CHAPTER III

THIORY O STRUCTURE FACTORS

III.1 The Elastic Scattcring of X-Rays.

b 15 1 1 T |

Llectron as a scatterer of x-rays.

A free clectron is the simplest type of scattering
gonter. l'/hen ax x-ray with an electric vector E traverses a

free electron of charge ¢ and mass m at rest at the origin
(Fig.3.1), the acceleration of the electron is

F e E
a = - v
mn

r

Fig. 3.1 An unpolarized ray travelling alons the x-axis and

measured at a point P in the xy-plane.
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According to classical electromagnetic theory, an accelerated
(7) . ; < et ' :
electron emits electromagnetic radiation whose electric vector
at a distance r or at the noint P is given by

e sin 8
Be B ey

I e “sin © -l (1)

where 6 dis the anrle between the election's acceleration
vector and the ray under consideration., Since the intensity

of an electromagnetic wave is proportional to the square of the
electric vector of that wave, the ratio of the scattered inten-

sity and the initial intensity is

-+ /
Eg = ) = e+ sin2 (o) ] (2)
: 0 2
r'mc

Since x-rays are unpolarized, the electric vector of the

primary ray may be resolved into two plane pelarized components,

a ™ "‘2 —|2 —-2 3 .
2 and L_, such that Gy o+ Ey = E. Thus the direction of E
i

in the Y02 plance is random, and jy is on the average equal to

T

L + Therefore

<"
N o

Thus
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where Iy and IZ rendresent the intensities of the Y and 7

conponents of the incident beams Therefore the intensity Ie
y

of the scattered wave as contributed by the y component of the
incident beam is, fron eq. (2),
1 - 1 e sin2 6
s J

rmec

and from eq. (3)

L 2.
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where QD is the angle between the incident and the scattered

beans. In a like manner, the contribution from the z component

is
P 6
Ie N IZ e sin
¥ 2 2 %
r =m G
but 8, = n/2 , therefore
L
Ie = }I ._e._ 200 0 00 (5)
z 2 2 2 4
rm ¢

The total scattered intensity at point P due to an umpolarized

x=-ray beam of intensity I

Ie = I8 + I6
Ni A
ebr 1 2
= 9 (LFCOBTY Y .. 6
2 L 2
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Lq.(6) is known as the Thomson equation for the scattering of an
x-ray beam by a single clectron. 4s in chapter II, the angle
between incident and scattered rays is 28 , thercfore ?} = 26

and eq. (6) becones

e ( 1+ cos2 28 ) aie sl BRD
- 2 2 4 2

From which it follows that the intensity I0 depends on the angle

of scattering and the inverse squarc of the distance. The factor

2
(‘}_1*235__E§m) is called the polarization factor since it reduces

2

the true intensity of the primary bean L.

IITI.1.2 The atonic¢ /scattering factor f.

T, —

s ~4E
Tty OV

In describing a wave scattered by an atom we need to
define the efficiency of scattering by am atorm in a given direction

5]

(G)
as the atonic scatterins-factor f, which is expressed by the ratio

amnplitude of wave scattered by an atom

anplitude of wave scattered by one electron

In order to deternine the sgattering of x-rays by an atom,
it is necessary to consider the actual distribution of electron
in an atom. Supposce cach atom is consist of a spherically symme-
trical distribution of charge density f (r ) and cach volume
element dv of the atom scattered wave. In summing all the
volume clements, there appears a path difference for each point

in the atom, so the phase factor must be taken into account in
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reclating the oricentation of the incident and scattered beans,
(3 - ﬁo)‘ to the direction of the volume element dv. Consequently
(1)

the total atomic scattering factor is

£ o = jfmre 7 o e

wvhere r is the vector fron the origin to the volume element dv.
Using spherical coordinates (Fig.3.2) integrated daf, we found

that

lizrn~ ’

O
f = L}nj f(r){ sig l’r} r2 dr o e ee K
Q

vhere

..1*1;‘?3"_?:_@.. R L
FAY

(15)

Ir  U(p)ar is” the prebability that an electron lies

4T () 22,

between radii r and r + dr (Fig.3.2), U(r)

then the atonic scattering factor—f is proved to be

=
sin kr
f = ].{r U(I‘) dr R R ) (ll)
0
N
~ A
X=ray becan 5 =

—_

klj; 3.2 The scattering of x-rays by a ring of electron

within an aton.
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Using eq. (10) in eq. (11)

(;x‘ i1+n sin 6r}
0 s
g . | sin 2 nieh. dx R <
_} Ln gin €r
O 7

(2)

The scattering factor (f) is a function of *%%—9 where
4

® is the Bragg angle and A is the wavelength of the primary
bean. The f factor decreases as gan 0 increcase. For a

fixed wavelength ﬂ‘, f depends only on the angle 8. Tor 8 = 0O,
i.e. forward scattering, all waves are in phase, so f is equal
to the number of eclectrons/z,i.c. the exponential term in eq.(8)
becomes unity so f deduces to the integral of f’(r) over the
atom. Then as © approaches =zero, f opproaches z. As 8 in-
creases, f decreases because there is a partial interference,i.e.
there is a path difference. The greater the angle 8, the less

the scattering factor f becories: nd for a fixed 6, the shorter

the wavelength the snaller f becomes. Fig.3.3 illustrates, the
; sin 8
A

f of carbon as a function of as calculated in tables of

L
atonic acattering f'.lctorsP

L

B,D, Cullity, Jlcrents of X-Ray Diffraction (iass.: .ddison-
Tesley Publishing Co. Inc.,1956) pp. 474,
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Fig. 3.3 Scattering factor f for the corbon aton.

IIT.1l.3 Scattering by a-unit-cell

A crystal can be considered as a repetition of its

unit cell and each unit cell represents a group of atoms. These
aton contribute their scattered waves each having an amplitude
proportional to the value of the atonic scattering factor f

for that aton with a phase that is determined by the position

of the atonn in the unit cell. Thus we are dealing with the
adding of scattered waves of the same wavelength but of diffe-
rent anplitudes and phases in a similar way to the scattering

from an aton. The phasc of a scattered wave from the given
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atonn is related to the position of the atom within the unit
cell., The resultant wave which is the summation of the
scattered waves from all atoms in the unit cell, gives the

result called the structure factor Fs The structure factor (F)

expresses both the amplitude and the phase of the resultant
wave. The absolute value of the structure factor, like the

atomic scattering factor f, is defined as a ratio :

amplitude of the wave scattered by all the atoms in a unit cell.
|Fi= ™
amplitude of the wave scattered by one electron

To find the amplitude of the resultant wave scattered
by all the atons in.a unit cell, we must first find the phase
of the waves scattered by eacﬁ atom in relation to that
particular atom's configuration within the cell. As with the
scattering from each clectron within anaton phase differences
appear in the waves scattered by each aton within the unit cell,
for any direction except the forward onees To find the phase we
rmust determine the path difference, and to simplify the problem,
let us consider an orthogonal unit cell, 5ne of the sections of

which is shown in Tig. 3.4
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(2) {v)

Fl{;o B-L}

(a) The effect of atonm position on the phase
differecnce between diffracted rays.,

(b) The three dimensional analogue of (a)

Take atom A as the origin and suppose atom C at the
100 position scatters onc wavelength out of phase conare with
the wave scattered at the origin .. when the first order
reflection is satisfied by Bragg's law. The path difference

/ ]
between rays 2 and 1 is given by

G,y = MCE = 24, sin UK S
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and the phase differecncc,

o, e
¢;;1/ = é%]-(2 n) = é% (2m) =2n son s 1Y)

If aton B is at a distance x from atom .. along AC, the path
Fl /.
difference between ray 3 and ray 1 will be less than /| by
sinple proportion
R AHDB )
r..f = LS = —-—-(/ L I R T R I (15)
31 AG
But by the definition of Miller-indicies, planc{hoc} cuts a

into h parts, therefore

thus |
}"/

1""'|---.___-’A W s
t’pu-““‘l‘\ + e (17)

= s (2 n) :ZT{hE = 2N BN, seesnes 0

where u is a fraction of ‘the unit cell edge along the [100]

% : X
direction, u = = .
a

Similarly in three dinensions as in 7ig. 3.4(b), any
atonn with the pgeneral fractional coordinates uvw (atom B in
the figure) will contribute to the thE reflection, the phase

™

difference ¢ between this aton, say atom B and atom .\, is

ﬁd = 21 (hu + kv +.Q w) - ceavit GdG)
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where h,k,and aé are all integers. This relation will hold for
any crystal in any crystal systen.

From the atonic scattering factor f, we know that waves
may differ not only in phase, but also in amplitudue if they
are not scattered from the same kind of atom. Thus the structure
factor I' is the sum of waves of amnplitude fl‘ fa, f3,...., fﬂ,
and phase ﬁl ] Qf:a , ¢“’ x B Q::I\I y from atom A, AE,AB,...,AN,

situated at points u,v.w WV AL,y UV
: 2/ B/ 2 3

171% e

u va in the

3731 NONN

unit cell. The waves scattered by all the atons of the unit
cell must be added. Phe most convenient way of doing this
sunmation is by expressimnf; each anplitude by the length of a
vector, and the phasc/hy thedirection of the vector. The
resultant scattcered beam is then represented by the vector sum
of the waves, (Fig.3.5(a)e—InFiz. 3.5 (b) the wave for the
jth atom may be resolved into a horizontal and a vertical
component fj cos @j’ and fj s5in ﬁj respectively.
These components when added give two sides of a right
angled triangle whose hypotenuse is o
Iflz = [}j f. cos 2n (hu_+ kv_+ fw.)}a
J J J J J

B i / = (20) -
+ |2jfj sin 2n (huj+ kvj+ jwj) J v Eevaen 02

where the summations are taken over all the atoms in the unit

cell,



Fig. 3.5 Vector addition of diffracted rays from individual

atoms.

Using complex numbers such as @'= A + i3, where A and B
are real and i :‘J- 1l is imapinary then

2 2 2

|E | = (AiB)(A %948y 12428 s 8 5 san s el
Comparing (20) and (21) we see that
= - nu-.oul:r.n‘_'.'dtn 2
Ahkﬂ § f, cos 2n (huj+ kvj+ ﬂwj) . (22)
B J] = £ f.sin 2n (hu,+ kv, + ﬂlﬂ.) ............. (23)
hk & § J J J

and the structure factor can be written

Fhk.ﬁ = Ahk)-z + i Bhkﬁ T (24)

where the phase of the resultant wave is
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Consequently, F can be written in the exponential form

|

Fo= ;}; £ exp (2."(1 (hun + kvn + 1Wn)) ivooo-°-(26)

L e

Since by definition intensity is the square of amplitude,

thus

I Cx_ I :Ir‘-‘ [. 12 Coococo0oo0o00000C0O0 G.Go.l(tj-?)

hk {
This relation permits a calculation of the intensity of any hkl

reflection froma knowledije of the atomic position. In theory
(15)

nk g is a function of f/ 'of the atom and of the position of the

[t

atoms in the unit cell if we make the following assumptions:

1. the atoms are stationary;

2e the crystal diffracts the x-rays only once as they
pass through the crystal;

2. the beam is parallel;

L. the crystal does not absorb the X-rays.

However, a number of corrections must be added to relate
the observed intensity with theory. TFirstly we must add the
polarization factor (1 + cos“28) as in eq.(7). Bince the polari-
zation of x-rays causes tie intensity of a reflection to be a
function of the polarization factor p,

p = 1 +008220 .Cooeonoaouuaovtt(as)
2
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Secondly, there is the factor relating the direction of

reflection and the direction of the beam with respect to the

(16) |

crystal itself, namely the Lorentz factor L. Reflections in
Weissenbérg photographs should be modified by this factor, which
is

L = gob g 4 ...a..ceaoooola(zg)

sin EGJ cos%ﬂ - 00520

where_}{ is the inclination angle of a certain layer.

If the crystal used in the experiment is relatively large,

(15).

The absorption is also large. The absorption factor A involves
the exponential term e ) and must be taken into account when
considering intensity of each reflection. » is the absorption

coefficient of the crystal, and t is the x-ray path length in

the crystal.

During the exposure the energy associated with the x-ray
beam will raise the temperature of the crystal. Therefore the

(4,16)

temperature factor should be considered because the increased
thermal agitation will decrease the intensity of the diffraction
beam. Debye has shown the relation of the scattering factor in

the following way

f = £ e e i SRS e me SO0
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where fo is the scattering factor of the stationary atom while

f is of the vibrating atom, and B is a constant characterized

by the atom. Therefore the temperature factor T(h) may be
written as
_ B sin29
T = e )ka 'l .a-.ancnueooeo-noao(31)

Thus after taking these factors into account, more correct

expression for the intensity of a reflection is

I o AFI? BTN s 05 aias swsseimas s 4k32)

where 1F1 is the absolute structure factor, L is the Lorentz
factor, p is the polarization factor, A the absorption factor,

and T the temperature factor.
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