥ on S by

X%y = Xy
X%y = Xy
x*y = Xy
X*y = Xy

for all x,y € {e,a}. Then (S, *) is a semigroup and E(S) = {e,e}. All
subsemigroups of the semigroup (S, *) are S, G, H, T, ® {e}l, Ty {e}

and T, = {e,e}. Since S = GxE(S) and T, = {e}*E(TB), the semigroup
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(8, *) is strongly factorizable. Let A = {1, é, a}. Then A is a sub-
semigroup of the semigroup £ and E(A) = {1, e}. A1l maximal subgroups
of A are {1} and {e, a}. Because {1}xE(A) = {1, e} # A and

{e, a}*E(A) = {e, a} # A, A is not factorizable. Hence the semigroup

1
S 1is not strongly factorizable. o

Let ¥ : G+ 8 be a homomorphism from a group G into a semigroup
S. It is clear that Gy is a subgroup of S. Using this fact, the

following theorem is obtained :

1.2 Theorem. A homomorphic image of a strongly factorizable semigroup

is strongly factorizable.

Proof : Let ¢ : S+ T be a homomorphism from a strongly factori-
zable semigroup S onto a semigroup T. Let A be a subsemigroup of T. .
Then Aw—l is a subsemigroup of S. Since S is strongly factorizable,
Aw—l is a factorizable subsemigroup of S, hence there exists a subgroup
& of AT wich thek AT —aBas T, HHoBILL is 5 subgrowy of 4. To
show A = (GY)E(A), let a € A. Then ap *< Ap L. Let x € ay™~. Since

Aw"l = GE(Aw‘l), x = ge for some g € G, e € E(A¢"1). Then ey € E(A) and

a=xp = (ge)y = (g¥)(ey), hence a € (GY)E(A). This shows that

A = (GY)E(A), as required. =

If p is a congruence on a semigroup S, then the map ;' : S+ 8/p
defined by ap’ = ap is an onto homomorphism. Therefore by Theorem 1.2,

the following corollary is directly obtained :
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1.3 Corollary. If p 1is a congruence of a strongly factorizable semi-

group S, then the semigroup S/P is strongly factorizable.

003762

Let {Sa}a be a nonempty family of semigroups. The semigroup

e A

S defined on the Cartesian product of the sets Sa with coordinatewise

multiplication, that is, (xu)(ya) = (xaya), is the direct product of

the semigroups Sa’ a € A. If S is the direct product of the semigroups

S,» @ € A, then for B e A, the map HB : S > SB defined by (xa)HB = X

is an onto homomorphism. By Theorem 1.2, we then have

B

1.4 Corollary. Let {Sa}a o A be a nonempty family of semigroups. If
the direct product of the semigroups Sa’ a e A, is a strongly factoriza-

ble semigroup, then each semigroup Sa is strongly factorizable.

The converse of Corollary 1.4 is not true even the index set A

is finite. An example is given as follows :

Example. Let N be the set of all positive integers. Then under the
operation ¥ defined by m*n = maximum {m,n}, (N, *) is a strongly facto-
rizable semigroup. Let G = {e, a, a2, a3} be a cyclic group generated
by a of order 4. Hence G is a strongly factorizable semigroup. Let

N x G be the direct product of the semigroup (N, *) and G and let

A= {(1, e),.(2, e), (3, e), (3, a2)}. Then A is a subsemigroup of the
semigroup N * G. All maximal subgroups of A are {(1, e)}, {(2, e)},
(3, ©),(3, &%)} and E(A) = {(1, ), (2, e), (3, )} But {(1, e)}E(A) =
(1, e), (2, e), (3, e)} # 4, {(2, e)}E(A) = {(2, e), (3, e)} # A and
{13, ¢}, {9, a?)}E(A) = {(3, e), (3, a2)} # A. Hence A is not factoriza-

ble. This shows that the semigroup Nl x G is not strongly factorizable. o

| 17252728



Let S be a semigroup and I an ideal of S. Then the relation Pr
defined by
ap; b if and only if a, be I ora="> (a, b € 8)

is a congruence on S which is called the Rees congruence induced by I,

and the semigroup S/pI is denoted by S/I and it is called the Rees

quotient semigroup relative to 3

1.5 Theorem. Let I be an ideal of a semigroup S. If S is strongly

factorizable, then I and S/I are strongly factorizable.

Proof : Since I is a subsemigroup of S, I is strongly factori-

zable. The semigroup S/I is strongly factorizable by Corollary 1.3.
A semigroup S with zero O is called a Kronecker semigroup if

a gfee’h = b,
ab

0 f—p—t1

for all elements a, b in S. Observe that a Kronecker semigroup is a
band with zero. A Kronecker semigroup of order € 2 is clearly strong-
ly factorizable. If S 1is a Kronecker semigroup with zero O; then for
aeS, {alE(s) = {0, a}. This shows that a Kronecker semigroup S is

strongly factorizable if and only if |S| § 2.

The converse of Theorem 1.5 is not true. Let S = {0, a, b}
be a Kronecker semigroup of order 3 with zero O. Then S is not strongly
factorizable. Let I = {0, a}. Then I is an ideal of S. The semigroups
I and S/I are Kronecker semigroups of order 2, therefore they are both

strongly factorizable.

16
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Let S be a semigroup and a an element of S. Then the cyclic

subsemigroup of S generated by a is

<a> = {a" P 3y B 3y wonks
Suppose there are distinct positive integers p, q, say p < q, such

'that aP = a¢ , then
<a> = {a, a2, e R R &

Thus a has finite order. Let s be the smallest positive integer such

that a° = a.r for some positive integer r < s. Let

K = {ar, ar+l, €y A as_l}

Then Ka is a subgroup of S [2, Theorem 1.9]. The identity element of

the group-Ka is the only one idempotent of the semigroup <a> .

A regular semigroup containing exactly one idempotent is a group

|2, Exercise for § 1.9(4)].

The next theorem shows that a strongly factorizable semigroup is

periodic and a union of groups. The following lemma is required :

1.6 Lemma. If S is a semigroup in which every subsemigroup is regular,

then S is periodic and it is a union of groups.

Proof : Let a € S. Then the cyclic subsemigroup of S generated

by a, <a>, is regular. Because <a> = {a” | n=1, 2, 3, ...}, there

exists a positive integer k such that a = aaka, so a = ak+2. Then the
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element a has a finite order and <a> contains exactly one idempotent.
It follows that <a> is a group.
This shows that for each element a € S, a has a finite order
and <a> 1is a subgroup of S. Hence S is periodic and S = U <a> 1is
aeS
a union of groups. o
1.7. Theorem. A strongly factorizable semigroup is a union of periodic

groups.

Proof : It has been proved in [h] that every factorizable semi-
group is regular. Then every subsemigroup of a strongly factorizable
semigroup is regular- Hence, by Lemma 1.6, a strongly factorizable

semigroup is periodic and a union of groups. o

A periodic semigroup which is a union of groups need not be
strongly factorizable. A left zero semigroup S with |S| >1 is a

counterexample.

Suppose a semigrbup S is a union of subgroups of S. Then there

exist anindex set I and some subgroups, Gi’ ieI, such that S = u Gi'
ieIl
For each i, let e be the identity of the group Gi' Then for each i,

G, & H, [Introduction, page 6 ], and hence

i
S=UGi§UHe§UHe§;S.
iel : et "4 eeE(S)
Thus S = U He which is a disjoint union of groups.
eeE(S)

It then follows by Theorem 1.7 that if S is a strongly
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factorizable semigroup, then S = U He .
eeE(S)
Let Y be a semilattice and let a semigroup S = U G

aeY

be a disjoint union of subgroups Ga of S. The semigroup S is said to

be a semilattice Y of groups Ga i GaGB < GaB for all @,B 1in Y.

A semilattice of groups is an. inverse semigroup [3, Corollary
1423}

Let S be an inverse semigroup and S = U He v Then E(S) is

eeE(S)
a semilattice. Since S is an inverse semigroup, every X - class and

every R - class contains exactly one idempotent [2, Theorem 1.17].

But each 2 - class and each R- class of S is a union of J# - classes of
S. Then hf = A = 12. But ﬁf is right'compatible and 22 is left compa-
tible which implies # is a congruence. Let e, f € E(S). Ifac H

and b e H,, then a # e and b £ £, and thus ab J ef since # is a

congruence on S, which implies ab ¢ Hef' This proves that HeH — Hef'

f

Therefore, S is a semilattice E(S) of groups H .

Hence, the following corollary is directly obtained from Theo-

yem 1. T.

1.8 Corollary. A strongly factorizable inverse semigroup is a semilat-

tice of periodic groups.

A semilattice of periodic groups need not be strongly factoriza-
ble, as shown by the following example : Define the operation o on the

set N of positive integers by mon = minimum {m, n}. Then (N , 0) is a
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semilattice, so it is a semilattice of periodic groups. Because the
semigroup (N » 0) 1is an inverse semigroup without identity, we have

that it is not factorizable, and hence it is not strongly factorizable.

‘Let S be a strongly factorizable semigroup. Let A be a nonempty
set of idempotents of S. Then the subsemigroup of S generated by A,
<A>, 1is factorizable. Thus <A> has a left identity, say e. We then

have ea = a for all a € A. Since e e<A>, there are e ssey @ € A

1y Tae n
such that e = e,e.,...e . Hence e = ee =e ¢ A.
12 n n n

Therefore, we have

1.9 Theorem. Let S be a strongly factorizable semigroup. If A is a non-
empty set of E(S), then there is an element e ¢ A such that ea = a for

all a € A. Hence, for any idempotents e, f of S, ef = f or fe = e.

A semigroup S is called an orthodox semigroup if S is regular

and the set of all idempotents of S forms a subsemigroup of S. Hence, a
regular semigroup is orthodox if and only if for e, f € E(S), ef € E(S).
Let S be a strongly factorizable semigroup and e, f € E(S). Then
ef = f or fe = e by Theorem 1.9. If ef = f, then ef ¢ E(S). If ef # £,
then fe = e and thus (ef)2 = e(fe)f = eef = ef ¢ E(S). This shows that

every strongly factorizable semigroup S is an orthodox semigroup.

If S is a strongly factorizable semigroup, then for e, f € E(S),
ef = f or fe = e, but they need not occur in the same time. A finite

group with zero is a counterexample.
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A question arises. Are the necessary conditions of a strongly
factorizable semigroup in Theorem 1.7 and Theorem 1.9 sufficient for a
semigroup to be strongly factorizable ? The following example is the
answer : Let G be a nontrivial periodic group. Let S = GUL [Introduction,
page 5']. Then the semigroup S is the union of periodic groups G and {1}.
and E(S) = {e, 1} where e is the identity of the group G. The semigroup
S satisfies the necessary condition in Theorem 1.9. But S is not factori-

zable because {1}E(S) = {1, e} # S and GE(S) = G # S.

The next theorem shows properties of Green's relations on any

strongly factorizable semigroup.

1.10 Theorem. Let S be a strongly factorizable semigroup. Then the

following hold :
(a) & = L.

(b) For idempotents e, f of S, ef = f implies (i) HE = H,

and (ii) fe = e if [Hfl > 1.

Proof : (a) Since S = UHe and < X , it follows

ecE(S)
that = £ if and only if for e, f € E(S), e & f implies e = f.

Let e, £ € E(S) such that e &£ f. Then e = xf and f = ye
for some x,y € S. By Theorem 1.9, ef = f or fe = e. If ef = f, then

xf implies f = ef = xff = xf = e. If fe = e, then f = ye implies

M
I

(1]
1

fe = yee = ye = f.
(b) Assume a, b € E(S) such that ab = b. Let x € H, -

Then x & a. Hence X o(vfa. Because f is right compatible, xb .ioab,
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and hence xb & b since J = & and ab = b. Thus xb e H_. This proves

that if a, b € E(S) such that ab = b, then Hb = H.

Next, 1let e, f € E(S) such that ef = f. Then HEf S H.

If e=f, (i) and (ii) follow clearly. Assume e # f.

= s = . . = 2
Case leI 1. Then HfSH, {£} which implies H_f He.
Case leI > 1. Let T = {el U Ho U H, . Since ef = f, we have that
er = Hf, ere = efere = fere = o and ere = erfee = erfe =
= = [ =
H. . Because f(fe) = fe, we have that Hee = H.fe < H., and H.H,
g = 1 = i
(Hffe)er S Hp Ho H. - Also, from (fe)f = £, it follows that
= e = { 3 ) .
He He (erf)Hf__. HH.=H,. Hence T is a subsemigroup of S with

E(T) = {e, £, fe}. To show that fe = e, suppose fe # e. Since T is
factorizable, T = GE(T) for some subgroup G of T. Then the identity
of G is a left identity of S. Since E(S) = {e, £, fel and fe # e, e is
the only left identity of T. Then e € G. Becausz e # f énd e # fe,

it follows that G = {e}. Hence T = {el{e, £, fe}l = {e, f, fe}, which
is a contradiction because Hf < T and lel #)l. Therefore fe = e.
Thus H,e & He which implies Hf = H

£
have H f = H
e

efles Hef. But Hef C H SO we

: -

£ a

The following theorem gives a characterization of a strongly
factorizable semigroup.
1.11 Theorem. Let S be a semigroup. Then S is strongly factorizable
if and only if it satisfies the following three conditions :

(1) S is a union of periodic groups.
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(2) For any nonempty set A of idempotents of S, there exists
an element e € A such that ea = a for all a € A.

(3) For any e, £ € E(S), ef = f implies (i) Hf =H, and (ii)

£
fe =e 1ir |H| > 1.

Proof : If S is strongly factorizable, then (1), (2) and (3)
follow from Theorem 1.7, Theorem 1.9 and Theorem 1.10, respectively.

Conversely, assume that S satisfies the conditions (1), (2)
and (3). To show S is strongly factorizable, let T be a subsemigroup
of S. By (1), E(T) # ¢. Then, by (2), there is an element e € E(T)
such that ea = a for all a € E(T). Because T N H, 1is a subsemigroup

of the periodic group He’ it follows that T N He is a subgroup of He.

Thus T N H, 1is a subgroup of T. Claim that T (T n He)E(T). Let

x € T. Then x € Hf for some f € E(S) since S is a union of groups.

Since Hf is a periodic group,there exists a positive integer k such

that x*= £. Then f e E(T). If IHf| =1, then x = f which implies

x=exe (TN HIE(T). If [H| >1, then fe = e by (3)(ii), and it
then follows from (3)(i) that er = He' Hence xe € He. Thus x = xf =
x(ef) = (xe)f e (T N He)E(T). This proves that T = (T N He)E(T), as

required. a

Let S be a semilattice. The relation ¢ defined on S by a € b
if and only if a = ab (=ba) is a partial order on S which is called the

natural partial order on S.

Let S be an inverse semigroup. Then E(S) is a semilattice. If

1 is the identity of S, 1 is clearly the maximum element of E(S) under —
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the natural partial orderonE(S), Assume e is the maximum element of E(S).
Then ef = fe = f for all f ¢ E(S). Then for a ¢ S, ea = (eaa_l)a =

P R e a(a_lae) = ae, soO e is the identity of S.

Let S be an inverse semigroup. Suppose S is strongly factori-
zable. Then S has an identity, say 1. Then for each e € E(S) such that

e#1,le=e but el # 1. By Theorem 1.10(b), IHeI ®. A, 80 Ho= {el}.

1.12 Corollary. Let S be an inverse semigroup. Then S is strongly

factorizable if and only if it satisfies the following conditions:

(1) Every nonempty set of idempotents of S has a maximum element.

{2)..8 o .U H_ =~ such that H, is periodic and H_ = {e} if e € E(S)
ecE(S) '
such that e # 1 where 1 is the identity of S.

Proof : If the semigroup 8 is strongly factorizable, then (1)
and (2) follow from Theorem 1 11 abd thé above proof.

To prove the converse, by Theorem 1.11, it suffices to show
that Hye = He,.for all e € E(S). Because S is an inverse semigroup
which is a union of groups, it follows that S is a semilattice E(S)

of groups He. Hence, for each e € E(S) such that e - Hle =

HH<SH, =H ={el=H
e e

1 1e e , thus H,e = He' o

. 1

1.13 Corollary. A finite inverse semigroup is strongly factorizable

if and only if it satisfies the following two conditions :

(1) E(S) is a chain.

(2) g = H, such that H, = {e} if e € E(S) such that

ecE(S)
e # 1 where 1 is the identity of S.
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Proof : It follows directly from Corollary 1.12. a

A semigroup is called a right group if it is right simple and
left cancellative. A left group is defined dually. A semigroup S is

a right group if and only if § = U H_  and ef = f for all e, £ ¢ E(S)
ecE(S)
[2, Exercise for § 1.11(2)] . Dually, a semigroup S is a left group

if and only if § = U H, and ef = e for all e, f ¢ E(S).
ecE(S)
Observe that if S is a left group, then E(S) has a left iden-

tity if and only if |E(S)| = 1. Hence, by Theorem 1.11, a left group
S is strongly factorizable if and only if S is a periodic group.
Let S be a right group. Let e, f € E(S). Then ef = f. Claim

that Hef = H Let a ¢ He. Then a J?e, so a Le. Since &L is right

£

compatible, af h?ef , SO af, L. Since S is right simple, afSl S =

fSl. Thus af /”2 f. Hence af & f, so af € Hf. This shows that

Hf< H, foralle, fe E(S). Then for e, f € E(S), H, = Heetf

]

(er)f < Hf < H, vhich implies H f = H. It thus follows from

£
Theorem 1.11 that a right group is strongly factorizable if and only

if S is periodic.

1.14 Corollary. (a) A left group is strongly factorizable if and
only if it is a periodic group.
(b) A right group is strongly factorizable if and only if it

is periodic.
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