CHAPTER II

THE FOURIER - BESSEL REPRESENTATION OF STRAIGHT WAVES

Analytical Treatment

In this chapter we shall show that a straight wave can be

represented by a linear superposition of circular waves by the

formula
s
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where x = rcos @ , ¥y =r sin ¢.

We begin with the general expression for the scalar wave

equation
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Assume the time dependence of the wave function to be harmonic,
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U(x|y,t) = u(X|y) e D I R 2)
where & = circular frequency
k = ?g , wave number,

So we get the time - independent wave equation in two

dimensions
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We shall first calchlate the straight wave solutions by
separating this equation in Cartesian coordinates.

Let u(x,y) a" Xdw):¥Y (y)s 88 000 o wina VN ()

Then 3) becomes

2
1 dzx(‘x_)\ + 1 dY(y) +k2 = O. P e s s s rong 5)
X (x) de y(y) dyz

Since the second and third terms are independent of x and
the first term is independent of y, the first term must be a constant.
Since in addition we want the solution to be periodic on the x and y

axes we let

2
p da X (x)
¥w) | .a” = - az, where a is real, ........ 6)
dx
that is X(x) = fpe? iax‘ where A is constant. ,?7)
Also 1 daY(y) 5 .
ffnj S =< b, wheresh is real . .,.....9)
Yy dy
that is
¥ ib
Y(y) = e = y' where the arbitrary factor may
be put equal to unity.
Now a2+ b2 = ka
or a = k cos« Ay
and b = k sinu« .

The solution of 3) is therefore of the form

u(x,y) = A ei(ax = by). T TR o)

We choose a plus siga in the exponent to represent a single wave

that progresses in the positive direction.



Introducing the plane polar coordinates, r,_ﬁ, with

r cos @ )
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and by using 9) 11) and 10) we obtain :

u(r, §) = 4 ot (krcos L cos @ + kr sin e sin @)
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Equation 12) represents a plane wave which progresses in the
direction @ = &
Now we shall find the circular wave solution by separating
equation 3) in polar coordinates. Equation 3) in terms of r, ¥ is
5
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then 13) gives
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daR(r) 1 dR(r) 5 »°
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dr2 £ dr ra

where n is a constant. From 15) the eigenvalue must be negative and
n must be an integer for single valuedsolution. Hence the solution

of 15) is of the form

b @) i?, O .

The general solution of 16) is of the form

R(r) = ¢ J (kr) +aY (kr) v wan e i)
nn nn
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where Jn and Yn are the Bessel and Neumann functions respectively.
But we want the solution to be finite at r = O so we let dn =3 10k
Hence the solution of 16) is of the form

R(r) = c¢_J (kr).
nn
Therefore the required solutions of 13) are of the form

o0 :
u(r, ) = ) _ ann(kr) elng. R ||/ b a0
N==oO

We want to find the coefficients Ch such that equation 19) representsc
& straight wave.

Without loss of generality we may let ™% = 0 in 12). Then
we see that u = e?P cosf /.

sents a straight vave progressing in the direction of the x-axis.

We shall develop u = elf>cos¢ into a Fourier-Bessel series

that is,
= g A
u BRL "7 - 3 AY g (p) P R
= =60 nn
and &
ann(P ) = %— J' elf cosd e_lng df swn2l)
2n
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Since the integral representation for Jn(f > e

s
J(p)* = 2 f oif cos@  in(0-n/2) .o 22)
n 2n

in which we may replace 6 by =@ , using 21) and 22) we get

_ .in =n/2
) = e

nmn « 3. DT
co8 — + 1 gin— .
2 2

*Korn, Granino A. and Kora Theresa M. Mathematical Handbook for
Scientists and Engineers. (McGraw-Hill Book Company 1968.) pp.860.

is the simplest solution of 3) which repre-



Now

c = 1

o

c 3 i

1

c = i2

5 =

L ) v 9 9 a9 e 6 580
® & 5 o0 8 oo oOoS

.h

c = ATy S
n

and hence from 19) we have
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Numerical Calculation and Graphical Representation

In one-dimension, let f(x) be defined in the interval
(-4,4) and assumed that f(x) has the periéd 24. The Fourier

expansion corresponding to f(x) is given by

f(x) = ?c - .EE [\ Ry C08) nIX bn sin nmx )
2 n=1 8 4 X !

where the Fourier coefficients an and bn are

1
I COS nmx
o = 3 % f(x) 7 dx
L ] n = 0‘1’2'000
= 1 sin nnx

To illustrate the calculation of a Fourier series,

let f(x) = x , -7 < % < 1 .



Calculating the coefficients a, and bn gives

T
1
a = - X cos nx dx = - 0
n T
. =T
and
s
4. ; 2
b = = x sin nx dx = - = cOoS nm .,
n 1L bal
=T
Hence,
= [ : sin 2x sin 3x ]
y = f Sin X =- <+ - sesaw o
2 3

On the function

g ’ 2R 2
2 sin x - sin 2x + 5 sin 3x - = sin bx,
2

which containsg only the first four terms of the series is an appro-
ximation to the function f(x). The closeness of the approximation
is indicated by the upper curves in Fig. 2.1, which show this
partial sum of four terms together with the sums of six and ten
terms. As the number of terms increases, the approximating curves

approach y = x for each fixed X on - < x < ™.
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Figure 24) Shdus the approximating curve of the partial
sum of four terms, six terms and ten terms, and the first

six terms are shown by the number 1,2,3,%,5,6 respectively.

The function f(x) -t < x < 7 is plotted in
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We shall use the same method to describe the two dimensional
straight wave represented by the Fourier Bessel series. The straipht
wave in two dimensions is shown in figure 2.3. We shall approximate
the straight wave by partial sums of the Fourier Bessel series.

Let us consider the equation obtained earlier :

i+
—

.m
u = éZo Eml Jm(kr) cos m @.

For simplicity let k = 1 and

n
u=,7_ €14i% (r) cos md
n m=0 m m
For n=0
u = Jo(r),
a=1
u, = J (r) + 2iJl(r) cos @ ,
N = 2
u, = Jo(r) -2 Ja(r) cos 28 + 241 Jl(r) cos @ ,
n =3
ug = Jo(r) e Ja(r)cos 28 1 epi [Jl(r) cos @ - Js(r) cos Bﬁj
n==
u, = Jo(r) -2 Ja(r) cos 2% + ZJQ(r) cos u4#

+ 2i [Jl(r) cos @ - JB(r) cos 3 ﬂ] .
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We shall consider only the real part of u . Let m and n

be even so that we have
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u

4 s @ 2Jn(r) cosng, n

q’ 8‘ 12’ 16’...

= A + 2 Jn(r) cos n @, n

n=2

We shall find the value of u for m = Oy 24 weesd 3

We have

u, = J(r)
u, = u_- 2J2(r) cos 2@
u, = u, + 2 J4(r) cos 4 ¢
u, = oy, -2 Js(r) cos 6 @
ug = ug+ 2 Js(r) cos 8 @ ,

Where r = \/-x2+ v R % 20, 1, 2y eeey O

&\ 0y Ly 2, seesd

A discussion of the method of finding the values of the
Bessel functions with orders greater than one is given in the
appendix.

Ujs Usyeesy Ug  are the partial sums of the Fourier Bessel
series for one, two, three, four and five terms respectively. The
numerical values for Ugr Usgeesy Ug are shown in Tables 2.1 - 2.5,
From these tables we can obtain the approximations of the straight
wave by circular waves. Table 2.1 contains values of the first
term in the series. The function has circular symmetry and the
nodal curves are circular as shown in figure 2.4 Table 2.3 gives
values of u, which are shown graphically in figure 2.5, The nodal
curves depart from the circular shape and approach the shape for

straight waves near the origin. Table 2.5 gives values of ug which
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are shown graphically in figure 2.6. The nodal curves are almost

straight lines.



Table 2.1, Values of u, = Jo(r) to four decimal places.

P — .
x| © 1 2 3 E 4 5 6 7 i 8 9
B e s Pl L
0 1.000 {0.7652 | 0.2240 | -0.2601 -0.3971 | -0.1776 | 0.1506 | 0.3001 | 0.1717 | -0.0903
) 1 | 0.7652 ?0.5514 0.0937 :o.sogu -0.3865 | =0.1477 | 0.1721 | 0.2997 | 0.1573 | ~0.1024
2 | 0.2240 5.09;;‘- -0.193;_r:6:;918 -0.32§L f -0.0481 |,0.2279 | 0.2898 | 0.1118 : -0.1389
_“;g__"”L:élgég}*:gjéggk -025218 -0.3707 | ~0.1776 ] 0.1010 | 0,2851 | 0.2500 | 0.0310 ! -0.1907 |
b '"Ahfo.39?%v:91§§§§_h:9{327h: -0.1776 | 0.0436 | 0.2433 | 0.2945 | 0.1573 | -0.0754: -0.2358 |
5 -0.1776! -0.1477 | -0.0481 | 0.1010 | 0.2433 0.2997 | 0.2134 | 0.0146 | -0.1821 -0.2480
“_bﬁw_“._9;}§os 0.1721 912579 0.2851 0.2945 0.2134 0.0474 | -0,1389 | =0.2459 | -0.2018
7 1 ©.3001 10.2997 ; 0.2898 0.2500 | 0.1573 0.0146 -0.1389 | -0.2396 | -0.2245 | -0.0880
8 | 0.1717 |0.1573 | 0.1118 | 0.0310 -0.0754 | -0,1821 | -0.2459 -o.aehsl -0.1099 | 0,0566
9 ?“:5.0903-:5:55;;__:5j£;é;ﬂh;5;1907 -0.2358 | -0.2480 | -0.2018 | -0,0880 | 0.0566 | 0.1792
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Table 2.2 Values of u, = u_ - 2 Je(r) cos 2 @ to four decimal places.
\\“\ x 0 | 1 2 i 3 | 4 5 | 6 ? 8 | 9
y > i
o 1.000 | 0.535% | -0.4816| -1.2323/| -1,1253 | -0.2708 | 0.6364 | 0.9029 | 0.3977 | -0.3799
1 0.9950 | 0.5614 | -0.3874| -1.0852 -0.9%;5 -0.1765 | 0.6596 | 0.8663 | 0.3455 | -0.4054
2 0.9296 D.?Eéfi —é:l;géi_—0.73;9 -0, 6005 __9.0683 0.6953 | 0.7461 | 0.1972 | -0.4755
__m?“___é 0.7121 | 0. 4664 -o.oh97? -0.3707 ! -0,2037 | 0.2950 0.6613 | 0.5364 | -0.0187 -0.5517,
:ihr_m 0.3311 | 0.2010 -0:8543 -o.lsis 0.0436 oj;;;é 0.5088- 0.2559—-m:;t2336 -0.5745
5 -o.oqu -o.izég -6;1645i -0.0936 7 0.1116_+Vdgj£§9? 0.2716 -0.6171 -0.3744 | -0.5041 |
__1§ 4 -025555 -0.3154 -5:;39Ej‘:9;92}1 0.0802 | 0.1552 0.0474 =0.1957| -0.3885 | -0.3365
iy -0.3027) -0.2669 | -0.1665 | ~0.0364 | 0.0587 0.0463 | -0,0821| -0.2396| -0.2787 | -0.1121
8 -0.0543| -0.0309 | 0,026 0:5507 0.0828 0,0102 -0,1033| -0.1703! -0.1099 | 0.0784
é‘pg | 0-1993 | 0.2006 | o.1§;;_T 0.1703 0.0849 0.0081 -0.0671; -0.0639| 0.0348 0.1792'
. 1 _ _ i
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;:Z‘: Table 2.3 Values of U, o= uyt ZJh(r) cos 4 # to four decimal places.
\\\\;\\f\ 0 1 2 3 Y 5 6 7 8 9
0 1.000 | 0.5404 | -0.4136 |-0.9683 | -0.5631 | 0.5116 1.3516| 1.2185| 0.1869 | -0.9109
1 1.000 | 0.5428 | -0.4154 |-0.9990 | -0.6411 | 0,3802 1.2073| 1.1017 | 0.1355 | -0.8903
2 0.9976 | 0.5468 |-0.4114 |-1,0435 | -0.79%6 | 0.1071 0.6685| 0.8199| 0.0199 | -0.8267
3 0.9761 | 0.5526 |-0,3593 :I.0017 —6.8634 -0.12k0| 0.5318 | ©.5370 | -0.0766| -0.7029
4 0.8933 | 0.5339 |-0.2474 |-0.8112 | -0.7360 | -0.1572| 0.3646 | 0.3717 -0.0873| -0.5254
T 0.6980 | 0.4378 |-0.1257 }-0.5120 | ~0.4206 | 0.0205 0.3806 | 0.3355 -0;0393 -0.3534
g 0.3800 | 0.2328 [-0.0663 |-0.2206 | -0.0640 0.2642 0.4562 | 0.3263 | -0.0182 -0.2531
i 0.0129 | -0.0315 {-0.0927 [-0.0358 | 0.1745 0.3989 0.4399 | 0.2296 | -0.0855| -0,2483
8 -0.2651|-0.2409 |-0.1509 |0.0228 0.2291 0.3453 0.2670 | 0,0229 | -0.2215 -0.286‘;w
9 -0.3317|-0.2843 1-0.1535 }0.0191 0.1340 0.1588 0.0163 | -0.2001| -0.3303| -0.2796

6t



Tahle 2.4 Vglues of u, = u, - ZJG(r) cos 6 @ to four decimal places.

\“‘\,?‘ 0 1 2 s Tk ke 5 | 6" ? | 8 1 9
T o) B AR ? — ! e f .
0 1.000 | 0.540k | -0.4160 | -0.9911 /| 20,6613 | 0.2496 | 0.8600 | 0.5401 }_-o.h&S;@ -1.3195
_m*I '"“‘i?BbB"l”éf;LEé‘“‘ib*qlsq -15:;éé;___-b:é;;§-Ewgigg#;hii;o;9zéj | 0.6497 é -0.3540{ -1.19681
2 0.9952| 0.5427 | -0.411k | -0.9892 | -0.6405 | 0.3329 | 1.0667 | 0.8893 ;.-0.0hhlj -0.9098 |
f_m}_ﬁ_--47535555#"5:5héb-m -o. Ei;éﬂ_11f5617 ‘_16.6663 o'QEEE'EE‘1.12§I”' 1.0720 ! 0.232;* -0.62951
b | 0.9915] 0.5453 | -0 'IoEsT 1,008 | -0.7360| 0,2002 | 1.0110 | 1.0%4 0.3163 | ~0.4901
L: ;ﬂ—v_'_glgsdo -b;éﬁg;h_ -0,3515 -0.96£5 -0.7780 | 0.0205 _j 0.7407 | 0.7914 i 0.1854 1 -0.50&&5
__ném___“,9f§z}§__9:?%féq__i9_26#§_ -0. 8159‘ ~C. 7104 | -0.0959 | 0,4562 0.4706 | -0.0400 -0.5765j
= __9_?2}3__9_&205 -0.1621 _-0.5738 G -o.h918 { -0.05?0 0.2956 | 0.2296 | 0.1978 | -0.5748 |
8 ] 0.4101 | 0.2486 -0.0869 ~-0.595k -0_1?h5 j 0.1206 0.2888 | 0.1352 | -0.2215 -0.4535;
9"“_ 5*5526_ 0.0222 | -0, 0?04 -d.osho 0. 0987 ‘ 6% 3138 0.3396 | 0.1264 | -0.1635 -0.27965

9T
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Table 2.5 Values of ug = ug + 2 J8(r) cos 6 @ to four decimal places
R
¥ 0O 1 2 3 4 5 6 7 L 8 i 9

D I I 1 7H8 B | A W R

o} 1,000 | 0.5404 | -0.4160; -0.9901 | -0,6533 | 0,286k 0.9730 | 0.7%61 ! -0.0413 | -0.7093

% 1.000 | 0.5428 -o.;iss -0.9897 ;516563 0.2;40 0.9584 0.7629‘1‘:6.1046E -0.8071
2 o:;;52 _Stggéé__”:b.hloéf -0:9892 -0.6552 | 0.2744 0.9390 | 0.7024 i ;5T£;857W:I“5;I;m'

;_3:__ 0.9999‘_ ?.-51&07 -O_IEBE _:(73.9895 -0.6508 .0.2892 0.9532 0.7036_i -0.2929 t;.l?h'j

b 0.9995| 0.5415 | -0.4152| -0.9923 —0.6566 0.3027 1.0086 | 0.7946 | -0,1923 | -1,1217

5 C.9968| 00,5434 | -0,4100| -0.9978 | -0.6755 | 0.2887 1.0472 | 0,9285 | 0.0301 | -0.8770

6 0.9846| 0,542k | -0.3922| -0.9898 | -0.7128 | 0.2106 0.9916 | 0.9859 | 0.2283% | -0,5805

‘“_E;_ 0,9473 0-5;;;_¢“:5:;;;5_w:6.9392 -0.7352 | 0.,0801 0.8109 | 0.8722 | 0.2709 | -0.4024
__§ "J_*9.8571 0.4980 -0:2736 -1.1208 | -0.6831 | -0.0347 0.5571 0.6830 | 0.1301 | -0.3873 |
9 - 0.6871| 0.4119 | -0.1821| -0.5987 | -0.5329 | -0.0548 | 0.3355 | 0.2988 | =0.0973 | -0.4686 |

=
~J



nodal line

nodal line

nodal line

Figure 2,3 ghows the straight wave in two dimensions .
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nodal line

nodal line

Figure 2.4 The graph represontation of u s the nodal line.is circular.

nodal line
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nodal line

nodal line
e ¥ nodal line

Figure 2.5 The greph representation of LT the nodal line departs from the ecircular shape,
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rodal line

Figure 2.6 The graph represeatation of ug,
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the nmedal lime is almest straight line.
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