Q@HAPTER II

POISSON INTEGRAL OF' A FUNCTION

The objcet of this chanter is to construet the
Poisgson integral which represcnts a temperature on a
half-space H, anx{t/t 2,0} ,with prescribed initial condition.

The class of all temneratures on the half-space will
be denoted by ?{e

We denote H[a;b], the strip a £t <b, the sot of all
(x,t) such that x€R™ and a {t<b . In the seme way, we

define H(a,b)’ H(ﬂ_,b]’ HLa,b) \

Lemma 2.1.1. Let 0@« §. 1If 0<t<

4a|y° i b!’
a»0, ond t<1/4a,
(2,1) "(1—4at)yi+(y0’i+ e) &
whenever y; > y0’1+5‘, Yir Yo 1€ IR

o-—e

Proof: Case 1, If yo,i+6<0’ O<t<__da(y e
' ayds

- -4at(;sfoﬂi+ o)L iE - e
4at(y 4F ) <—4at(vo ;78) €& - Q
4at(y0 l+g;,)+(”0'1+'5) (¥ 1+‘5) <§-p¢

-(1—4at)(y0,i+6)+ yo,i"'Q(O"
Since y; 2V, i+5, t <1/4a, we have thot
9

~(1-4at)y; & -(1-4at) (v, ;+3).
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Hence -(l-dat)y;+(y, ;+0) < ~(1-4at) (v, ;+B)+(y, ;+@I<0.

Qane G 3L ‘:’ro;iﬁbsni‘.}’ O<t<4a5(3: QA-S) £
0,1

4at(yo’i+8) L&-Q
By following the same argrument in case 1, we get

_(1-4at)y.+(y0'i+Q) 0.

Case 3. ¥, 1+S 0, Y3275, l+0 = 0.

Since y, ;+ R <¥,,1* S\,
-(1-4at) (y, 3+ 8) + (7,,3+@) <0 .

since -(1<dat)y; <0 = -(1-4at)(y, ;+ $), we get
-(1"4at)yi+(y6,i+ Q) ( 0.

The proof is complete.

1

—<V a>0, and
P 8

Remark 2.1.2. If 0Kt <3£1\y
0

0 <t <1/4a,

(2.2) —-(1-4at)yi+(yo;i-Q)>0 whenever yi~§yo,i"6
¥y o Yo;ie R .

5-Q
al¥o,i* s\
(2.3) ¥y, 5= 0,8)exp(ay;?) & k(B-Q,w)exn(aly,, + D),

0L < S

Lemma 2.1.3. If O<t<—4—

10
Y12Y0’1+6. (-’{)6 f«i

Proof: k(y Yo, l-Q t)GXp(ay ) 5 5
(757,41 Q) '+ daty;

= (4 Kt)d%e}fp(- TE .

Differentiate with respect to yi,

1 18185074
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k(yi-yo;i"-e ;t}cx}?(ayiz)
[ -(‘1‘45“5)?1*(3'0,1*3)1

2T

S‘lc;
HI

- “(?1-30- - 09

S~ e
+5‘

Y 4at)yi+yo 1+Q<0, whenever y; 2 Yo, 1+S, and

By Lemma 2,1,1., , if 0(1;(4&

D?Y—i k(Yi Yo € t)exD(ayl %1<o, Vi2 1"0-3'-"S i

That is, k(yi-:f Pl < t)exp(ay; 2) @ecreases, for yl},yo 3+ S

K(y3-¥,, 3= @rt)exnlay; 2)K k(& -, t)explaly, i+5) ),

'whenever Yi> yo,:n."' 5.

$-R

I¥o,i" 81"

k(y3-Y,, 5+ € ,t)exp(ay;?) L k(-8 +@,t)exnl(aly,, 1-8) )
= k(& - -0, t)cxp(a(yo i—S) Vg

Remark 2.1.4./ if O<t<4a 0<e <9,

¥i \<yo,i'5'

Lemma 2.1.5. Let xo'ie iR, t >»0. Let 350 be
such 'thatlx x01|<8 R 0<t—6<t<t +&. Then
(2.4) k(y. -xi,t)<A exp(-ay; ),

(2.5) 3¢ k(y;-%;,t) Byexn(-ay; 2y,

for all yié; iR, for some positive constants Ai, Bi .

Proof: FPor y; b, b)xo;i+6.

= = 1
k(Yi xivt) o -.1.._........
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2
(_ (yi_xi) )
4t
_ |53 to+5v i g (Yi-xi)‘z)
S «J4Tc(t = 4t
t 48 g (y._x,:__.5)2 :
0 & VR P
(- : )
$ % NI (52 8) &
' 2
< Fo_"% . & b i (y x.i-S) :
ik /bto"s ‘V4T{_('b0+5) 4(t0+5)

Vi xo_;i:l-;g ’ xi( xo"i+g, t<to+§. That is, we get

. t - ) A
(2.6) l‘:(-"':'L""i’t)‘é- t0+g k(yi-xo,i'gs "30"'%) :

The function k(y X 8 t +g) exp(ay ) has the absolute
b it ‘5
1-4a(t0+2'§)

maximum value at yy =

az%.— k(.‘fi-xoli—g ;t0+6) exp(ayiQ)
i ’

s Since

k(y;- xb-'-l 5‘1;--4»5)
4(1: +5)

* 2(xo iﬂé)]

exp(ayie) —(1—4a(t0+ ) )2y,

x'+

is pos:l.tlve if y T : }and it is negative if
‘<1 -4a(t +‘é*§'
X .+ & ‘
if y.> 0sl . Tha‘t isg. ,lf.(yi-x -6,t0+5)

» l-4a(to+5)
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is dominated by a ¢tonstant mﬁltiple_t_of exp(-ayi2), Y3 2 be
" e
Since t°+5 <E ’
‘%‘.‘E k(ys=%, =89 $,+3) exp(ay;°)
is bounded by a constant multiple of exp(—ayig). Hence

for y; 2 b, b> xo;i+5’ k(yi-xi,t)exp(ayia) and

%"a’ k(yi-xi,t)exp(ayi2) are dominated by a constant multiple
of exp(-ay.?). Similary, for y. £d, d<{x_ .-&, they are
i i 1% 4

still dominated by a constant multiple of exp(-ayi2).
Since k(yi-xi,t)exp(ayi2) and %’E k(yi-_-xi,t)exp(ayia) are
continuous func‘tiop.s of Vi yiéf_d,b], ‘xi-—xo’ﬂ(S '
0<t - &<t <t +3, so they are bounded.

Hence k(yi-—xi,t) and %% k(yi-xi,t) are dominated
by a constant multiple of exp(-ayiz), say,

k(yi“‘xi g t) < Ai exp(-ayiE )

%‘f k(y;=x%;,%) (Bi‘exp(-ayiz),
for all yie ’R, Ixi—xo;ii<_ 5 9 O<to—g<t <t0+ S, for

some vositive constants Ai, Bi'

Lemma 2.1.6. Let xo,ié IR, t,>0. Let EY0 be
such that |x;-x; ; [<( & » 0<t,~8<t <t +3. Then
’

for all yié_ |IR, for some positive constant Ci .
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Proof: If \xi'xo,i\< A 5 0<t0-8<t<~t0+5,
we can get (2.6) in the same way whenever y; /A ¥ i+ 8.
¥

Consider (y:.l_--xi)2 P(v -X, ,t) < (yl-x ) k(y -X, g,t0+5)

_ “é (yi 0,1
xo,i—gl(xi(yi, yi)A . Consider,

A& k(y ~X, 4=8,t,+3),

o~.<\(yi—xol,-i*-fizk(yi-xg;i—ﬁ{; t +8)_exp( ayié)
, ) ' 2
(yi-—xo‘i+8) iz 1—4a(t0+5.) e Xy 1+ﬁ ]
Vit +8) 4(t +8) 1-4a(t +5)
(8]
2 - 2
(3,,3+8)2 1/ (x5+3) l
4(t +8) 4a(t +5 ) (1-da(t +3))
= (1-4a(t_+3)) o X, 1+ & T
4(t +'5) ~ 1-4a(t +2)

1 (x,. +§§)2 (2-4a(t +5))}

1}

C(yi-xo;i+8)2 exp

where C = exp

4 t+<5) (1-2a(t
\/41t(t0+5) | 4a( a(t +%))

By using L'Hospital's rule twice, the last quantity tends

to zero as y; approacheso or -oQ . Therefore

(3}':.L—1:0’i+6)2 exp(ayiz) k(yi—xo;i—s,t0+2’) approaches to zero
as yy approaches o or -oy. But it is continuous function.

So it is a bounded function of y., y; £ (=, ). Hence

2 ,
(y;-x;) |
——2— k(y. —xl,t) is dominated by a constant multiple of
4t

exP(—ayig), inA. Similarly, :1_1:1-2 (y $=%5 ) lr(y -X. ,t)



2
i bounded by a constont wmultiple of CT-:'-?(«F=V e

v £ B

iy i - . -_‘__ s, \21 2] Gl g 3 -t w9 '“V -i o
Xq 3= Do bnYB,Iﬁ],(,i - I ot ) exn( “y/n £2 i '
continuous, SO ,ﬁ: is bounded. On the other 11'*1':.u_, 011[}3,[&1 »

(vl-y ) "’(~r1— % 9% ) /1 42 i bounced by a constant multiple of

exp(—ayi ). Hence

(y ~Xs ) k(y -X;, t) L ¢, ex*(-—ay ), for

ﬂ. L.-"“

;,rie 2, l F{i-—xo’i\ Z S, 04 "ﬁo—- S( U -:‘_‘i;0+ 8, and for some

positive constants Ci .

Theorem 2.,1.7. If

Cb(:f)e:@(—afylg) € L( IR™) for some a9,

2. F(};st) :J‘ K(y-,k,u)¢(*}')ﬂt_
Il

R
then the Poisson integral F(x,t) is defined and belongs to
Ke 1n i 4a)

Proof: Let (x,,t,) = (10’1,30 ALERTEN n,to) in
the gtrin H(O, 49) .
3 S0 onae that B((x ,% }
Choo.ae; so small. that ..;((x_o, 0),8 ) 12 st __1(0’4&)
Let (x,t) € B( (xo,to) ; S) ., It Follows that

[ %, —x igz_s ,0 <t - 8LE<H 48, 1 = 1,2,35000,0

1.0,
By Ter-us 2:l.9 apd @.Leby £Or L3 ). 08 @ 0F ves OV M,
B:(v =3 t) exp (-ay 2)
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-
. 5 B hES
L k(yi-xi,"u) 4 By - o;c?::(-ﬂs,yi) *
b

n

)
- £ 2
ancl'(yi Xi) l;(yi— Xy 9 t) é Cy ex‘o(—ayi) )
4%

for yie’: R, and for some positive constants A., Bi’ Ci .
n.
Hence 1 K(y-x,t) = _{T
2% t
< K ozn(-o|y] 2 g & = B, Tr A
J .
.84, 1 K(y-x, t)@m[ I<l¢)(~r)|ow(~afvl
2%

9 L1
and |y - x|° K(y-x,%) \é Lexn(-aly]®) , L = ‘Z‘IC' -IT A
At < '

e g o] <

exn(-a|xl?).

Since

(2.7 Q. Kly-x, OP(y) = Ly=xl? h(v--u,.t)cb(v)
D'I:. Bk

e B K(y_xgt) 4:(3’) 9
2% :

exn(-2 |y ) € 1@

there is a nomegative funciion M)(\_-.
such that
__:_a_" K(7-x,%) (t) (v) I < M}(w-)l e::h(-uaﬂ.[yld') s M = Li4nk,
ot

for all yve R ana (x,t) € B((.‘::O, to)sg)-



For a fixed woint (x,t) €1 ((y o, ;,8 ), define £ by
i
£(y) = Ky-x,%)@(y)
Since F(wv-x,t) is a continuvous finmction of v, £ (¥)

- [ . :']. . LI = . o]
is a measurable function on R, And gsince it is dominated

(b (3) |exn(-a|rl®) € L(RY), #(y)en( @) .

Lastly, (2.7), the narticl differcntiate with
respect to t,exists for all (x, t)é.l)(( 0},23) and ve R*.

Therefore, I(y-x,4) (}) (y) sotisfies all conditions

in Tﬂeo ~em 1.2.2.. Henee, the integral

g — A yex, 1) ‘5#7 (v)aw

L )
I

exists for all (x t) € ,((y t ) o) And P(x,t) is
differentiable with resneet to t at each interior noint of
the ball, and moreover,

2

|

° PF(x,t) = 5 "(V““st)(la)(v) [Iv_{:?_ oY dx
ot R e =%

«

In the same woy, we cain show thot

2
() r “"‘-'.:-)“ 1
'—a{. F(Xst) = C ('r.r.... -t) (1r)[“,.u. aida ......-\ dyv
T LTI

Tor 211 i=1 or 2 0T ... O n,

AF = 2 T,
%



©q /)
That is, F(x,t)e 6}6 in the ball, Since (xo, to) is arbitrary

point in Hg says P(x,0)e e in the striv Hig 4.9
) g G

‘ Lemma 2,.1.8. Let 2, b be any two extended real numbers
such thet A 2 b whenever A > a. Then o2 b,

Proof: Assume thot o <b, And assume the Hypothesis.
Then there is X guch that a<a b,
o 0 a <o

By Hypothesis, A > b,

It contradicts to the fact that A <bh,

Hence a 2 b

Theorem 2.1.%W If F(x,t) aucli‘])(y) are defined as in

Theorem 2,.1.7, then

o g !
Tin ) ‘l?(x,t)! £iinm \cj;(y),.
(x,%)=(y,,07) B 2
And, if 1im (i)(;f) exists, lim F(x,t) = 1lim Cl)(_v).
V¥, (2,%)= (v,,0%) Y=Y,

Proof: If Ilim 'C’P(Y)‘ = o, there is nothing to
V-3 ,én -

prove °
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We assume linm ‘(j) (v) !(OO . Let a real number A be such that

Y=Y,

1lim \(b(y)z(}\. By definition of limit supremum,

Y““"’Yo
lim kd}(*r)!‘ = inf sun lcb (E,F)‘ !
Y=Y, 8>0 yeB(y,,€)
there exists & ©>0 such that sun i ()< A,

€ B(y,,%)

F(X,‘t) - j K(_W}?‘_x,t)¢ (‘:_r)d}f
1

(2.8) IF(th)\é (j ]ﬁ{(y-—:{,'t)\ (i:v (_jr)ldy 2
. B(.‘,’Oa‘é )

3(y.,8 )
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7 - i

Let S(y , B ) denote the set{yetﬁn/ Y52 ¥, 3+ oOr
J

3’1._{ ‘:5’ y (yO 12 :}0 Dyevey 3!0 )1 DLE <5,
f
such that B(yo, @), containing S(y & ). Therefore,
% "is
(2.9) .S o, Ryl ()| ar> j E(y-x, )P (nfay.
S'(.VO,"B) B'(YO,S)

Claim that J , Ely-x,%)|b (y)ldy tends to
8' (y4:€)
zero as t tends to "ero, whenever (x-—y < e<&.
¥
For yeS'(y,, 3 2, Vi \ 2Ng. If | %-Y 1< @< 8
(y;-x;,t) < k(y;-v, -—S,t Y

o -€ ,
4a|yo.i+ 8’|

By Lemma 2.1,3,if 0<t<

K(y,-x;,) < (B -p, t)exp(aly, +°s>2 - ay%),

Vi 2 3’01"‘5 ) / ;
For y € 8'(y,, b) yi_gyo,i-'a. If|x~3r0}<g<‘c§

: /
k(yi_xi't) < k(yi"yo,i +B,t).

: S—’ - C
By Remark 2.1.4., if g<t< ¥ G
- '--4'“/ : e ~ 43' yO 9 i- 5 '

k(y;=x4,%) < k(T -p stlexplaly, =3 )Q—ayg),

, .
y; £ Vo,i~ € . Therefore,

f2 r I2
if Mi = max((yo’i +5) ’ (yo,i -3)°) ?{O,
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/
1:(3ri—xi,t) < k(2 -p ,t)exp(al'ﬂi— ayi);
’

/
Vi2 V6,1 *D T ¥; £V, 5 -8

9

n
Hence K(y-xgt)lb (y) )é[k( 2-¢ ,t)]n exp(aEIMi-aly!E)

) | ()| )

[~
where yeS'(yo,S), ‘xﬂyo\<-§5’ , D4 §CuS € .
4a mgx(mi)

a5
Therefore g 7 K(y—x,t)“ct)(y)\ldy
S'(yosg)
SR/ | ) 2
< iTllk( -Q,’G)GXP(a%-Mi) ., exp(-aly| )l(’p(y)\dy-

5'(3'095')

By Proposition 1.1.3.,

j , K(y—x,‘b)H) (y)\ tends to 0 as t tends to OF.
' (y,,9)

e

By (2.9); J _ K(y—x,t)\(b (y)ldy tends to O as t tends
B'(y,,9)

to oY,

Fetis given&> 0, there is a >0 such that

(2,10) I , K(y—x;t)ﬂci)(y)ldy( € , for all
B'(y,,% )
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(x,8)€ B((7,5,0),8)0{ (x,8)/57 0§ = ((5,,0),8,).
By (2.8) and (2.10); |P(x,8) | A+ €, (x,t)¢ B-’f((yo,o),s‘)

sun lF(x,'l:)l( A+ &
(x,%) € ¥ ((y,,0),9,)

Thus . inf ‘sup lF(x,t)i<‘ﬁ4-E.
>0 (x,t) B'((y,,0),8)

—

Since & is arbitrary, lim !F(x,t)\~§ A
(x,t)—:}(yo,0+)

By Lemma 2,1.8., we get

(211}  lim ‘IF(x,t)\ £ 1im |¢(y)\.
(x,t)>(y,,0") y>Y,

If 1im (b(y) exists and is egual to M, then
y—Y,

lim (Cb(y)-—M) = 0 = 1lim (4)(3«')—1‘&). Since

Y=Y, o o
«
. ey o
F(x,t) - M = J’ K(Y-X!t) L‘%J(Y) == M]dy
R n
R
App"lying (2.11) by replacing ¢(y) with d?(y) - M,
(2.12) ~lim [ R(x,t) - #} € Tin |P(y) - u|.
(K,t)"“’(}"o,o.l-) y":’yo

Since the 1limit of the right h-nd of (2.12) is zero,



C Iim {rx,t) -m} = o
(24537 ,50")
T lim (F(x;t) - M)
(X,t)—a(yo,0+)
= , lim (P(x,t) - M) = 0O,
(%,t)>(y,,0")
Hence lim F(x;t) = M = 1lim (b(y).

+
(X,t)—>(y0,0 ) Y-y,

28
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