CHAPTER ITI
THE SCATTERING CF A PLANE WAVE FRCM A CYLINDER

Suppose we have a plane wave which is incident on a
circular object and is scattered by the object without change in
frequency. The complete wave; satisfying the requirement that at
large distances from the object it consists of a plane wave in
the positive x-direction plus an outgoing radial wave or scattered
wave,and that its normal gradient is zero at r = a, has the
general form

% o= oAy G g S PINEA (e N a7, Liiiiiiniaaaal)
where Zfinc(r, #) is the incident wave,

715 (ry #) is the time independent scattered wave which

satisfies the Helmholtz's equation,

and A is the amplitude of the incident wave. e«

Carrying through the straightforward separation of
variables we obtain the following differential equations for
the time independent scattered wave R(r) {ﬁ(ﬂ)
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By the symmetry of the waves we shall require only

solutions of 3) of the form
@(g) = Bn cosnﬁ ®e 220009 0800000009 ii’}

where n is an integér to ensure that -@(21: -9 = @(gj)ﬂ

In order to obtain solutions that représent circular waves

we mudt use the following general solution of 2)

R(x) = G () + D B ) Lieciiiil®)

whéry Hi;kkr) and ﬁia)(kri are the Hankel fhnéfiqns of the first

and second kind respectively. We find by using the asymptotic
o¥ _

form of the Hankel functions as r approaches infihity that at

iwt

a large distahce from the scattering circle R(r) e %" approaches

2 1/2 (k nn 1 ) ( 2 -/2 ( an i
e ilkr = —= = 5 =it mi(kr- 2w gt
Ca (pkr ) . o + Dp\ikr ° A

Since the solution must represent outgoing waves** only we put
Dn.—'.' 0 « Thus we obtain the following time independent scattered

wave funection

.
’27L3(r.¢) .= g BnHI(zl) P EOR O wesssssssiussaby

by putting Cn = 1 in equation 5), Therefore the complete time

independent wave is

[~
"

Z B Eni.n Jn(kr) + BnHr(il.) (kr) :J coS N cececces?)
H=0" "

where €n=_ 1 when n = O

1]

2 when n >» 0.

- ** Morse Philip M.,Feshbach Herman. Methods of Theoretical Physics
Part II (McGrawai:Ll Book Company, Inc. 1953) pp.1377.
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Consider the derivative of u

Ou ZEL Enl ._.J (kr) + B —3— Hil)(kr) :Icos nd

Ir r

i}

;E eni“ % {Jn_l(kr) - Jn+1(kr)] +

‘g'én{;Hiii(kr) - Hii; (kr) }:]COE nfe

We shall' assume a physical boundary condition of the form %E- = O
at r = a j therefore
3 .n 1 (1) (1) 3
2 61 EE;_I(ka) 4 Jn+l(kézj -5 [E;-l(ka) = Hp (k%E] =i
-2
€ i ET (ka) = J_ _(ka)
that is Bn'-= n n=1 n+1 j --o.-.coccuoo.8)
. Y
Therefore the complete wave ‘has the general form
U = A elkx-i@t + Q‘fs(r, g) e"i{\’t ¥ .ecennto‘...ooog)
oo

(1
| (ka) - J (ka) H (kr)cos nfe.17)
A E € i .Nn=2 n-1

SIS ]:if)(k & ‘1) (ca) |

Numerical Comgutation of scgitergd Waves

n

where 2+S

We shall illustrate the calculation of the scattered wave
by using a partial sum of 2%5.

Letting k =1, a = 6, we have from 10)



25

(=" ]
(02 ,
% l—-J i (@. Hfll)(r) cos n¥,es.11)

mcs) - 6

Ne n+1

Without loss of generality we may assume the amplitude

of the incident wave to be unity. Since

(1)

H (r)
n

It

Jn(r) +ki Yn(r) ................. 12)

ahid ¥ (%) Y G () = (AT 13)
-1 n L el n

we obtain the following formula for the m-th partial sum of 11)
m

C2): 8 > et 0,46 - 1 € )4y, () ] cos o
sm
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Let m = 8, We have

=] — \ ‘
(5 = 7% 36 - (6_)JE(1~) gy (;j
(5,6 = 36 ]+ [x,(6) = 7,06

.+ > j_"l .@6) - JZ@E(r) + i YI(E cos @
EXCEEAGIE iE(G) - 7,(8)]

° [5,¢6) - J}(SII [1,() + 4 1,(x)] cos 2 #
E(s)-Jcs_)__!:ril‘_?(s)-u?‘)}

1 [:;t6) -J E::H::f(r) + 1Y (EE] cos 3 &

(3,(6) - 3,(6)] + i Y,(6) - ¥,(6)]
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21253(6) - 3506) [3,(0) + 1 7, (x)] cos 4 ¢
[9566) = 35(6) .+ i |1,(6) - ¥ ()]

2173,(6) - 3¢(6)] [35(x) + 1 ¥ (2)] cos 5

[3,(6) - 3,(6) + 1 [1,(6) - 1.(6)]

Zil{'EB(G) - J?(QI l—?G(r) + i YG(E cos 6 @
[95¢6) = (8] + i[1(6) - ¥,(6)]

217 3¢(6) = 35®)| [3,(x) + 1 1,(x)] cos 7 ¢

[36) - ag(8)]  + [T (6) - ¥4(8)

216 E?(EE) - Jg@@(r) + i Yg@ cos 8 ¢
[2,66) = 3,8)] + 5 [x.(6) - v,(6)]

2(-0.2767) [J () + i Y (x)].

[z2 (-0.2767)]+ 1 [2 (-0.1750)]

2i [0.1506 - (-0.242@‘ [3,(0) + 5 1, ()] cos B

[0.2506 - (-0.2429)] + i [-0.2882 - 0.2299]

2 [=0.2767 - 0,1148] [9,(r) + 4 Y,(r)] cos 2 ¢

[20.2767 - 0.1148] + 1 [-0.1750 - 0.3283]

2i [=0.2429 - 0.35@53(r) ¢4 1,(0)] cos 3
[;3.2429 - 0.3575 + i'E.2299 - 0.0983_

2 [[0.1148 - 0.3621] [3,(r) + 1 ¥, ()] cos b §

[0.1148 - 0.3621] + i [0.3283 - (-0.1971)]
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21 [0.3576 - 0.2458] [T (x) + 1 Yo(x)] cos 59
[0.3576 - 0.2458] + i [0,0984 - (-o.#aé@

2 [0.3621 - 0.1296] EASEE! Y6(a cos 6 @

+ ;

[0.3621 - 0.1296] + i [=0.1971 - (-0.6566)]

21 [0.2458 - 0.0565] [0,x) + 4 Y, (r)] tos 7 8

Eeqsa % 0.05@ + i Eb.uz_sa % {-1.i05?:_7_|

2 [0.1296 - 0.0212|[To(r) + i Yg(r)] cos 8 8
[0.1296 - 0.0212] + 1 [-0.6566 - (-2.2907)]

L S 0-5534 [7.0) % i Y ()
[0.5534 + 0-350@L° 3 -]
0.7870 i i Y ()]
3 J.(r) + i Y. (r)| cos &
[0.3935 - 0.5181 1] El 1
0.7829 Ejz(r) Tk Ya(a cos 2_?5

= i il
[-0.391% - 0.5033 i |

n 1.2010
[<0.6005 + 0.1315 i]

EIB(I') + i ‘!‘3(@ cos 3 @

. 0.4946
[-0.2473 + 0.525%

iETh(r) + i Yh(;ﬂ cos 4_95

0.2236 i 3
- - J.(r) + i Y_(r)| cos5 ¢
[©.1128 + 0.5252 1] [’ 2 |

0.4650

+ I.(r) + 1Y) co 6 ¢
[3.2325+0.u595i_ll:6 654 %P
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0.3786 i s
J.(r) + 1Y (r)] cos?7 @
0.1893 + 0.678L i E7 7 j

0.2168 :
- s Jolr) + 1 To(r)| cos 8 &
0.1084 + 1.6341 i [jé 8 :]

(0.5534X 0.5534) - (05534 X 0,3500 i) [f'(r) + 17, (7]

(0.5534)% + (0.3500)°

(0.7870 i X0.3935) + (0.7870 i X0.5181 i) Jl(r)+iY1(€E]cos
(0.3935)° + (0.5181)°

(0.7829 X0.3914) = (047829 X 0,50331) [E;(r)+i Y2(£31 cos 20
(0.3914)% + (0.5181)°

(1.2010 X 0.6005) + (1.2010 % 0,13151i) -E%(r)+ g YB(%E}COS 3%

(0.6005)° + (0.1315)°

(0.4946x 0.2473) + (0.4946 X0.52541)|J), (r)+i¥, (r) | cos 4 g
(0.2473)% + (0.5254)°

(0.22364 X0.1118) = 0.22364 X 0.52521 1J (r)+iY (r?]cos 5 g

+

(0.1118)% + (0.5252)°

(0.4650 % 0.2325) ~ (0.4650X 0,45951) [6(1«)4-11{ (rT‘ cos 6 ¢
(o, 2325) + (0. 459))

e
7

(0.37861 X0.1893) ~ (0.37861iX 0.67841) {3}(r)+i¥7(r;1 cos 7 &

(0.1893)° + (0.6784)2

(0.2168% 0,1084) - (0.2168 X1,63411) [Eé(r)+i¥8(r§Wcos 8 g
(0.1084)° + (0.6784)°




063063 = 0.,1937 i [E;(r) 3 X Yo(fij
0.3063 + 0,1225

0.4077 - 0.3097 i .
+ [ J.(r) + i+ ¥ (r)l cos @
0.1548 + 0,268k 1 1

0.3064 - 0.3940 i hﬁé(r) e i 22(53] cos 2 &
0.1532 + 0.2533 e

, 07212 + 0.1579 i Li?(r) i Ys(rzj cos 3 &
0.3606 + 0.0173
0.1223% + 0.2599 1 (Eh(r) =, YQ(QE] cos 4 @
0.0612 + 0.2760 /i
0.117% + 0.,0250 i [E;kr) + i Y5(£E1 cos 5 @
0.0125 + 0.2758
0.1081 = 0.2137 i [EEir) +i Y6(r§:]cos 6 ¢
+ ———

0.0541 + 0.2111

0.2568 + 0,0717 i (Ek(r) + 1 Y7(#i] cos 7 @
0.0358 + 0.4602

4

0.0235 = 0.3543 i Eg(r) ) chrﬂ cos 8
0.0118 + 0.4602

= (=0,7143 + 0.4517 i)(Jo(r) i 4 Yo(r} +
+ (0.9634 - 0,7318 i)(Jl(r) + 1 Yl(r)) cos ¥
+ (0.7538 - 0.9692 i)(JZ(r) + 1 YZ(r) cos 2 @

+ (1.9084 + 0.4178 i)(JB(r) g | Yj(r) cos 3 @

29
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+ (=0.3627 = 0.7708 1)(J(r) + i Y (x)) cos kg
+ (=0.4073 - 0.,0867 i)(Js(r) + i Y5(r) cos 58
+ (0.4077 - 0.8057 i)(Js(r) + i Ys(r) cos 6@
+ (0.5178 + 0.1445 i)(J?(r) + 4 Y7(r) cos 78

+ («0.0088 + 0.1321 i)(Ja(r) + 4 YB(r) cos 8¢

{:o.?lhs I (r) + 0,963k J,(r) cos # + 0.7538 J,(r) cos 2¢

+

+

+

+

+

+

+

1.9084 JB(r) cos 3@ ~ 0.3627 J,(r) cos if

0.4073 J5(r) cos 5@ + 0.4077 J6(r) cos 6¢

0.5178 J?(r) cos 7% - 0.0088 Ja(r) cos 8¢

0.4517 Y _(r) + 0.7318 Y, (r) cosg + 0.9692 Y,(r) cos 2¢
0.4178 YB(r) cos 3% + 0.7708 Y, (r) cos 4¢

0.0867 Y5(r) cos 5% + 0.,8057 Ys(r) cos 6g

0.1445 Y, (r) cos 78 ~ 0.1321 ¥4(x) cos 87|

i [ 0.4517 I (x) = 0.7318 3, (r) cosfl - 0.9692 I (r) cos 20
0.4178 J3(r) cos 3@ - 0.7708 Jh(r) cos 4y

0.,0867 J5(r) cos 58 - 0.8057 Jé(r) cos 68

0.1445 J7(r) cos 7¢ + 0.1321 Jg(r) cos 8¢

0.7143 Y _(r) + 0.9634 Y, (r) cos ¢

0.7538 ngr) cos 2 + 1.9084 Y}(r) cos 38

03627 Yh(r) cos 4g - 0.4073 Y5(r) cos 5%
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+ 0.4077 Ys(r) cos 6 @ + 0.5178 Y,?(r) cos 7 @

- 090088 Yg(r) cos 8 g I © 0000950000000 0D0000CBOGa0D000OCO0S 15)

Consider the scattering of water waves from a vertical
cylinder dipping through the water surface. Suppose a straight
wave with wavelength equal to 2n is incident on the eylinder whose
diameter is twelve units, which is almost two times the wavelength
of incident wave. We want to see the outgoing and reflected waves
near the cylinder. We shall approximate the scattered wave 1+S
in equation 10)by using the partial sum to m terms given by
equation 14),

Let the partial sum for the scattered wave contain nine
terms. Suppose that the wave is represented by the real part of

equation 15), that is

Rl (2{5)8 = = 0.7143 Jo(r) + 0.963hL Jl(r) cos @ +

n

0.7538 J,(r) cos 2 # + 1.9084 J3(r) cos 3 @
- 0.3627 Jh(r) cos b4 g - 0.4073 J5(r) cos 5 @
+ 04077 J (x) cos 6 # + 0.5178 J7(r) cos 7 ¢
- 0.0088 Jg(r) cos 8 g - 0.4517 Y (r)

¢ 0:7318 T, (r) cos 7 + 0.9692 Y,(r) cos 2 ¢

- 0.4178 Y,(r) cos 3 § + 0.7708 ¥,(r)_cos ¥ g

4+ 00,0867 Y.(») cos

\n
=y

+ 0.8057 Ysir) cos 6

= 0.1445 Y/ (r) cos 7 £ ~ 0.1321 Yg(r) cos 8 &
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Each term (Tn) and the partial sun (Sm) fora = Xy Roivessnavey i

are shown in figures 3.1 to 3,3
T A
m

o 9 -_,_--——__

—

Figure 3.1 Shows the graph of m°® torm (Tm) and

4 th .
partial sum of m"" term (Sm) of Ri( zfs)m

for'm = l,-.-,ll, X = Qg greosh P w

—_— > m
S
A
. —
- & m
Figure 3.2. Shows the graph of 0o b (Tm) and
. th
partial sum of m"" term (8 ) of Rl(?rs)m
for m = lyeeeyllyx = 6 y =7
TmJP
"\.\_ -
Sm A
\_’___,__\ _h-m
Figure 3, 3,

Shows the graph of mth term (Tm) and

. th '
partial sum of m =~ term (Sm) of R1( ?’S)m

form-'-'l,...,ll,x = 8 y = 7.
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For the wave at time equal to zero the approximation to the

complete wave along the x axis is

Rl Eikx + ( 2151_5_1

cos X + R1 (‘HS)B, where k = 1.

1.

Table 5.1 gives the values of R1l ( 4%)8 to four detimal places for
X = 041324000y 9 and y = 04142500039« Table 3.2 gives the values
of R1 (‘%%)8 to four decimal places for x = 0,2},=25.00y =9 and
Y = 0,142500099. Table 3.3 and 3.4 give the values of'Rl(i?S)8+ cos
to four decimal places for y = O, l,eeey3 9y X = 041424e0ey and
x = 0g=lyeesaq —é. respectively

The diagram for cos x + Rl (175)8 is shown in figures 3.4
and 3.5. Figure 3.4 shows the cémplete wave near a circular objecte.
The incident wave is little affected by the scattering along the
lines y = 9 and % varies from left to right with the wavelength
of the incident wave., On the left side of the object facing the
incident wave the incident wave is combined with a large reflected
wave, while behide the object the incident and scattered waves
interfere destractively reducing the amplitude and creating a

Shadow" , Figure 3.5 shows the contour cmrvesof cos x + R1( %;)8‘
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Table 3.1 Values of (?—f-a)g to four decimal places.
e TSy P, | s e [ |
e gl S L e
Lo | | | | 0.5779 |-0.3960 | -0.8773 | -0.4052 | 0.5637 '
‘ N L A T ; i E ;
[ & g | | | i 0.4318 |-0,5111| ~0.9410 | -0.4636 | 0.4909 |
R Tt ah e MG s S g t 3 i
> | i 041726 | -0,6746 | -1.0373 | -0.5281 : 0.3326
B M - =, & i :
5 | | 0.8830,| 0:0842 [-0,7069| -1.0002 | -0.5795 | 0.1996
S T SRR S i
4 ~0.3368 | 0,2153 | 0.0553 |-0.5330| -0.72k4 | -0.4297 | 0.1631
5 0.3482 | ~0.7956 |-1.2829 |-0.,6790 [-0.1812 | 0,0861 |-0.1594| -0.3154 | -0.1637 0.1925
6 | 0.3273 | ~0.2274 |-0.4827 |-0.1L45k | 0,2597 | 0.6307 | 0.2842| 0,0677 | -0.1199 | 0.1787
| 7 | 0.4661 | 0,1859] 0.1618 | 0.3978 | 0.6629 0.7034 | 0.4933| 0.1916  -0.0060 | 0.0498
8 | 0.2541 i 0.2708| 0.3574 | 0.5333 | 0.6704 | 0.5666 | 0.2860| -0.0155 | -0.1705 |-0.1521
9 |~-0.01Lk4 i 0.0342| 0.1224 | 0.2245 | 0.2234| 0.0993 | -0.1329 -9.3569 -0,3955 |[-0.2734
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Table 3.2 Values of (2f_)g to four decimal places.
\ 0 -1 -2 -3 b -5 -6 -7 -8 | -9
ey ] | |
0 | [ -0.4067 0.2346 | 0.3795 | 0.2246/ 0.0291
1 ~-0,0106| 0,2955 | 0.,2966 0.1448'-0.0205 !
2 o ) f ] 0,6112] 0.,3536 | 0,0971 | -0,1137 -0.11981'
L : ) g 1,4584 | 0.7428] 0.0957 | =0.2768 | ~0.33h3|-0.1808
(NITNEETY MRS S E—— | 0.6674| 0.6895 | 6.1789|-0.4928 |-0.7012 | -0.8180|-0.1019
‘; _____ ) 5_3452_—31’;{;1"6* 0.2231 | 0.0270 :5':4020 =0.2183|-0.9964 | ~0.8356 | -0.3501| 0.1653
_H6" hh—';’;;;} 0.4730 on.—l-s_gl -0.2870 -0?8003 5.86-?2 -0.9886 |-0.5387 | 0.0816| 0.5293
._;_._. 0.4665. OT31+21 0.-&;?2 -0.3784 |-0.7193 | -0.7618|-0,4681 | 0.0950 | 0.5562| 0.7748
8 ) 0.2541 | 0.1838 -0.001-6_ -0.2105 |-0,2670 | -0.1112| 0.2758 | 0.6821 | 0.8651| 0.6837
- 9 _ -0.0144 -o.oﬁo -.0-.-0‘192 0.0247] 0.1568 | 0.4389| 0.7209 | 0.8367 | 0.6763| 0.2476

N
\n
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Table 3.3 Values of (24 )g + cos x to four decimal places.

X - 1T ‘ = ]|

¥ 0 1 2 3 b 5 6 i 7 8 9
0 1 N 0.8646 | 0.5651 | ~0.1255 | ~0.555h 20,349k
1 - 0.7185 6:;;55“5-0.1892 -0.6138|-e;uaazf
2 \ d?L593 0.2865 E-0.28555 -0.6783 -0;5805i
3 0.2306 | 0.3709| 0.2542 i—o.ahShi -0.7297 -6;7135£
L -1:32701 0, 4371 | 0.3420 | 0.4281 | 0.0274 | -0.5799|-0.7500
5 1.3482 [-0.2553 | =1.7005 | =1.6692|-0.8336 1 0.3728 | 0.8017 | 0.4364 | -0.3139 -o.?20€?
6 1:52&3 0.3129 | -0.9003 | -1.1356(-0,3927 | 0,917k | 1.2453 | 0.8195 | -0.2701 -6T73hh
9 1.46617| 0.7262 | -0.2558 -0.5924__049365 0.9901 | 1.4544 | 0.,9434 | -0,1562(-0.8633
8 1.2541 | 0.8111 | -0.0602 | -0,4569| 0.0180 | 0.8533| 1.2471 | 0.7673 | -0.3207 |<&.0652
9 0.9856 | 0.5745 | -0.2952 | -0,7657(-0.4290 | 0,3860| 0.8282 | 0.3949 | -0.5457{-T.1865

N
N
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Table 3.4 Values of (2715)8 + ¢0s x to four decimal places.
0 -1 -2 E -3 ~lt ~5 -6 -7 -8 -9
| -

N i '/ -0.1200| 1.1957 ! 1.1313 & 0.0744:-0.8840
; 1 0.2761| 1,2566 | 1.0484 -o.oo5hl?0.9336j
e | } |__0.89?9 1.3147 o,éth -0.2639‘.;.0329'
0.8060 | 1,0295! 1.0568 | 0.4750 | -0,4845|=1.5939
b .-"ﬁ -0.3228} 0.0371 | 0.4656| 0.4683 | 0.0506 | -0.9682| 1.0150
1.3482 1.1#19% -0.1945 | ~0.9632|-1.0544 | 0.0684|-0,0353 | -0,0838 | -0.5003| -0.7478
1:§é73 1.01331 -0.2585 | =1,2772|-1.4527 | -0.9610 -6.0275 0.2131 | -0.,0686 -0;3838
hh§l" h 1.4661 | 0.8824 | -0.3704 | -1,3686 ;i,3717 -0.4751| 0.4930 | 0.8468 | 0.4060|-0.1383
8 1.2541 6?;241 -0.4192 | -1,2007|~0.9194 | 0.1755| 1.1369 | 1.4339 0.7149| -042294
10.9856 | 0.5263 | -0.4368 | -0.9655|-0.4956 | 0.7256] 1.6820 | 1.5885 0.5261 _656655

LE



Figure 3.4




Figure 3.5 The contour curve of cos x + Rl (2!“}8.



APPENDIX

EXPLANATION OF THE TABLES

The values in tables 2,1 to 2.5 in chapter II and tables 3.1

to 3.4 in chapter III are obtained by using tables 1 to 32.

Table 1 gives the values of r to two decimal places, where

r = x2+ ya 3 b'e 041,2, ¢4s 4 9

y O'J.-.a. LR [ 9

n

Tables 2to 10 give the values of the Bessel functions Jn(r),
n = 0,1, 2, ..., 8 to four decimal places. The values of J (r)
and Jl(r) are taken from "A Treatise on Bessel Functions and Their
Applications to Physics™ by A, Gray and T.M. Macrobert.

The values of Jn(r) for n greater than one are obtained by

using the recursion formula

. 21
n+1(r) ==t Jn(r) - Jn_l(r) ’
For example, find Je(l.hl)
Here n=1, r=1.41, Jo(l.hl) = 0.56142672

and Jl(l.ul) = 0.54372550 .,

2X%X1 (0.54372550) - 0.56142672

Therefore Jz(l.hl)
1.41

0.20981512 .

Tables 11 to 19 give the values of the Neumann functions Yn(r) of the
first kind. Table 11 and table 12 give the values of Yo(r) and Y, (r)

respectively calculated by using Bessel's interpolation formula.
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These values must be calculated because the tables for Yo(r) and Yl(r)
from "Theory of Bessel Functions" by Watson give values only for
arguments having even numbers in the second decimal place,Tableg'l3 to

19 are obtained from the recursion formula above by substituting Yn(r}

for J_(r).
n
Bessel's Interpolation

Suppose we are given values of a function f(x) at equal
intervals of x, say at‘xo, X)seeey X, where x_ = x + rh,
r= 0, + l} + 2y seey + n, Figure 1 shows the difference table

for these values.

*.2 .2
£
J 2
2 2
e 5 ¢ f_,
o} f-l
?
2
& %5 s o d i <
“"“-‘_hc{f /, \ f3f
P =87 eg
g = BN T ) 2
3 1 é £,
£
S f3
>
x5 f,

Figure 1
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The interpolation at a point ¥ between X, and Xy is obtained

by using Bessel's formula

2 2 3
fp = f + pc(f%+ B, (({ £f+d fl) +B3,<f f}+ S g
2 pd
P : 1
- 1 = 5 + P = N
where 82 s 2 f PrE ) 5 B? sl 2 ® 1
r 2 \ 2r ¥ 2r + 1\ 2r /
X = X,
and =
P h )

The array of differences involved is symmetric about a
horizontal line nidway between X and xq e

The second differences are negligible if not greater than L,
the third differences are negligible if less than 60, and the fourth
differences are negligible if less than 20, where these values refer
to the smallest significant units in the calculation.

For example, find Yo(2.23).

X f(x) G(f daf d’3f
2.18 5207097
746
2.20 5207843 -2081
-1335 30
2.22 5206508 -2051
-3386 0
2.2k 5203112 -2051
-5437
2.26 5197675

All values of f(x) and their differences are multiplied by 10-7.



L&

Here p = EST= 7805 = 0.5
0.02
B, = % p(p - 1)
1.
= »X0.5 (0,5 -« 1)
L
= - 0.0620

The third difference is negligible since it is less than 60,
Therefore

0.5206508 + 0.5 (- 0,0003386)

YO(Z.ZE)
+ (- 0.,062)(~ 0.0002051 - 0,0002051)

0.52050693,

n

Tables 20 to 31 give the values of cosn @ , n = Yy @5 voanBs

r - B =4
cos n g = % {(2 cos #) - §(2 cos ﬂ)n'2+ g (n 5 3) (2 cos ﬁ)n

- % (n ; 4 ) (2 cos ﬁ) 556 + B aie ]

Table 32 gives the values of cos x VIERAB O 2 1y & 2gcvay * 9
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Table 1 Values of r = x2+ ye to two decimal places
S | : ? |
| \xl 0 1 ; 2 3 b 5H% 6 7 8 9 |
| 0 ; Zoo 1.00 [ 2.00 'l 3.00 4,00 5.001:’ 6.00 7.00 8.00 9.00
l_* Mlmj "1_0_0 ““1.41 1' 2.23 3.1(—; 1;;;_ 5.09 ‘ 6.08 7.07 8.06 9.05 -
T2 | 2.0 2.23 1 ase | 30 hoiied | 558 | 6.32 | 2.28 | 8.24 | 9.1 |
3 3 3,00 3.16 _T 3.60 b2k 5.00 5.83 | 6.70 7.61 8.54 9.48 |
k| koo| ka2 | bam | 5.0 e 640 | 7.21 | 8.06 | B.oh | o.on
_MBN#__;.HC_).(;““;._O;e._;.-38 1 5.83 6.40 7.07 781 8.60 9.43 10:29_-
T8 6.00 | 6.08 | 6.32 | 6.70 | 7.21 | 7.81] 8.8 | 9.2 10.00 | 10.81 |
__""-7‘*1“"7-.-6“0 7.07 i 7.28 7.61 8.06 8.60 9.21 9.89 10.63 11.41
i é'*"“a.BB 8._06 _8_24__ 8.'51:—_ 8.94 ] 9.:’-;3 10.00 1063 11.31 12.01:”
h9 M_;.oo 9.55" 9.21 9.48wI 9.84 | 10.29 | 10.81 | 11.41 | 12.04 | 12,72 |

h
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Table 2. Values of Jo(r) to four decimal places

1

“}\3. 0 X 2 3 4 i 5 . 6 7 | 8 | _.E;A-,
: 1;0000 0.7652 6.2240 ;0.2601K-0.39§1‘§5T1776 0.1506 0.3001' 0.3717 .-0.0903
1 0.7652| 0.5614 | 0.0937| -0.3094 ~0,3865 -0.1477| 0.1721| 0.2997| 0.1573 | -0.1024
2 | 0,2240| 0.0937 | -0.1932 | -0.3918 -0.3274} -0.0481} 0.2279 | 0.2898] 0.1118 -0.1389
| 3 -0.2601 -6:3094 -0.3918 :5?5}5} -0.1776 '6:1010 0,2851 | 0.2500{ 0.0310 | -0.1907
n -0.3971|~0.3865 40.3274 -0.1776] 0.0436! 0.2433| 0.2945 0.1573|-0.0754 | -0.2358
4""_5 ‘L:6.1776+-0.1477 -d:bLSEHM_b.iblo 0.2433| 0.2997| 0.2134 | 0.0146|-0.1821 | -0.2480
5 6 0.1506“ 0.1721 0.22%5 0.2851| 0.2945| 0.2134| 0.0474 | -0.1389(-0.2459 -0.201%
] hﬁ;h_ 0.3001| 0.2997 | 0.2898 | ©.2500| 0.1573| 0.0146 -0.1389 | -0.2396 [-0.2245 | -0.0880
& 0.1717: 0.1573 | 0.1118 | 0.0310{-0.0754|-0.1821 -0.2459 | -0.2245 |-0.1090 | 0.0566
9 -0.0903—-0.16§E_h:0.1389 =0.19071-0.2358|-0.2480 |-0.2018 | -0.0880 | 0.0566 0.1792

Sh



Table 3. Values of Jl(r) to four decimal places

0 ? 2 2 3 U 5 6 7 8 9 !

o.ooo? 0.4401 0.5?;57i 0.5;31 ~0.0660 |= .3276‘ -O._;;-G‘? ~-0.0047 -:.2346l 0.245;

0.4401-;_ 0.5437 | 0.5515| 0,2773 | -0.1105 |-0.3363 -0.2602 0.0163| 0.2427] 0.2391 |

| 0.5767| 0.5515 | 0.5030| 0.0985 | ~0.2229 |-0.3457| -0.2029] 0.0770 | 0.2614] 0.2158

3 | 0.3301] 0.2773| 0.0955 | -0.1532] ~0,3276 |-0.3065] -0.0955| 0.1615| ©0.2733] 0.1655
4 | -0.0660| -0.1105 | ~0.2229 | -0.3276 | ~0.3296 |-0.1816| 0.0572 0.2427 | 0.2519! 0.0831
-0.3276| -0.3363 | -0.3457 | ~0.3065 | -0.1816 | 0,0163| 0.2032| 0.2728| ©.1757|-0.0289 |

~0.2767| -0.2602 | -0.2029 | ~0.0953 | 0.0572 | 0.2032| 0.2729| 0.2158 | 0.0435| 0. 1641
_ﬁ:o—.a)h'z 0.0163 | 0,0770| 0.1615 _5.2427— 0.2728| 0.2158| 0.0708 | -0.1077|-0.2231

0.23 6 0.2427 | 0.2614| 0.2733 | 0.2519 | 0.1757 0.0435!-0.1077 | -0.2152|-0,2206

0.2453| 0.2391 | 0.2158| 0.1655 | 0.0831 |-0.0289|-0.1441]-0.2231 | 0.2208 ~0.1269

9%



Table 4. Values of Jz(r) to four decimal places

Y 0.0000 0.1149 1 0.3528 | 0.4861| 0.3641 | 0,0466 | -0.2429 | -0.3014 2-0.1130' 0.1448 |
—__i 0.1145* ] 6_;558‘ 0.4009 | 0.4849 | 0.3329| 0.0156 | -0.2577 -0.2951 r:;.0971 0.1553:
’_‘é 0,3528 0. l«oog_I 0.4790! o, h448vm 0.22%6 -5T555;w—;0.é;;i[ -o.aéggﬁj:b.ohah 0.1858 |

s | o.s861 | o, 4849 | 0.4448 | 0.2089| 0.0b66 | -0.2061 |-0.3135 | -0.2076 | 0.0330 | 0.2256
ﬁnhzm_&—mh5T5641 0.3329 | 0.2276 | 0.0466 -0.1603---0.3001 l-o.2786 -0.0971 | 0.1318 0.2527-
“m;mdﬁ-mb.ohss 0.0156 '-0.080b -0.2061 -0.3301 -0.295i -0.1613 | 0.0488 | 0.2194 | 0.2424

6 -0.2429 | -0.2577 —:5:2921 ~0.3135 | -0.2786 | -0.1613 | 0.0170 | 0.1858 | 0.2546 | 0.1751

7 -0.301% | -0.2951 |-0.2687 | ~0.2076 | -0.0971 0.0488 | 0.1858 | 0.2540 | 0.2042 0.0489

8 —0.11;6"7 -0;0971 -0. é&é@L 0.0330 | 0.1318 ojézéh 6;2546 o;ééiéﬂ—mo.0719 -0.0932
::9___‘_" 0.1448 0.1553 | 0.1858 _&,_2;56 0.2527 0.0489 |-0.0932 | -0.1991 |

4h
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Table 5. Values of J3(r) to four decimal places
!““;x&:‘cl 0 1 > 3 4 5 6 ? 8 9
;-H_O 0.0000 | 0.0196| 0,1289 0.3091* 0.4302 I 0.3648 | 0.1148| -0.1676 -?:2911 --0.1809.
1 0.0196 | 0.0515| 0.1676| 0.3365 | 0.43%7 | 0.3485 | 0.0907 | -0.1832 -0.2909 40.176;
"""" 2> | 01289 | .1676] o.2764| 0.3988 | Dikacs | b.a600 0.0180 | -0.2246 | ~0.2849 | ~0.1351
) 3 0.3091 6:5365‘ 0.3988 | S 4342 0.36&8“_-5.1651 -0.0918 | -0.2706 | -0.2578 |-0.0703
s o.h352h"“5f15557‘_5f5566 0.3648 -_5:2162 -0.0059 | -0.2118 | -0.2909 | -0.1930 3?5196
5 -0.36h8 o.;hééﬁ__o.2860 0.1551 :6:66;5_ -0.1822 -0.2859 | -0.2501 | -0,0826 o.légiw
_ﬂ_6 0.1148 | 0.0907 | 0.0180 | -0.0918 -o.éiié -0.2859 -6.2649 -0.1351 | 0.0584 | 0.2089
u_ﬁ -0.1676 ':6T;é32 -o.eahs-h:6.2706 ;5.2909 -0.2501 | -0.1351 | 0.0319| 0.1846 | 0.2403
_“Euﬁv o ;0.2911 -0.2;5;7—-0.2849 -0.2575' -0.1930 -0.03826 0.6584 0.1846 | 0.2406 0.1897}
) 9 -:0.1809 ~0,1705 '0'1351‘,‘0'0703 0.0196 | 0.1231 | 0.2089 | 0.2403 | 9.1897 0.06h3§

8%
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Talbe 6: Values of Jh(r) to four decimal places

.y i i

\‘;\\‘x 0 1 > 3 L 5 6 7 8 9

0 0.0000 | 0.0025| 0.0340, 0.1320 0.2811| 0.3912| 0.3576| 0.1578 |-0.1054 | -0.2655
e 0.0025| 0.0093 0.0500| 0.1550|  0.2987| 0.3953] o©.3472 0.1396 |-0.1195 | -0.2683

2 0.0340| 0.0500| 0.1091| 0.2198| 0.3449| 0.3993| o0.3092 0.0835 | -0.1591 | -0.2738 |
3 0.1320| 0.1540| 0.2198| 0.3155| 0.3918 | ©.3761 0.2313 | ~0.0058 |-0.2141 | -0.2700
o 0.2811 0.2987| 0.3449| 0.39121 0.3898| 0,2945 | 0.1024 | -0.1195 |-0.2613 | -0.2407
s 0.3912 0.3953| 0.3993| 0.3761] 0.2945| 10,139 | -0.0583 -0.2233 [-0.2720 | -0.1706
6 | 03576 | 0.3472| 0.3092 0.2313] ©0.100% ~0.0583 [ -0.204k | -0.2738 1-0.2196 | -0.0592

7 0.1578 | 0.1396 | 0.0835 | -0.0058 ~0.1195| -0.2233 | -0.2738 | -0.2346 |-0.1001 | 0.0775

8 -0.1054 | -0.1195 | -0.1591 | -0.2141| -0.2613 -0.2720 | -0.2196 | -0.1001 | 0.0558 | 0.1877

9 -0.2655 | -0.2683 | -0.2738 | -0,2700 | ~0.2407 | ~0.1706 | ~0.0392 | 0.0775 0.1877 | 0.2294

6%
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Table 7 : Values of Js(r) to four decimal places
N i ]
;\\\: 0 1 2 3 4 5 6 2 8 9
0 0.0000| 0,0002{ 0.0070| 0.0430} ©0.1321 | 0.2611| 0.3621 | 0.3479 | 0.1858 | -0.0550
1 0.0002} 0.0013|{ 0.0116| 0.0534| 0.1463 ! 0.2727| 0.3662 | 0.3412| 0.1723 | -0.0667
--.;- 0.0070 0.0116 0.0331} 0.0897 0.1908 | 0.3078| 0.3734 | 0.3164 | 0.1305 -0.1027
" 3 0.0430| 0.0534| 0.0897| 0.1611| 0.2611 { 0.3509| 0.3680 | 0.2645 6.0572 -0.1576
h_L 0.1321( 0.1463 0.1965 0.26111 0.3358 | 0.3741| 0.3254 0.1723ﬂ_-o.0408 -0.2153
h_15 0.2611| 0.2727! 0.3078| 0.3509 ’0.3741 0.3412| 0.2262 | 0.0424 -o.i;gi -0.25;5"
B 0.3621| 0.3662| 0.375%| 0.3680 | 0.3254 | 0.2262| 0.0721 | <0.1027 | -0. 341 | -0 3557
L*}Whﬁﬁ—‘5:5159 0.3412| 0.3164 | 0.2645| 0,1723 | 0.0424| -0.1027 | -0.2217 -0.2599 | -0.1860
8 0.1858 0.1723 021305 0.0572 | -0.0408 | -0.1481 -0.2341 | -0.2599 | -0.2011 | -0.0649 |
*_é -0.0550 | -0.0667 | -0.1027 | ~0.1576 | -0.2153 | -0.2558 -0.252?_L-0.1860 | ~0.0649 | 0.0800

(o4
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Table 8 : Values of J6(r) to four decimal places
3 : E !

___Xi§ji\ ji 1 2 3 ! 4 | 5 6 7 8 9
l 0  0.0000 | 0.0000 | 0.0012 | 0.011k ; 0.0491 | 0,1310 | 0.2458 | 0.3392 | 0.3376 | 0.2043
.'__3. !O:S;OO 0.0002 | 0.0022 ; 0.0150 | 0.0564 6.1405 0.2551 | 0.3430 | 0.3333 | 0.1946
| 2 0.0012 6.0022 0.0082 i 0.0293 0;0818 o.i;éa 0.2816 | 2.3511 | 0.3174 | 0.162;-
N 'E?"'"”bfaiii_”'5j515o 0.0293 | 0.0645 | 0.1310 | 0.2259 | 0.3180 | 0.3534 | 0.2812 | 0.1038
4 lo.oko1 6?656& 0.0818 | 0.1310 { 0.2045 | 0.2900 | 0.3489 | 0.3333 | 0.2156 | 0.0219
"‘;‘ 0.1310 | 0.1405 | 0.1728 | 0.2259 | 0.2900 | 0.3430 0.34}5 0.,2725 | 0.1149 | -0.0779
o 6 0.2455 0.2551 0.2816 | 0.3180 | 0.3489 | 0.3479 | 0.2894 | 0.1623 | -0.0145 ;5.1?45
s ;- 0.3392 | 0.3430 | 0.3511 | 0.353L & 0.3333 | 0.2725 | 0.1623 | 0.0105 | -0.14k44 | —0,2405
8 0:5376 0.3333-_-0.31?4 5?5555" };:gigg“m-g:1149 -0.0145 | -0,1444 | ~0.2336 | -0.2416
, 9 Io.2043 0.1946 | 0.1623 | ©.1038 | 0.0219 :-0.0779 -0.1745 | -0.2405 | -0.2416 I-0.1665

18
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Table 9 : Values of J?(r) to four decimal places.
S~ o] |

B B B 1 3 - 4 5 6 7 8 9
" il | i l
0 {o.oooo 0.0000 | 0.,0002 | 0.0025 | 0.0152 | 0.0534 | 0.1296 | 0.2336 | 0.3206 | 0.3275
- o - - h P SNSSISEN —— ST e _,1__ foass e | R e i I e S
1 | 0.0000 | 0.0000 | 0.0004 | 0.0036 | 0.0181 | 0.0586 | 0.1373 | 0.2409 | 0.3239 | 0.3248
2 0.0002 | 0.0004% | 0.0017 | 0.0080 | 0,0289 | 0.0777 | 0.1613 | 0.2623 | 0,3318 | 0.3141
3 0.0025 | 0.0025 | 0.,0080 | 0.0214 | 0.0534 | 0,1140 | 0.2015 | 0.2927 | 0.3379 | 0.2890
4 0.0152 | 0.0181 | 0.0289 | 0.0534 | 0,0985 | ©.1696 | 0.2553 | 0.3239 0.3303 | 0.2420
5 0.0534 | 0.0586 | 0,0777 | 0.1140 | 0.1696 | 0.2409 | 0.3083 | 0.3379 | 0.2943 0.1649
6 0.1296 | 0.1373 | 0.1613 | 0.2015 | 0.2553 | 0.3083 | 0.3374 | 0.3141 | 0.2167 | 0.0589
7 0.2336 | 0.2409 | G.2623 | 0.2927 | 0.3239 | 0.3379 | 0.3141 | 0.2344 0.0968 |-0.0669
8 0.3206 | 0.3239 | 0.3318 | 0.3379 | 0.3303 | 0.2943 | 0.2167 | 0.0968 |-0.0467 |-0.1759
9 0.3275 | 0.3243 | 0.3141 . 0.2890 | 0.2420 | 0.1649 | 0,0589 |-0.0669 {-0.1759 |-0.2371

4
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Table 10 : Values of Ja(r) to four decimal places.

ST | f i

N X 0 1 2 | 3 <=~ 5 6 7 8 9

Y - S s ) .

0 | 0.0000] 0.0000 | 0.0000 | 0.0005 | /0.0040 | 0.018% | 0.0565 | 0.1280 | 0.2235 | 0.3051
1 [ 0:0000] 0.0000 | 0,001 | 0.0008 ) 0.0050' | 0.0207 | 0.0610 | 0,130 | 0.2293 | 03078

2 0.0000! 0.0001 | 0.0003 | 0.0019'| 0.0087 { 0.0294 | 0.0757 | 0.1534 | 0.2463 | 0.3153
) 3 0.0005| 0.0008 ' 0.0019 | 0.0061 | ©0.0184 | 0.0478 | 0.1031 | 0.1851 | 0.2727 0.3230—'
u_;-_”—_ohoo#b' 0.0050 | 0.0087 0.01&1_—_6.0397 0.0810 | 0.1469 | 0.2293 0.3016 | 0.3225 |
'“‘;“"“"“6?61éhl 0.0207 o.ozéhmwho;ou78 0.0810 0.1341 | 0.2043 | 0.2775 | 0.3221 | 0.3023

6 6:5565 0.0610 | 0.0757 f 0.1031 | 0.1469 | 0.2048 | 0.2677 | 0.3153 | 0.3179 | 0.2508
Ty }0.1280 | 0.1341 0.1534 | 0.1851 | 0.2293 | 0.2775 | 0.3153 | 0.3213 | 0.2720 | 0.1583

8 | 0.2235 | 0.2293 | 0.2463 | 0.2727 | 0.3016 | 0.3221 0.3179 | 0.2720 | 0.1758 | 0.0371

9 0.3051 | 0.3078 | 0.3153 | 0.3230 | 0.3225 | 0.3023 | 0.2503 | 0.1583 | 0.0371 |-0.0945

19



Table 11 : Values of Yo(r) to four decimal places.
N B | o
N* 0 1 | 2 | 3 = Lo 5 6 7 ] 8 9

. ¥ ) | 2 SN . ]
F 0 ~ o0 0.0883 | 0.5104 f 0.3769 | ~0.0169 | -0.3085 | -0.2882 1 =0.0259 | 0.2235! 0.2499
3 0.0883 | 0,3427 élsaos -2;5217 -0.0637 | -0.3204 | -0.2734 é_o 0048 ST;326 0.244;*
L*;‘_v“1 0.515;_ 0.5205 ; 0.&306 0.1477 :0.1856 -0.3399 E-o.éaoz } 0.0571 E 0.2542 0.3??9_

| 0.5}69 o.321§ﬁ_‘o.147? 40.1083 -0,3085 { -0.3140 : -0,1162 | 0.1448 | 0.2710 o.1§52
-0.0169 | -0.0637 | -0.1856 | -0.3085 | =0.3322 | -0.1999 | 0.0368 0.2326 | 0.2558 | 0.0949

;6;3085 -0.3204 | -0.3399 | -0.3140 -0;1999 -0.0048 | 0.1893 | 0.2715 | 0.1851 | -0.0168

-0.2882 | -0.2734 | -0,2202 | -0,1162 | 0.0368 0.1893 | 0.2696 | 0.2230 | 0.0557 | -0.1346

=0.0259 | -0.0048 | 0.0571 | 0.1448! 0.2326 | 0.2715 | 0.2230 | 0.0828 -0.0971 | -0.2191

0.2235 0.2326 | 0.2542 | 0.2710| 0.2558 | 0.1851 0.0557 | -0.0971 | -0.2101 | -0,2228

0.2499 0.2444! 0.2230 | 0.1752| 0.0949 | -0.0168 | -0.1346 | -0.2191 |-0.2228 | -0.1338

1;9
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Zable 12 : Values of ¥,(r) to four decimal places

\t;\\f 0 1 2 3 4 | 5 6 7 8 9 E
0 |- =0 -0.7812  -0.1070 | 0.3247.]/0.3979 | 0.1479 | -0.1750 | -0.3027 | -0.1581 | 0.1043
1 -0.7812 7 -0.47241 0.0170 | 0.3627 | '0.3815 | 0.1172 | -0.1950 | -0.3007 | -0.1432 | 0.1181
- -0.1070 | 0.0170 | 0.2703 | 0.4154 | 0.3087 | 0.0170 | -0.2459 | -0.2866€ ~0.0967 | 0.15%2|
3 0.3247 0.3627 | 0.4154 | 0.3605 | 0.1499 j~0.1281 -0.2945 | -0.2410 | -0,0152 0.20;Iﬂ

I 0.3979 0.3815 | 0.3087 | 0.1479 -0.0729] -0.2596 -6j2927 -0.1432 | 0.0898 | 0.2409
__; 0.1479 0.1172 0:51;0 -0.1281 | -0.2596 | -0.3007 | -0.2017 | 0.0011| 0.1922 0.2475
6 =0.1750 | -0.1950 | -0.2459 | -0,2945 |-0,2927 | ~0.2017 | -0.0316 0.1512 | 0.2490 | 0.1958
_jﬁ -0.3027 | -0.3007 | -0.2866 | -0.2410 | -0.1432 | 0.0011 ! 0.1512 | 0.2441 0.2202 | 0.0785
8 -0.1581 | -0.1432 | -0.0967 | -0.0152 0.0898 | 0.1922 | 0.2490 | 0.2202 | 0.1008 -0.065;+
_;2__“ 0.1043 0.116%“ 0.1512 i 0.2001 | 0.2409 0.2#7; 0.1958 | 0.0785 §-0.0659 -0.1846

19



Table 13 : Values of Yzfr) to four decimal places

YO - . . , i T P .
r“\" e 110 g el e g Q9 = | 7 8 1 9
e R | i 5
0 = 2 | _1.6507 -0.61?1&! -0.160k4} / 0.2159| 0.3677 ' 0.2299 | -0.0605 | -0.2630 I -0.2268 |
S - -+T-1.6507 _1.01-2; -0'.5053{ P 0'2490 N O_;gé;_;ho_zoga _o-.08o3 -0.2681 r-;2188
2 |-0.6174| ~0.5053 ] -0.2389| ~0.0831 | '0.3237| 0.3462 | 0.162% | o.1358 -0.2777 | ~0.1902
3,—_ ] —5.-1601:_::6;21 ~0.0831 | 0.2784| | 0.3677 0.2701 | 0.0283 | -0.2082 | -0,2746 | -0.1330
m:_mmgta_i—;ém:ﬁ.zugo 0.3237| 0.3677| 0.3064| 0.1188 |-0.1180 -0.2681 | -0.2357 | ~0.0k0
s | 0.3677 © 0.3665 | 0.3462 0.2701] 0.1188 | ~0.0803 =0.2409 | -0.2712 | -0.1443 | 0.0649 |
'__;“;__“o,gggé 0.2098 | “o.zbok | i) ~oaTuie -0.2409 1-0.2771 | -0.1902 | -0.0059 | 0.1708
2 -0.0605| -0.0803 | -0,1358 | -0.2082 | -0.2681 -0.2712 1-0.1902 | -0.0335 | 0.1385 | 0.2328
8 |-0.2630| 02681 20.2777 | 0.2746 | -0.2357 -0-1443 |-0.0059 | 0.1385 | 0.2279 | 0.2118
=y 3"ﬂ;:é'.‘eé’s?“!é‘.‘afs's -0.1902 | -0.1330 | -0.0460 | ©.0649 | 0.1708 | 0.2323 | 0.2118 | 0.1048
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~Table 14 : Values of Ys(r) to four decimal places
S x| ) P N
;\\\K. 0 1 2 3 4 5 1 6 ? 8 ?
0 = 50 -5.8215 | -1.1278 | -0.5385 | =0.1820 | 0.1463| 0.3282 | 0.3373 ! 0.0265 -0.2051
1 | =-5.8215 -2T;604 -0.9233 | -0.4794'| -0.2398 | 0.1708| 0.3327 | 0.2553| 0.0102 -0.2128 |
| 2 ~i -1,1278 -0:5533 -0.6091 | -0.5077 | =0,0191 | 0.2404| 0.3360 | 0.2120 | -0.0381 -0.2338.
LLW;_“h -0.5385 -6.#79& -0.5077 7-0.0979 0.1463)! 0.3134%| 0.3114 | 0.1316 | -0.1134 -0.256§"
_‘*;”—*_"{:bfiééo -0.1398 | -0.0191 | 0,1463 | 0.2898 | 0.3338! 0.2272 | 0.0102 -0,1952 | -0.2596
5ﬂ' 0.1463 | 0.1708 | 0.2404 | 0,3134 | 0.3338 | 0,2553| 0.0784 | -0.1272 | -0.2534 -0.2223
h*;_'“ N 0.3282 | 0.3327 | 0.3360 | 0.3114 | 0.2272 | 0.0784 | -0.0991 | -0.2338 | -0.2514 | -0.1326
vy 0;337; 0.2553 | 0.2120 | 0.1316 | 0.0102 | =0.1272 | -0.2338 | -0.2577 | -0.1681 | 0.0031
8 0.0265 | 0.0102 | -0,0381 | =0.1134 | -0.1952 | -0.2534 | -0.2514 | =0.1681 | -0.0201 0.1362 !
i 9 '-0.2051 -0.21287| -0.2338 | -0.2563 | -0.2596 | -0.2223 | =0.1326 | 0.0031 | 0.1362 0.2175!

LS



Table 15 : Values of qur) to four decimal places

o T - ! | t |
\yx\ i : . 25 5 S 5__ | ’ | : Hale
o i — 09 :_33.208L | 2.7659 | =0.9167{-0,4889| -0.1921 | 0.0984 | 0-3“95£ 2.2829 | 0.8900
1 |-33.2784] -9.2020 | -1.9790 -0.8181 | 20,4526 | -0.1651 sl -6'2969E 0.2757 | 0.0777
2| -2.7659| -1.9790 | -1.0572 | 0. 7Es1 -0.3493} -0.0781 | 0-1767:__0'3¥9§E 0.2495 | el
'“‘;“"""“lafélé;"_lo.sial ~0.7631 -0.416;-'-0.1921 0.0524 | 0.2505 , 0.3120 | 0.1679 | -0.0292
| i -0.4839 | -0.4526 | -0.3493 | -0.1921 0.001%4| 0.1941 | 0.3070 | 0.2757 | 0.1046 -0.1123
5 | -0.1921 -0.1651 | -0.0781 | 0.052k | 0.1941| 0.2969 | 0.3011| O.180% 50,0169 |=0-1905
6 | 0.0984| 0.1191 | 0.1767 | 0.2505 | 0.3070 0.3011 | 0.2070 | 0.0379 | -0.1449 | -0, 244k
ﬁ';ﬂ’_nﬁ"5:3496 0.2969 | 0.3105 | 0.3120 | 0.2757 | 0.1824 | 0.0379 ~0.1229 | -0.2334 | -0.2312
8 | 0.2829 | 0.2575 0.2499 | 0.1679 | 0.1046 | -0.0169 0l re 0T | -0uml6 |-0.Ths)
K 0.0900 | 0.0777 | 0.0379 |70-0292 | -0.1125 | -0.1945 |-0.24kk L2t 0-189 (040022

8s



Table 16 : Values of Y5(r) to four decimal places

T\ x | f i ' | ]
;‘\, 0 If N - 3 1{ L 5 _! 6 5 8 6 :
B 0 1 = e r-;so.4059 -9.9360 | -1.9059 : 20,7959 | -0.4537 i—o.19?1 0.0623 | 0.2564 0.28514:i
___1 "260_'_?059% _E’Eﬁéogsé-&l?sl -1.5917 f =0, 7390 E -t_J: 4303 i -0.1760 { 0.0807 _“0.2635 0.2815 :
{ 2 -9.9360| -3._i?t6_ﬂ:g_.3899 -1.1880 ‘ -0,6061 -09565 I =0.1124 | 0,1292 0.2307 | 0.2667 |
f 3 -1.9059| -1.5917/-1.1880 | -0.6887 -0.4537 | -0.2594 -o.maé i 0.1963 | 0.2707 | 0.2316
M_Tﬂh -0.7959 -0.73"90 -5?61)61 -o.h53?“!' -0.2878 | -0,0912 0.113;-5 0.2635 | 0.2889 0.1683 !
__5%H:01+5_;'?_% -5,4303 -0.3565 | -0.2504 | -_;.0912 0.0807 E)T2_301 0.2969 | 0.2390 | 0.0710
6 | -0.1971] -0.1760|-0.112 | -0.0155 0.1135 | 0.2301 | 0.2443 | ©.2067 0.1354 | -0.0483
—?" hmug:).Ga} .0.0807 0.12-;; 0.1963 | 0.2635 | 0.2969 0.2667 | 0.1583 | -0.0076 | -0,1652
8 : 0.256_1: 0.263_5 0.280;_ 0.2707 | ©0.2889 | 0.2390 | 0.1354 -0.0076 _-0.1&86 -0.2319
Iq_hgﬂﬂ ‘_5.8.28-5_1-L_‘5.28-1;| 0.2667 | 0.2316 | 0.1683 | 0.0710 -0.0483 | -0.1652 | -0,2319 -0.2189

———— e e T e S

19
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Table 17 : Values of Y6(r) to four decimal places
=T T i s T |
e 0 E 1 | 2 | 3 by 5 | 6 | 7 | 8 | g

AN s | Z 7N | | ‘- ]
0 | =~ :-2570.7802j-46 9140,-5 4365 | +145007 {-0.7152 ,|L-o.1+268 0. 2606' 0.0376 | o. 2268
B 1 !-25?0.7802 344.0569i-25.7165|-4.2189 -1.3411 -0?680&!-0.4086 =0, 18:28I O 0512 0.2331
2 ’ -46,9140, -25.7165 (- 7.4176 =2.5370 |=1.0066 {-0. 5846{-0 3545 1-0.1330 | 0.0908| 0.2517
] 3 T -5.4365 -4.2189 1-2.5370 |-1.2274 -0.7152 -0. 497t+|-o 2688 -g o;ho 0.1#95 —(;‘.2;_3;
4 | 105007 i301]1.0066 faperton iarsmbb i tres o v 0.0512 | 0.2185)] 0,283
[ s -0.7152 _;0.6854 -0.5846 j-o.uwu ~0.5366{-0,1828 |-0.0065 0.1628“(?:2701-}’ 0.2635
6 -0.4268 -0.4086 |-0, 3545 -0.2688 |-0.1497 1-0.0065| 0.1401 0.2517 | 0.2804] 0.1997
;" 7 -0.2606 -o:éaa -0. 1330 -0.0540 0*.0512 0.1628 0:251'7 0;8_;;‘5;26; 0_58:%
_“8 0.0376 F 0.0512 | 0.0908 | 0.1490 o_.2185 5.2701; 73‘250; .__52__256;-._;;5?;___5_6;&;
!*mg 0.2568 0.2333 | 0.2517 | 0.2735 0.2833 | 0.2635 059? 0.086410 oh86'-o‘3_.8§‘é_

o e e

09



Table 18 Values of Y?(r) to four decimal places
_ . 1
< e 6 s |5 |
|_— y\\ _“o 1 | 2 3 | 5 % P 2
0 =, R0 1 =30588. 9570 -271.5&80r-19.8399'-3.?062 -1.2629|-0.6566 -0.5’0911'-0.2001 0.0172
“i ; j1§i€~95;:;§;7§_3;7-13259§6-144295 -3.1670 |-1.1:736 i=0.6304 10,3910 -0.18?3; 0.0279 |
- 1 -2?1.5483_;'132.5086 _:_2_?'1745:T -7.26881-2.0961 -0.9475-0.5607 -0.3484 -0.1485;0.0612_,
3 "19.8399| -14.4295 - 7.2688| - 2.9286{-1.2629 |-0. 7644 |-0. 4691 -0,2814 ~0.061310.1146
) : -3 7(%;_'?—3:3;{;“ -2.0961} ~1,2629/-0,7¢72(.0.5399 =0.3626 -0.1873 | 0.0044{0,1772
_“;— i R :13259 -1.1736 ‘-0.9474 -0. 764k "—6-.5399‘ -0.3;12) -0.2401 |-0.0697 | 0.1051/0.2363
Z*__' } -525%2 __..0.6304 -0.5607 -0.1;691 =0.3626 1-0.2401~0.0961 | 0.0612 | 0.2010 0.2700
7. -0.5091  -0.3910 | -0.3484| ~0.2814 -0.18731-0.0697 0.0512 0.1850 | 0.2630|0.2560
- _3"“&_*“:5:5681“__ -0.1873 :6.1485 “-_0.0613_ 0.004k| 0.1051| 0.2010| 0.2630 | 0.2624 0.1834-
__9__ mw—__“'5.017;"5_'“‘“_5:6;7;_v0.0612 0.1146 oi177a 0.2363| 0,2700 0.25:0 | 0,1834 o.osé{"

Lo
)
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Table 19 : Values of Y8(r) to four decimal places.

™ = 1 _ I
\ 0 1 2 3 4 5 6 7 8 9

N b (Ao . i - - | .
_Qﬁ___*,_:bfih,___ﬁ@_:i‘}@_:@‘9253 ~87.1499| ~11.4911 |-2.8209 {-1.1052 |-0. 7575 -0.387?'—0-19?_?_
j 1 ~h25674,.6181 | -28235, 1527 -804.0000!-59.7095{ - 9.42071-2.5477 21,0429 ~-0,5914 -0.3765:-0,1902
]: 2 - -1853.9222 ":-_861.*0_0_6?'“:;;6600 -257';303 -5.5;85 -1.8808 -0.85’;‘6 -0.5371 -0.31;31 --0.3.586!r
| 3 -87.1499 —59.?595 _ :25‘_7_30; - 7.8020 _2.859 -1.3}»82 =0.7115 |-0.4638 {-0,2495 ..0'.1})_1;3-.‘;"
_%:T-H " —11.;?1 L -9_.4207 | -5.5585 } =2.8509 _'-1*;4644 -0.8445 |-0.5544 -0, 3765 |-0.2116 -0.5;1-;‘24
- '; ___:2_.5.2;.9 -2.5477 3 -1.8808 -1.3382 -oﬁ.-8t+45 ~0.5914 |-0.4239 (-0.2763 |-0. 1144 0.0579 |
;;ﬁ- 6 __:1 1052 -1.0429 “:0.8876 ~0.7115| -0.5544 |-0.4239 -0.2987 1-0.1586 | 0.0011 o.1l+99“
! 7 -0.7575 -0.5914 10.53?1 -0.4638 -0;765 =0.2763 [-0.1586 (-0.0211 | 0.1201 0.2278-
if"""é'_ 31 ~0.3877 -0.3765 -0.343_1 -0.2495] -0.2116 |-0.1144 | 0.0011 | 0.1201 0.2176| 0.2619 |
j_::; :h_:i.lggg 4 ‘:?__'_igie.,___ -0.}586 -0.10431__-:2:?3_2“0.05?9 0.149—3_?.2278 0'2619L0'23M.

29
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Table 20 : Values of cos @ to four decimal places.

; r ; i ] '
\;\x 0 1 : 2 3 : 4 ' 5 6 : 7 ‘ 8 |2 |
= | AR | I
o __;..&?‘_CEE?_' 1.0000 | 1.0000 . 1.00003 1,0000 [ 1.000 | 1.0000' 1.0000 | }.oooof 1.ooooi’
_f___m_ 0.0000 | 0.7092 | 0.8968 .__9.9#93: 0.9708 | 0.9823: o.9868f§ 0.9900 0.99255' 0.99h4§
___2_“‘_ | 0.0000 | 0.448L | 0,7092 | 0.8333 | 0.8948 E 0.9293 | 0.9493 | 0.9615 | 0.9708 | 0.9771]-
3 | 0.0000 | 0.3164 | 0.5555 l 0.7075{ 0.8000 ; 0.8576 | 0.8955 | 0.9198 | 0.936?§ 0.9493_
m—i{*ﬂ 0,0000 0_2427 0. 4474 itmo.sooo 0.7079 | 0.7812 1 0.8321 | 0.8684 | 0.8948 | 0.9146
s £ 0.0000 | 0.196k | 0.3717 0.5145( 0.6250 | 0.7072 | 0.7682 | 0.8139 | 0.8483 0.8746:
__§_ _|. 0-0000 | 0.164k | 0.3164 | 0.4477| 0.5547 | 0.6402 | 0.7075 | 0.7600 | 0.8000 0.8325 |
7z " 0.0000 | 0.1414 | o.a7{+_7ﬁ 0.39%2 | 0.4962 | 0.5813 | 0.6514 | 0.7077 | 0.7525 | 0.7887
S 0.0000 | 0.1240 | 0.2427 : 0.3512| 0.4474 | 0.5302 | 0.6000 0.6585 | 0.7073 | 0.7475
“9‘_- ) _0.6666 0.1.1_01 0.2171 | 0.3164 | 0.5065 | 0.4859 | 0.5550 i 0.6134 | 0.664k4 0.7075

€9
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Table 21 : Value of cos @ to four decimal places.
X
o | =1 -2 -3 -k -5 -6 -7 -8 -9

y

) | ©.0000 ~1.0000 | -1.0000 | -1.0000} ~1.0000 |-1.0000 | -1,0000 | -1.0000 %-1.0000 -1.0000

1 0.0000 | -0,7092 .-0.8968 -0,9493 | -0,9708 |-0,9823 -0.9égg‘ -0.9900 !-0.9925 -0.9944

2 o.oooo_ -o,hhsa- -0,7092 | -0.8333% | -0.8948 -o.92§§h ~0,9493 | -0.9615 | -0.9708 |-0.9771

3 T o.odbo _:6:3164 -0.5555 -6:7075 -028000 -0.8576 | ~0.8955 | -0.9198 | -0,9367 |-0.9493

L 0.0050 -0.2427 | -0.4474 | -0.6000 | -0,7079 |-0,7812 -0.5321 ;5:868u ~-0.8948 {-0,9146

5_ 0.0000 -5?&964 -:5:3717 -0.5145 | -0.6250 |-0.7072 | -0,7682 | -0.8139 | -0.8483 [-0.8746

6 0.0000 | -0. 1644 | =0.3164 | -0.4477 | -0.5547 | -0.6402 | -0.7075 | -0.7600 | -0.8000 |-0.8325
) 7 0.0000 | -0.1414 | -0.2747 | -0.3942 ~0.4962 | -0.5813 | ~0.6514 | -0,7077 | -0.7525 |-0.7887

8 0.0000 | ~0.1240 | -0.2427 | -0.3512| -0.4474 |-0.5302 | -0.6000 | -C,6585 | -0.7073|-0.7475
_-mé__ 0.0000 | =0.1104 | =0,2171 | -0.3164 | -0.4065 |-0.4859 -0.5550 | =0,6134 | ~0,6644(-0.7075

B
o



Table 22 : Value of cos 2 # to four decimal places

" Qg .

y \\ 0 1 2 3 I == 5 6 Vi 8 9

|

0 i 0.0000| 1,0000 ! 1.0000 | 1.0000 | 1.0000 1.0000 | 1,0000 | 1.0000 | 1.0000 | 1.0000
1 :-1.0000 0.0000 | 0,6000 | 0.8000 | 0,8824% | 0.9231 0.9459 i 0.9600 | 0.9692 | 0.9756
2 -~1.0000| -0.6000 | 0.0000 | 0.3846 | 0.6000 0.7241 | 0,8000 | 0.8491 | 0.8824 0.9059
3 =1.0000 | -0,8000 | -0.3846 | ©0.0000 | 0.2800 0.4706 | 0.,6000 | 0,6897 | 0.753L4 | 0.8000
4_ -1.,0000 | -0.8824 | -0.6000 | -0.2800 o.oooo. +0.2195 | 0.3846 | 0,5077 | 0.6000 | 0.6701
5 ~1.0000 -0.9231 | -0.7241 -0.4706 | =0.2195 | 0.0000 | 0.1803 | 0.3243 | 0.4382 | 0.5283
6 -1.0000 ~0.9859 | -0.8000 25.6000 -0.3846 | -0.1803 | 0.00C0 | 0.1529 | 0.2800 | 0.3846
7 121.0000 | <0.9600 | -0.8451 | 06897 ~C.5077 | -0.3243 |-0.1529 | 0.0000 | 0.1327 | 0.2L62
"8 [-1.0000 | -0.9692 -0.8824 | -0.7534 | -0.6000 | ~0.4382 | ~0.2800 | ~0.1327 | 0.0000 0.1172
9 -1.0000 | -0.9756 | =0.9059 | -0.8C00 | -0.6701 | -0.5283 -0.35;6 -0.2462 [-0.1172 | 0,0000

<9



Table 23 : Values of cos 3 # to four decimal places.
i !

y 0 1 2 3 i 5 6 ! 7 8 9
| 0 0,0000 | 1.0000| 1.0000| 1,0000 { 1.0000 | 1.,0000 1.0000 | 1.0000 | 1.0000| 1.0000

1 0.0000! -0,7071| 0,1789 | 0,5692 0.7419 | 0.8297 | 0.8797 0.9107 | 0.9312| 0.9454

2 “ 0:55;5 -0.9839 -5.7051“--0.1920 Ce1789 | 0.4162 . 0.5692i 0.6713 | 0.7419| 0.7924
‘ 3 0.0C00 | -0.8222 | -0.9814 | -0.7071 | =0.3520 -0.0505 0.1789| 0.3486 | 0.4746 0.5692
_::_&ﬁh 0.0000 -o:g;b5 -0.9839 | -0,9360 | -0,7071 70;1381- ~0.1920 | -0.0141 | 0.1789; 0,3109

5 0.0000 | =0.5582 | =0.9093 | -0.9987 -;0.8989 =0.7071 | -0.4912 | -0.2859 -0.1049: 6.0495
TR 0.0000 | ~0.4754 | ~C.82222 -0.9839 L-0.9814 -0.8711 | -0.7071 =0.5270 | -0.3520|-0.1920
::? 0.0000 | -0.4130 '-0.;¥12 -0.9373 ]—0.9999 -0.9583 -0.5199 -C.7071 | ~0.5528| -0,4007
_‘8 I 0,0000 -0.364§-m:5jg7o5 -0.8802 | -0.9839 | -0.9945 -0.9360 | -0.8333 | ~0.7071{-0.5721

9 0.C000 | -0,3259 | -0.6100 | -0.8222 | -0.9504 -0.9988 | -0,9814 -o.9162-l-o.8202 -0,7071

99
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Table 24 Values of cos 3 @ to foﬁr decimal places.

e

\ 0 -1 w2 <3 -k =5 -6 -7 I

y

0 ©.0000 | -1.0000 | -1.0000 |~1.0000 | ~140000 | ~1.0000 | -1,0000 ;~1.0000 |-1,03000 |-1.0000

1 0.0000 0.7071 | -0.1789 |-0.5692 I-o.7h19 -C.8297 | -0.8797 | -0.9107 |-0.9312|-C.9454
-*;*__Lh_ﬁc.oooo 0.9839 | 0.7071 | 0.1920 | =0.1789 | -0.4162 | «0.5692 | =0.6713 |-0.7419|-0.5924 |
;::3 6:5%50 0.8222 '_6.9814 C.7071 | 0.3520' | 0,0505 ;0.1789 -0.3486 | -0.4746|-0,5692
Ly 0.C000 0.6705 | 0.9839 o.ggso 0,7071 0.4381 0+1920 0.01h1f -0.1789|-0.3109

5 0,0000 0.5582 | 0.9093 | 0.9987 | 0.8989 70.7071 2.4k912 | 0.2859 | 0.1049|-0,0495
F__Em_ 0.0000 O.4754 | 0.8222 | 0.9839 | 0.9814 | 0.8711 | 0.7071 0.5270 | 0.3520| 0.192C |
“h% ©.0000 0.4130 _6.7412 0.9373 | 0.9999 | ©€.9583 | ©0.8499 | 0.7071 | ©.5528| 0.4007

8 0.000G ;{3.3645 0,6705 | 0.8802 | 0.9839 ;9945 | 0.9360 | 0.8333 | 0.7071 0.5721
I 9 0.C000 | 0.3259 0.6100 | 0.82?2 0.950k | 0.9988 | 0.9814 | ©.9162 | 0.8202| 0.7071

49
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Table 25 : Values of cos 4 @ to four decimal places
S 1 ;
3 o 1 2 3 “ 5 6 ! 7 E 8 9
Y |
0 | =1.0000 | 1.0000 | 1,0000| 1,0009 |/ 1.8000 1.0000 | 1.0000 | 1.0000 i 1.C00C ‘1,0000
g - "’**iféébo -1.0000 [-0.2800! 0.2800 | ©.5572| 0,7042| 0.789% ! 0.8432 | 0.8786] 0.9036
2 1.0000 - ~0.2800 -1.5560 -o.7ohénr;o.g800 0.0486 o.zSoci 0.4420 | 0.5572] 0.6414
2 1.0000 | 0.2800 |-0,7042| -1.C000 | =0.8432 | -C.5570 -3.2800I -C.0486 | 0.1352 0.28CC
L 1.0000 | Q.5572 | =0.2800| -C,8432 { =1.00C0 | =0,9036 | ~0.7042 | -0, 484k | -0,2800| ~C.1020
5 1.0000 | 0,7042 | C.OLB6| -0.5570 | =0.9036 | -1.000C | =C.9350 | -C.7896 !—0.61601-9.4418
6 1.0000 | ©0.789% | 0.280C| =6.2890 | =C.7042 | 20,9350 | ~1.0000 | ~0.9532 | -C. 8432 0. 7042
7 1.0C00 Pﬁo.8h32 C.L4420 ~0.0486 | 0. 4844 | -0.7896 | =0.9532 | =1.,0000 | -C.9648 -0.8788q
8 1.5550 0.8786 | 0.5522| ©€.1352 | -0.2820 | =0.6160 | =0.8432 | ~0.9648 | -1.0000| ~0.9726
__“5_ 1.C000 | 0.9036 | 0.6414| 0.2800 | -0,1020 | -0.4418 | -0.7042 | ~0.8788 | -0.9726! -1.0000

o
co
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Table 26 : Values of cos 5 f to four decimal places.

y 0 1 2 3 b 5 6 7 8 9

o] 00000 1,0000 | 1,0000 | 14,0000 10000 | "1.,0000 | 1,0000| 1.2000 | 1,0000| 1.0000
1 C,.0000 ~C.7175 | «0.6600 | =0,0282| 00,3518 | 0.,5881 | 0.,6871| 0.7599 | "0.8181| 0.8631
2 0.0000 0.7289 | =0.7175 | =0.9774| =C.67267 | -0.3152 -c.caszi 02,1779 | 0.3518| 0.4783
3 0,0G000 09992 | 0.1955 | =0.7291| =0.9971.| =0,9045 | =0.6709 | -C. 4308 | -0.,2161|-C.0282
4 0.0C00 0.9411 | ©.7327 | +0,0758] ~C.7111 | =009738 | -0.9797 | -0.8539 | -0.6767(~0.4887
5 0.,0000 i C.8352 | C.9449 | C.L255| 20.2319 | -0.7076 | =C.9453 | =0.9991 | -0.9389|-0.8193
6 0.00C) 0.7351 | 0,9992 | 0.7316| 0.2002 | =0.3261 | =0,7091 | =0.9227 | =C.9971|-0.9789
2 0. 0000 0.6514 | 0.9839| ©.8982| 0.5189 | 0.0400 | =0.3945 | -C.7101 | -C.8991|-C.9858
8 C,0C00 £.5823 | C.9411 | ©.9751| 0.7327 | 0C.3405 | =0.0758 | =0.4372 | -0.7@81(-0.8819
9 0.C000 Ce5254 0.88861 0.9992| C.8667| 0©.5685 0.1985 | =C.1595 | -C.4723{-C.7091

o
pXe)



A = v
Table 27 : Values of cos 5 # to four decimal places
> o) =i -2 -3 -4 -5 -6 -7 ' -8 -9
0 0,0000 | -1.000C| =1,0000 |~1,0000//41:0060 {=1.0000 |=-1,000C |-1.0000] =1.0000 |-1.0000 |
et ECHE i _l__

1 0.00C0 0.7175| ©.6600 | 0.028 | 093518 '-0.5881 -0.6871 -9.75992 -0.8181 |-0.8631
2 D.0000 | =0.7289| 0.7175 | 0.977% | ©.6767 | 0.3152 | 0.0282 |-0.1779 | -0.3518 |-C. 4783
3 C.0C000 | =0.9992| =0.1955 | 0.7091} 0.9971 ; 0,9045 | 0,6709 | 0.4308 | 0.2161 | 0.0282
L C.C000 | -C.9411] -0.7327 | ©.0758 | ©.7111 | 2.9738 | ©.9797 | 0.8539| 0©.6767( 0.4887
5 C.0000 | =-C.8352| -C.9449 | -0.4255 | 0©.2319 |-0.7076 | G.9453 | ©.9991| 0.9389( ©.8193
6 C.0C00 | =C.7351| =0,9992 | =0s7316 | =0.2002 |, 03261 | ©.7091 0.9227‘ C.9971 | 2.9789
7 0.0000 | -C.651%| -0.9839 | ~0.8982 | =0.5189 | =0.0400 | C.3945 | 0.7101| ©.8991| 0.9858
8 0.0000 | =0,5823|--0.9411 [ ~C.9751 | -C.7327 | -0.3405 | ©.0758 | 0.4372| 0,7081 | 0.8819
9 0.0000 | -0.5254| -0.8886 | -0.9992 | ~0.8667 | -0.5685 | =0.1985 0.,1595| 0.4723| 0.7C91
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Table 28 : Values of cos 6 # to four decimal places.
I\“-_._

3% i 0 1 2 3 3 5 6 7. 8 9
0 Q 1.,0000 | 1,00C0 | 1.9290 )/ /2/00C0 | 11,0000 | 1.2000 «0000| 1,0000| 1.00C0
1 ~1.2GC0| C,000C | =C.9360 |-0.,352C| C.1C008 | 0.3765 | ©.5479 0.65891 0.7343 ©,7876
<2 -1,200C| 9.9360 | Q,0000 |=0,9263 ) =0,936C | =0.6535 | =C0.3520 | =0,0988 | ©.1208] €.2559
3 ~1.000G| G.352C | 0.9263 | C.G000 | =0.7522 | ~C.9949 | ~0.9363 | <0.7569 | -0.5496] -0.3520
L =1.0C50 :€j1:08 0.9360 c.aégg 0.0000 | =C.6162 | =C,9263 | =0.9996 | =C.9360 -0.8057
-—_Buﬂqﬂh-l.éépo _:5.3769 5:6535 0.9949 o.61é54%-0.acoo _-0.5175| ~0.83651 -0.97801 =0,9951
é-__ -1.600C| =0.5479 0.3520 | 0.936C {09263 ©.5175 c.s:oo‘ -CJ.hh4s5 | -C,7522! -0,9263%
7 ~1.000C | =C.6589 | 0.0988 | C.7569 | 2.9996 | ©.83%65 | C.4b4s5 | ©,00CC | -C.3889] -0.6788
8 = -1.5556_h-o.7343 -C.1008 | ©.5496 | ©.9360 0.5783 C.7522 | 0.3889 | 0.000% =Q,3453
9 -1.0000 | -C.7876 | =0.2559 | C.3520 | C.8C67 | ©.9951 | C.9263 | C.6738 | C.3453] 0.CGO0
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Table 29 : Values of cos 7 7 to four decimal places.
r\\ * I |
A |

y\\ 0. 1 2 3 b 5 6 7 | 8 i 9
e , | | |
;_ 0 o 1.-.:\-:;5#;-'! 1.0000 | 1.9603 /|/”2.3p0C L2090 | 1.2600| 1.0009 1.f:r:,-<7czi 1.:-c.:.-:af
I._ f_%_d B 0 0.6923 | -0.9976 | -£.6192 | -2,1246 | D.2492 | 0.4183 | 0.5480 0.65411 0.7377 |

> 0 | 0.1130 | 0.6925 | -0.5746 | ~0.9952 |-0.8806 |€0.6192 | -0.3690 | -0.1246| 0.0698

3 0 T!--"o.'7'759 0.8311 | 0.7043 -0.2061+ ~0.8022 |-0.9962 | -0.,9495 | -0.8035|-0.6192
N 1T & "-_‘5:*95;5'*-6“.&6;;“ 0. 9785 0.7&5}. 0.0071 |~0.5622 | -0.8822 | -0.9952 |-0.9742
"5 0 | -0.9826 | -0.4580 | 0.5983 | 0.9999 | 0.7065 | 0.150k | 0.3651 | -0.7216 |-0.920k |

6 i '_o | -0.91;2. ~-0.7759 | 0.1075 0.82';: 0.9886 o.7ol+; 0.23-77 -_0.2061+ -0.5663_

7 o -6%55;5 -0.9297 | -0.3005 | 0.4732 | 0.9323 | 0.9680| 0.7029 | 0.3148|-0.0776
8 | 0 |[-0.76k5 | -0.9895 | -0.5888 | 0.1052 | 0.6963 | 0.9785 | 0.0k | 0.7058| 0.3648
: 9 ! O -0.6993 |=-0.9992 [-0.7759 |-0.2097 | 0.3988 | 0.8288 | 0.9960 | 0.9307| 0.7043
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Table 30 Values of cos 7 @ four decimal placés
I - :
x ‘ =
, 8) -1 =2 -3 =4 -5 -6 - -8 -9
| ¥ 1 - .
i !
5 r i i

0 : 0,0000 | =1,0000 | -1,0000 -1.0000 ) =1,0000 ! =1,C000 | =1,0000 | =1,0C00 ;-1.0000!-1.0000

___.______.__.__I____.-.. P e ,! I
1 ;o.oooo -0.6923 C.9978 | 0.6192! ©£.1246: -0.2492 | -0.4188 | -0.5480 ’-0.6541 -0.7377

{2 0.00C0 | =0.1130| -0.6923 | 0.5746} 0.9952 | 0.8806 % 0.6192 | 03690 0.1246 |-0.,0698
i. SRS, | e -
i 3 | 0,0000 0.??593 -C.8311 | -0,7043 o.aoShE 0.8022 | 0.9962| 0.9495 | C.8035| 0.6192
R 11_ e e i rw T ceaids

h 0.0000 €.9895 | -0.1052 | -0,9785| -0.7015| -0,0071 | 0,5622| 0.8822 | C.9952| 0.9742

5 0.0000 C.9826 ! 0,4580 |{-0.5983| -0.9999| -0,7065 | =0,1504 | 0.3641 | 0.7216! 0.9204

6 0.0000 0.9152| 0.7759 |-0.1075| -0.8274| -0,9886 | ~0,72043 | -0,2377 | 0.2064| 0.5663

7 0.00C0 0.8377 | 0.9297 | 0.3005| ~0.4732| «0.9323 | ~0.9680 | =0.7029 |~-0.3148| 0.0776

—_ LA
8 0.0000 0.7645 c.9895 | 0.5888| -0.1052| -0.6963 | -0.9785 | =0.9494 | -C,7058 |-0.3646
9 0.0000 0.6993 | 0.9992 | 0.7759| C€.2097| -C.3988 | -C,8288 | -C.9960 |-C.9307|~0.7043
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v < g
Table 3¥ .: Values of cos 8 £ to four decimal places

- |

|
0 1.0000 | 1.0000| 1.0000| 1.0000)/  1,0000{ 1.0000| 1,0000 | 1.0000 { 1,0000|i:1.0000 |
! ; i;booo _Z;oooo -0.8432 | -0.8432'| <0,3790 | -0.0082 | 0.2464 | 0.4220 | 0.5438] V.6330
Tz 1.0000 | -0.8432) 1.0000 | -0.0082| -0.8432 | -0.9952 | -0.8432 |~0.6092 | =0.3790{ ~0.1772
E._ 3 1.0000 | -0.8432 | -0.0082 | 1.0000| 0.4220 | -0.3796 | -0.8432 |-0.9952 | -0.9634| ~0.8432
; L 1.0000 -;0.3790 -otéh;z 0.4220 | 1,0000 | ©.6330 | -0.0082 |-0.5308 | -0.8432| -0.9792
5 1.0000 | -0.0082 | -0.9952 | -0.3796 | 0.6330 | 1.0000 | 0.7484 | 0.,2470 ' -0.2410 -0.6096
6 [1.0000 | o.2464 -0.8432 | -0.8k32 | ~0.0082 | 0.7h8k | 1.0000 | 0.8172 | 0.h220] -0.0082
7 150000 | 0.4220 | -0.6092 | -0.9952 | -0.5308 | ©c.2470 | 0.8172 | 1,0000 | 0.8616] 0.5446
_‘_gﬂu“—.ijoooo 0.5438 | -0.3790 | ~0.9634 | -0.8432 | -0.2410 | 0.4220 | 0.8616 1.0000 0.8926-
K 1.0000 | 0.6330 | -0.1772 | —0.8432 -0.9792 | =0.6096 | -0,0082 | 0.5446 | 0.8920| 1.0000

Wl



cos x to four decimal places

Table 32 Values of
-
X 0 +1 + 2 EXSl s == 5. 0] % 6 ‘7 + 8 49
Seees et S
cos x 1.0000 | 0.5403 |[=0.4176 |[-C.9902 /|-C.6524 !0.2867 0.,9611 |0,7518 | =0.1502 | =C.9131
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