CHAPTER ITI

THE UNIQUENESS OF THE ©POISSON INTEGRAL

We shall show that if the temperature is always
positive for positive time, then it cannot be zero at time

zero., That is, there are no positive solutions for the

equation Au =§2- u subject to u(x,0) = 0.
t : ‘ or,
Define E, ={(x,t)/-r<xi< S T - RO LS o O(t{clj
]
and Gr’c = Er’c - Er,c .

Lemma 3.1l.1., If&is a positive constant, we get
zP exp(—SQZz) 4 Inl hn/i/z; for z,0.
& (2e)

Proof: Let hEYie Eoexp(-5°2°), %)0

h'(z) = ot exp(—Szzz)(n—Ezzs

the critical point is that z = T
32

]

<)

The critical point gives the absolute maximum value

of h(z). In fact,
h'(z) 70 whenever 0<z< ¥

392
n'(z)< 0 whenever z ) g}fé_ .

Therefore, h(-ﬁ—) is the absolute maximum value of h(z).

LXE

i.e.
nn/2 Ly

5“(29)“/2 ; Tor all zgo.
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Theorem 3.1l.2. IT
1. Cb(y) € L(B(0,4)),

2. Fp(x,t) = ) K(y-xgt)ci)(y)dx » £2>0,
B(0,4)
3. g(x) = Of%};c\FA(x’t)\ y for some ¢ >0,
then lim g(x) = 0.
}X | =200

Proof: When lx\?ﬂ; {yl(A;
2 2 = 2
(‘xi-'y-i) < _IY'—Xl = jﬁ(yi-xl) °
But 04<tx)| -A {}x\-ly), therefore

1
(xi- 0% < Z (3,-x,)°,

Since f(r) = exn (-r) is a strictly decreasing function, for

r7,0, we get

n
2
2 - o
exp(_(rlet- A) ) Z EX'[B(- l%_;:l Xl) )

) 2
2 ; =X
(41Lt)'n/20xp(-(liii—él P (4T 2 ST

At
— K(Y—X,t).
. ; 2 1
By Lemma 3.1l.1., with & = (xI- A, 2% = 7t » We have
K(y-x,t) £ el ! s Lyl <€ A,

(2TWe)™2 - (4x- 4)®

Therefore,

,FA(x;t)_lé n/2 ot S \Cb(y)\d.v,

(21(8)1‘1/2 (‘}Cl— A)n B(O,A)
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whenever | x| A.
By definition of g(x),

(3.1) 0 £ga(x) £ e g S lc?(y)\dy.
(FRe)Y? (jxid)? e

B(0,A)
Since d?(y)eL(B(O,ﬁ)), the right hand of (3.1) tends %o
0 as |\x|—> 0,

lim g(x) = O.
X\ —>R.

Theorem 3.l.3. If
1. u(x,t)e€ ¥, in E.
L]

c b
g 1lim illks t) 20 for all (x_ ,t ) on
(x,5)—>(x_,% ) 4 e
0’0
Gis then
rye-?
o _ ,
u(x,t) 2 0 in Er,c -

Proof: By hypothesis 2 of the Theorem,

sun inf s, t) > 0.

§>o0 (x,8)&€B((x,,%),8)NE, .

4
- 4 “

. . ™, k, n
For (xo,t-o)é Gr,c ,~given £ >0, 3 SO;O such that

u(x,t) > =&, (x,t)€B((x,,%,), So)nEr,c .
By the Heiene Borel Theorem, for an &>0, there are positive

real numbers gl’ é, ceey gm’ such that
u(x,t) > e Ev o



32

for all (x,t)e€ UB((X t ) S, )ﬂEr o+ Note that G is

contained in \J B((x t ) (5 ), where (v1 *1) G, oo Hence
=3 ?

for £ >0, there is a >0 such that

(3.2) e 4] %

for all points of Er & with in a distance 5 of G .c .
-/ !'

Suppose that there exists (x 'bl) (= E such that

u(xl,tl) = —i <0 ., Set :
v(x,t) = u(x,t) + kt - ktl, where O(l:(—i-:[ X
t-

Choose £ >0 such that rt: + £ < ¥, Such as g, by (3.235
there is a & 20 such that u(x,t)> - &, whenever (x,t)& B
: |

within a2 distance Sof Gr.c . Then for these points of E
L)

1

r;c’

v(x,t) = u(x,t) + kt - Kt Saf® + kt - kt
>kt o xtt +&<i)
>41

1 Y= u(xl,tl) = -;L the minimum of v(x,t) is

Since v(xl,t

- 1 ~0 (o] & I
at a point (x°,%t°) of Er,c

! R o)
t) = 5T} 5 g b) = ,5)+k,
Since Av(x,t) Dulx,t) 5T v(x,t) =% u(x,t)+
we have
(3.3) Av(x,t) _.5-;5 v(x,t) - k.

At the minimum p01nt, Av(x® ,t°]/ 5 ;‘E v(x° ’c") = 0.

This contradicts (3.3). Hence the assumption is false,

Therefore u(x,t) >/ 0 in B . .



Theorem 3.l.4. IT
1. u(x,t)e 3 , 0ct<ce ,
2« u{x;%) 20, 0Ltgc,

then the inte;_a;r'al‘g7 K(y-x,t) u(y,f))dy exists, xelRD,

ek

0<t<Lc~ {J, and

S K(y-x;t) u(y; Sray L u(x,t+§)-
o

Proof: Let 0L S <c, and let

e u(ihg) 9 IYIQA,
P - io . iyb> A

Since u(x,t)e % ;CP(y)exp(-aij € L(IR?) for

some a » 0.

Define F(x,t)

j K(y-x,%) ¢ (y)ay
R™

K(:‘-k;t) dP (y)ay
B(0,A)

FA(x,t) (by definition of

Il

FA(x,t) in the
previous theorem.)

&(Y)OXM-aly\‘?)é— L( |R?) for some a) 0, since
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dP(y) is continuous on B(0,A). Therefore by the Theorem

2.1.9., )ik
i f A, - lim - , PF(x,t) = P(x) = u(x,5), and
bt (x, 82 (250" ) l5,
if 71&, . im 7(x,t) = lim P(x,t) )\
Sl L E T O e e et g

£ Tim \d(y)
'y-f;o\é}) 4
= 1linm ct}(y)
y->x%,
-
= 0 N
-~ lim F(x,t) R - 1dm - F(x,t)
(x,8)>(x,,0%) (x,5)30x,40")
S 0
© lim : Plxyt) =0, if |x,>A .
(x,t)~%(x0,0+)
Hence |
(x ,S) ; |<A
 lim PUEEH2 $ u(x, _ 1%,
(x,t)~>(x_,0") L0 x|\ vA.

At the point x_ such that |x,} = A, we have by the Theoren

2.1l9. that

—

lim | Bylx,t) = 1im . P(x,t)
+ +
(x,t)—-:;»(xo,o ) (.x;t)_e'(xoyo )
£ 1im b (y)
y—)xo
= U(Xo,g) .



Con8ider the function
(3.4) v(x,%) = w(x,t+8) - Fy(x,1t).
By the Theorem 2.,1.7., v(x,t)€& % , in the strip Hg, c—g)“
ball

lim v(z,t) > lim u(x,t+ g)
(x,t)——;(xo,o"') (X,t)‘-)(xogo+)

& lim = F‘A(x,t)

(x,%) (xo,0+)

£) - 1lim F(x,t)
(X,t)A?(xo,0+)

©)

2
Claim that v(x,t) 2 0 in the strip Hig e-$)°

Supvose v(x,t) is negative at some points, say,

at (x ,t, ). That is

(*) V(xosto) SV 1(0
If g(x) = sup IFA(x,t)\, for some c> 0, therefore,
0L<Lt<ec
by the Theorem 3.1.2.
1lim g(x) = 0.
PAE Y e

Given £ >0, there is an IO such that, i = 1,2,...,n,,

\FA(x,t)\S,&, whenever |x 3N, 0 t<£c.
i

In particular, for & = Q, there isan N>O0 such that
2
Fo(x,t) < g, \x]\_:}. Ny 0 <G -i=1,2,...,7.

For lxiP,N, 0<t + 8 <c, i =1,2,¢.4yn., We hove by the

definition of v(x,t) and u(x,t) 2 0 that



-
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(355) vix,t) = u(x,t+9) - FA(x,t)
2 = FA(Xst)
>-4.

Hence v(x,t) +_g.30 on \xii =Ny 0L <, 4 = 1;2,655:06

Since v(x,t) € :)‘ﬁ ’ 0(1:{0—5, we get

-I_jm V(X,t) + i ?/0’ Xl =(Xl .’..a,xj' )-

where |x1\i = N, O<t1< c—g, li =ll or l, Or ....0r ln.

Let t < c'<c- $. The function v(x,t) + _g_sa.'t:ifies

all the hypothesis of the Theorem 3,1l.3., thus
(3.6) v(x,t) +% >0 in EN,c' 3

It then

From (3.5) and (3.6), v(x,t) )«_g in H(O,c)'

contradicts (*).

Hence v(x,t) 2 0 in the strip H(O g 595
9

F(x,t) = Fﬂ(x,t) ,{: u(x,t+g) in the strip H(O,C—S)'

S K(y-x,t)u(y,%) yay & u(x,t+%)

B(0,A) ™~
in the strip H, c-%)’ for all A > O.
9

Since u(y, ) 2 0 for all ye R™, and

5 K(y-x,%)uly, & )dy
B(0,4)

is bounded and increasing on A D> 0, we get
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lim S K(y-x,t)uly, S)dy

exists, and

jnK(y—x,t)u(y,%)dy = Tl ‘S K(y-x,t)u(y, 5 )dy
IR ‘A‘_'?C’DB(O,A)

é u(x,t+g).

Theorem 3.1l.5, IT

1. u(x,t)€ I, in the striop Ho. o
¥

2. © 1lim u(x,t) = 0, for all x
(x,t)a(xo,o.’.) 9 H O!
3. £(x) = maxy /{w=xit)],
0<t<e
a4, Ff(x) = o(exp(alx\g)), as \x|—>o0Q , for some a >0,
then
T = Qo he stri e .
u(x,t) s in-the strip H(O,c]
e e 0. L) E .
Proof: Let r> Let (x,%) H(O,c] Denote
r, = (ryryeee.,r). Form a function Ur(x,t) by

Ur(x,t) = f(-rn)K(x+rn,t) + f(rn)K(x—rn,t).
Then U, (x,t)e #e , since K(x,t)e ¥ , and
L'r(rn,t) = f(-rn)K(Zrn,t) + f(rn)K(O,t)

;f(rn)K(o,t)

ol f(rn)(lﬂ'{‘t)"n/z, where 0< t<L c.
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U {=f.5%)

f(—rn)K(O,t) + f(rn)K(-an,t)

?’ f(—I‘n)K('O, t)

f(—rn)(‘l'ﬂ:t)_n/Q, where 0L t<Le.

From the definition of f(x) we have, for 0<+t <Lc, that

lur_,0)| € £(x,) < f(rn)(%)n/Q, o3

< U(r,,t) (4T )2

and also,u(—rn,t)lg Ur(-rn,t)(fﬂ(c)n/2. In other word,
(4% 0)Y20_(x,t) + u(x,t) and (470)™20_(x,4) - u(x,t)

both belong to 3{7( in B and are nonnegative on Gr o WEE

r,c 58
t =0, U (x,0) = 0, gnd lim u(x,t) = 0, then
z (x,8)~>(x_,0").
they both vanish except at X; =T or x; = -r, and, therefore,
lim (4T )2y _(x,t) + u(x,t) > o,
(x,8)>(x,,t,)
/2 &
1im (4TCc)™ U.(x,%) = u(x,t) 3 o,
(x,‘t)—)(xo,to)

for all (xo;‘to)é Gr,c' Now apply the Theorem 2,1.3. to
(f?-'ltc)n/zUr(X,‘b) + u(x,t) and (f}-'T(c)n/zljr(x,t) - u(x,t),
w¢ have

(4 K-_c)n/zUr(x,‘t) + u(x,t) >
(4Tf.c)n/2Ur(x,t) - u(x,t) > O; on B, s

That is, (4‘T[‘_c)n/2Ur(x,1;) 2 - u(x,t), and
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(4TCc)n/2Ur(x,t) > u(x,t) on Er?c‘

Hence, (4th)n/2Ur(x,1;) ?Iu(x,t) l on Er,c

Fix (x,t) and let r tends to infinite.

If 0<t< 1, and by the definition of Ur(x,t),
xa
Ur(x,t) tends to zero.
Hence if ¢ £ 1/4a, u(x,t) = 0 on H(Olc]. Otherwise,
?

if ¢ > 1/4a, let w(x,t) = u(x,t+ %_), repeat the above
a

argument with w(x,t), and so forth.

u(x,t) = 0 on the strip H(o s
9

Theorem 3.1.6, If

1. u(x,t)e e, oct<e,
2. u(x,t) >0 0< < ¢,
3. u(x,0) =0, xe ®R",

then
u(x,t) = 0, on the strip. HLo,c)‘
t ;
Proof: Set w(x,t):& u(x,z)4Z, 90 %< e
0
C3.T) O w(x,t) = u(x,t) } 0.

5%
Since u(x,t)G:B'eQ , for xe& BR®, 0<t<e,

_ U]

o pW(x,,'t) - S e wlx, £ )4tk ,
2 2

0%y OD}"i
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Then wix,t) = u(x,Z)az

Dul%:2)aT = uix,5) B
22

I
o8 _ TVt

(*) That is w(x,t) is subharmonic. 3

Hence w(x,t) is an increasing function of variable t and

wix,t) is subharmonic for variable x. And

Aw(x,t) = 0 wix,4t)
ot

wix,t) e &,, 0< t<e,

w(x,0) = 0, w(x,t) >0, 0<t<c.
Let © be such that 0<®<c and let x — 0, and
t =4t <c-§. Then

-

5 K(Y—x,t)W(y,é )dy = K(y,t )w(y, & )dy. Hence
RY : B0 '

by the Theorem 3.1.4. we have that

K(_y,td‘)w(y,% ay £ ;f;(o,to+‘$), 0<5< c,
‘BY

Since w(x,t)e }& on the strip H we have that

0,c)?
(3.8) exp(

:z{.;»cf_l_?;)w(y,g )dy & (411’60)“/2*”(0,1:04- $)
IRn 0]

< o0
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Since w(x,t) is nonnegative and nondecreasing in t, we set

£ix) = max . w(x,t) = w(x,g ) 1
0gt <

We know from (*) that f£(x) is subharmonic, then apply the

Theorem 1l.4.2, to f(x) we have that
ey & & f(y)dy, for all {x| £ 0 .

YW 5%, 1)

/(1) x nf(x)exp(—lxlz)'< C f(y)exp(alxlz)dy.
& x| T, a\uildd T
0 0
B(x, {xl)
Since h(z) = exp(-z), z »0, is strictly decreasing, and

y € B(x,(x}l), i.e. (g¥&2Vx],

l{(l) lenf(X)exp(—_l__:Et_l_g) £ S f(y)eXP(d%f)dy

i B(x,|x!)
£ f f(y)exp(-\¥12)dy»
ofpn 0

By (3.8), there is a positive number A such that

141(1):x|nf<x)em(-¢%.|f’*) £ A
7 0
0 _£(x) 4 £ A ,
exp(1x)) Y (1)) x1?
—1E-Ol n

vy
oY

lim I f(X) =0
IXI=20 el 1%l ©)
5

f(x) = o(exp((xl?)) as |x|—> o0 ,
0

Applying the Theorem 3.1.5..to0 the function w(x,t),
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we get w(x,t) = 0 in Hig, 57
9

Since 5 is arbitrary,

w(x,t) = 0 in H(O &) #
]

Since %w(x,t) = U-(X,t) on H(O,c)’

u(x,t) = 0,

The proof is complete.

Corollary 3.1.7. The theorem holds if H(O &) is
¥
replaced by the nalf-gpace.
Proofs Assume thet u(x,t) =+ 0 on the half-space,

that is, .there is (xo,to) € H such that

FTe ~

(#%) u(‘co’to) £ 0.

Since t is a point such that O<_t0<c<> y there is a vpoint ¢
such that 0< t,< c.

If we restrict t be such that 0<t<c, all the
hypothesis of the theorem hold on H(O ¢)* Thus, u(x,t) = 0
9

on H(O,c)' But (Ko’to)éﬂ(o,c)’ it contradicts (**)

Hence the assumption fails., i.e.

u(x,t) = 0 on H,
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