CHAPTER V

CONTINUOUS SOLUTION OF £(xoy)+f(xoy T)= 2f(x)+2£(y)

ON SOME TOPOLOGICAL GROUPS

In this chapter, we shall determine all continuous solution of
(*) f(xoy)+£(xoy™) = 2r(x)+21(y)
on a vector group V into a vector group V'. This result is then
applied to obtain the continuous solutions of (*) on Rn, B+, B' and ¢*

into R.

5.1 Some Useful Formulaas

Theorem 5.1.1 Let (G,0) and (G',+) be abelian topological groups.
Let H be a subgroup of G. A function f : G/I-I —>» G' is continuous

and satisfies

(F)  F(xoHoyoH)+F(xcHo(yoH) L) = 2F(xoH)+2F(yoH)

for all xeH, yoH in G/y if and only if f(xoH) = f(x) for some
continuous funetion f : G — G' satisfies

1
)

(*) fxoy)+£(xoy" = 2f(x)+2f(y)

for 2ll x, y in G and f is constant on each coset of H.

Proof Assume that f : G — G' is continuous, satisfies (*) and is
constant on each coset of H.

Let f be defined by

f(xoH) f(x).
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Hence, by theorem 3.1.4, ¥ : G/H —3 G' satisfies

(F)  F(xoHoyoH)+E(xoHo(yoH)™) = 2F(xoH)+2F(yoH),

for all XoH, yoH in G/H %

Observe that f = Fo¥ , where ¥ : G — G/ 1is the canonical
homomorphism of G into G/,, i.e.¥ defined by ¥(x) = xoH for all

x in G.

Hence, by theorem 2.3.3, f is continuous.

Conversely, assume that T : G/H-_a G' is continuous and satisfies (%),
Let f(x) = PF(xoH) for all x in G.

Hence, by theorem 3.1.4, f satisfies (*) on G.

Again, the continuity of f follows from theorem 2.3.3.

Remark 5.1.2 Let (Gl’o)’(G2’°) and (G',+) be topological groups.

Let v : G,— G, be gn isomorphism and f,_ : G2-—e G' be any function,

1 2 2
Then function fl = feo v Gi_.; G' is continuous and satisfies
-1
* =
(*y) £ (2 o7 41, (09 ) e e L

for all X Yl in Gl if and only if f2 is continuous and satisfies

® =1 -
(*) f2(120y2)+f2(x2oy2 ) 2f,(x,)+2f,(y,)
for all xz, y2 in G2.

Proof Assume that f, : G, —> G' is continuous and satisfies (*2).

2 2
Then fl = féo V, being the composition of two continuous function,
is also continuous. Since f2 satisfies (*2) and v 1is an isomorphism

of G, onto G,. Hence, by Remark 3.1.5, f, satisfies (*1).
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Conversely, assume that rl: Gl——a G' is continuous and satisfies

(ﬁg. Then f, = f,o e By the seme arguments, we see that f, is

continuous and satisfies (*2).

5.2 Continuous Solution of f(x+y)+f(x-y) = 2f(x)+2f(y)

on Vector Group.

Theorem 5.2.1 Let V, V' be vector groups with B - {va: a €1} as

a basis of V and let ﬁb(l) = {{va} : vaeﬁﬁ} ; ﬁb(z)z {{u,v}iu,v saa,u # vl

Let f : V— V' be a continuous function satisfying

\

(%) £ (x+y)+£(x=y) = 2f(x)+2f(y)
4 . 55(1) (2) P
for all x,y in V. Then there exists a function ¢ : U ‘5 — V

n
such that for any x = I Y5 Yo in V, wvhere Yo € R and v € 55 s
i=1 /%4 4 i e |

we have

n
(5.2.1.1) f(x)= ¢ y. ¥y . cl{v. .v. D+2 v° eliv. })-
1si<jsn %1% % % = M 0%

( n n
246 % nhidunnel il
i=1 % i=1% 0%

Furthermore, if V is of finite dimensional, then any function f of

the form (5.2,1.1) is continuous and satisfies (*).

Proof Assume that f is continuous and satisfies (*).

n
Let G consist of elements x of V of the form x = I Y, ¥ o where
i=1 "i i

Y © Q. Observe that the subset G of V is a vector space over Q and
g :

the restriction of f on G satisfies (¥). Hence by theorem L4.1.1,
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there exists a function ¢ :B (l)U B(a)_._) V' such that for any

n
X = EYGV inG,where'ras Qandvaeﬁ s We have
i=1 %1 % i i
(5.2.1.2) f{x)=s ¢t g c({v, ,v, })+2 z c({v })-
1lgi<jsn "1 7 | J i=1 i %
n n
-(zvy. )z 4 c({v_ }).
i=1 % 4= % 0%

Let x be any element in V.
n

Therefore x = I y where ¥y € Rand v_ e 65 .
j=17% %y i %

Since the set of rational numbers, Q is dense in R, hence for each s

choose a sequence {YéT)} in Q such that 1lim yim) =y, -
m- ® i i

Since f, addition and scalar multiplication are continuous, then

n n ] {m)
Ly v ) = 20 %2y AP TR
=1 “1 %3 I=lpee %4 i

= £(lim y o)
= Ly v ),

moe i=1 %3 %4

lim f( % y(m) "

n

mo e i=1% %
= lim[ I Yim)Yim)c({Vﬁ Yy })+2 z (Y(m))2c({v })-
m-e lgicjsn i 7y ¥ 3 i=l i i

-z y(m)) z y M ev, })]
i=1 % i=1 %
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I ¥, Y, cllv, v }e2 E Yo c({v 1

lsi< sn i J I =3 i=1 *3
n n
-(z Vo ) I c({v }).
i=l i i=1 oy %5
)
Therefore f(x) = : ¥.7, c({v SV, })+2 & . c({v 1)
l<i<jsn i J v i=1 % !
n
-(z Yy ) E Y, c({v ¥
i=] i i=1 %4 i
n
for all x= I y v in V.
i=1 % %

In case V is of finite demensionel, we may assume that

® - {viseees v} Letc: ﬁﬁ(l)u §5(21——; V' be given. For each

n
x= I ¥5"
i

g let

tx) = I yyellv,vhe : yie(tv, D=( B ig,) § xyolbeh
l<i<j<n i=1 i=1 ~ i=l1

By a straightforward verification, it can be shown that f satisfies (*).

To see that f is continuous, we define pi ¢ ¥R, ci: VaV',

ciJ : V—5 V' as follows :

n
P (x) = ¥y 4 ifx= X y.,v, ,
i i it R
ci(x) = c({vi}) for all x,
cij(x) = c({vi,vJ}) for all x.
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It can be verified that P;s C5s cij are continuous. Observe that
n > n n
£f(x) = = p(x)p,(x)e; (x)+2 E (p,(x))7c, (x)-( 2 p; (x)) % p,(x)e, (x).
l¢i<j<n J i=1 i=1 =1

It can be shown that for any continuous function p : V. R and any
continuous function ¢ : V—s» V', the function (p,c) : V— R x V'
defined by

(pse)(x) = (p(x), c(x)),
is continuous. Let s : R x V'—s V' denote the scalar multiplicéiicn

on V'. Then

pi(x}pj(x)cij(x) = [so(pi,so(pjscij))](x),
p, (x)p, (x)e, (x) = [Bo(pi,so(pi,ci))](x)s
pi(x)pj(x)cJ(X) = [so(pi.so(pj,cJ))](X)-

Therefore, f may be written in terms of a finite sum of compositions

of continuous functions. Hence f is continuous.

Note If V is of infinite dimensional, then any function f of the
form (5.2.1.1) is not necessary continuous. The following is a
counterexample.

For each n = 1,2,3,..., let Xn = R with the usual topology.

mXx
n=1 "

Let X

Let V = {v|v € X and v(n) = 0 for all but a finite number of n} .
Define addition and scalar multiplication on V by

(v, + va)(n) = vl(n) + ve(n),

(Av)(n)

A(v(n)).
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Then V, as a subspace of X, is a vector group. Let

1 , ifi=n
ei(n) = {

0 , ifi ¥#n

Then 65 = {ei :1=1,2,...) is a basis of V,

1
Put x LI

S . The sequence { xn} is a convergent sequence in V.,

n

- 1 2
It converges to 0 = (0,0, 5%, Let=x :EB( )U Eﬁ( [_9 R be given by

c({en}) = nz,

c({em,en})= 0.

For this choice of ¢, we have f(xn) = léc({en}) = 1, Observe that
n

lim f(xn) =1. But £(0) =0 # 1. Therefore f is not continuous.

n—-e

Corollary 5.2.2 Let = (6k1,,.., Gkn)’ k =1,...,n, where 6k3= 1

=0 ifk#J. Let B={e: k=1,..., n},

if Kk =
if J and Gk X

J

15(1) = {{e,} : e e®} eand 55(2) = {{e;s EJ}= 80 €y € B, i# 3}

A continuous function f from R™ into a vector group V' satisfies
(*) f(x+y)+f(x-y) = 2f(x)+2f(y)

for all x, ¥y in Rn if and only if there exists a function

e 3 15(1)[155(2)___9 V' such that for any x = (xl,---, xn) in mp
we have

n 2 n n
E xiC({ei})-( z xl z xic({ei}).

£f(x) = I x.x.c({e, ,e })+2
I = i=1 3=

lei<jen 9 1
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Proof Since R" is a finite dimensional vector group having ®»

as a basis, hence the theorem follows from theorem 5.2.1.

Corollary 5.2.3 Let !B 5 B(l) a.ndE)J (2) be as in the corollary 5.2.2.

A continuous function £ from IRrl into R satisfies
(*) £(x+y)+f(x=-y) = of(x)+2f(y),

for 2ll x, ¥y in R® if and only if there exists a function

c: E’(l)u B(E)__} R such that for any x = (xl,.-.,xn) in an,

we have
( n ) ( n n )
f(x) = r x.x.cl({e,,e.})+2 x5 c({e,})-( £ x.) £ x,c({e }).
1<i<j<n i 174 i=l 1 i i=1 * i=1 i i
Proof. Since R is a vector group, hence the theorem follows
immediately from corollary 5.2.2.
Corollary 5.2.k4 A continuous funetion f : R—= R satisfies

=) flxty)+e(x-y) =  2f(x)+2f(y)

2

for all x, y in R if and only if f(x) = Ax~ for all xe R, vhere

A is & real number.

Proof It follows from corollary 5.2.3, that 2 continuous function
f : R—» R satisfies (*) if and only if there exists a function

e : 55(1)__, R where B(l) = {{1}}, such that for any x in R,

we have

flx) = x° c({1}).
Let A = c({1}), hence

f(x) = At
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+
5.3 Continuous Solution f(xy)+f(§9 = 2f(x)+2f(y) on R

into R.
c Theorem 5.3.1 Let f : (B+,.)_—; (R,+). f is continuous and satisfies
(*) £(xy) + f(§0 = 2f(x) + 2f(y)

+
for all x, ¥ in R® if and only if #(y) = A(%n y)° for ell y in R,

where A is a real number.

Proof Let v : (R",.) — (R,+) be given by v(x) = %n x. Hence
v is an isomorphism from E+ onto R.

Put g=tfo v-l, then g : (R, +) — (R, +).

Hence, by remark 5.1.2, f = g o v is continuous and satisfies (*)

if and only if g is continucus and satisfies

(*g) glx+y)+g(x-y) = 2g(x)+2g(y)

for all x, ¥y in R.
Therefore by corollary 5.2.4, g(x) = AR I\GBSATY x ¢ R, where A is
a real number. Thus for all y in m*,

glv(y)),

f(y)

g(en y),

A(&n y)2.

Hence, f is continuous and satisfies (*) if and only if £(y) = A(%n y)2

+
for all y e€ R, where A is a real number
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5.4 Continuous Solution of f(xy)+£(X) = 2f(x)+2f(y) on R*
o

into R.

Theorem 5.4.1 Let £ : (R*,,) —(R,+). A function f is continuous

and satisfies

2f(x)+2f(y)

X
(*) f(xy)+f(y)

for all x, y in R* if and only if f(y) = A(2n|y| )2 for all ¥y in R¥,

where A is a real number.

Proof  Assume that f : R*~—5 R 4is given by f(y) = A(En]y[)g, for
some real number A. It can be verified directly that f is continuous
and satisfies (%),

Conversely, assume that f is continuous and satisfies (*).

Let T = {1,-1}. Hence T is a subgroup of R*. It can be verified

as in the proof of theorem 4.5.1, that f is constant on each coset of T.

Hence, by theorem 5.1.1, T : R*/T-—; R defined by
f(xT) = f(x)

is continuous and satisfies

(¥) F(xTyT)+F(xT(yT)™) = 2F(xT)+2F(yT)

for all xT, yT in B¥/, .

Let v : G*/T-——a R* be defined by
v(xT) = |x| .

Then y is an isomorphism from R*/T onto [R*.

Set g=F%fo \;l, hence g : R'—> R
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By.remark 5.1.2, g is continuous and satisfies

(r) e(x.v)+g(§) = 2g(x)+2g(y)

+
for all x, y in R'. Therefore g(x) = A(2n x)2 for all x € R, where A
is a real number.

Also, from g =1f o v ,we have f = g o v, hence f(y) = F(yT) = g(v(yT))

= glly]) = A(znlyl)z.

5.5 Continuous Solution of f(xy)+f(-$) = 2f(x)+2f(y) on ¢%
into IR.
Lemma 5.5.1 Let £ : ([Re,-!-)__,. (R,+) be continuous function satisfying

(*) f(x4y)+f(x-y) = 2f(x)+2f(y)
for all x, y in ERQ. If £ is constant on each coset of H = {(0,n):n ¢ 2},

= 5 & 2
then f(xl,xe) = Axl for all (xl,xz) € R*, where A is a real number.

Proof Since f is continuous and satisfies (*), hence by corollary SIS

there exists a function ¢ : B (1)U B(Q)——) R where B(l)

= {{el].{ee}},
B{E) = {{e;»e,}1, e, = (1,0), e, = (0,1), such that for any
(x;5 %) € R° we have

(5.5.1.1) f(xl.xz} = 2L-|_x2c({e1,e2} )ﬂl(xl—xe)c({el} )+x2(x2-xl)c({e2}) I

Since f is constant on each coset of H, hence, for any (yl,ye) € E?Q,

we have

(5.5.1.2) f(yl,ya) = f(yl,y2+n).
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By applying (5.5.1.1) to both sides of (5.5.1.2), we have
Ylyzc:({el.ez})*yl(lyl-ye)c({ e} )+y2(y2-y1)C({ e }) =y (y,+n)e( el,ez} )+
Yltyl-ye-n)c({el})+(32+n)(y2+n-y1)c({e2}).

After simplication, we have

nly,cl{e) e} )—ylt:({ e, )4y el ey} )+(y2+n-y1)c({ e)1 = o,
for all n and all yl, y2 € R. In particular, when n = 1, we have
(5.5.1.3) yi[C({el,ez})-c({el})—c({eg})]+?2[2c({e2})]+c({ee}) = 0,

for all y,» ¥, in R. when ¥,= ¥, = 0, it follows from (5.5.1.3) that

2 2

(5.5.1.4) c({ea}) = 0.

Hence (5.5.1.3) becomes

yplel{ese )—cl{e )] = o,
for all ¥y in R. Therefore, we have
(5.5.1.5) C({el’ee}) = c({el}).

‘Substituting the values c({ee}) from (5.5.1.4) and c({el,ee})
from (5.5.1.5) in (5.5.1.1) we get

tlxax,) = x clle)).
Let A = c({el}). Hence

f(xl,xa) = Axi for all (xl,xz) € Ra, where A is & real number.

Theorem 5.5.2 Let f : (€*,0) — (R,+). Then f is continuous and

satisfies

(*) f(wz)+r(§) of(w)+2f(z)
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for all w, z in €* if and only if f(z) = A (£n|z|)2 for all z € C*,

where A is a real number.

Proof Assume that f : (€*,.)— (R,+) is given by f(z) = A(ln|z|)2

for all z in €%, where A is a real number, It can be verified that f
is continuous and satisfies (*).

Conversely, assume that f is continuous and satisfies (*).

Let v : 'R2/H-—+ €* be defined by

v((x,y) + H) RRCIRS:

where H = {(0,n): n € 2}. Then v is an iscmorphism. Its inverse
is given by
viz) = (2n|z|, 9)+ 1 ,

U
where @ is such that |z| e2 ie =

Let f=fov

Hence by remark 5.1.2, T : BQIH__+ R is continuous and satisfies

(¥) f((xl.wi)+ﬂ+(x2,y2)+ﬂ)+?((xl,Y1)+H-((x2.y2)+H)) = 2?((xl.y1)+ﬂ)

"'2?( (x2 sye) '.'H)

for all (x )+H, (x )+H in BEIH c

1’y1 2’y2

Let f' : 82-——> R be defined by
£'(x,y) = F((x,y)+H).

By theorem 5.1.1., f'is continuous and satisfies
*1 ' s = ' '
(#e). ¢ ((xlsy1)+(x2.Y2))+f‘((xl,yl) (x,5¥,)) = 28" ((x 57, ))+2£' ((x,5¥,,

for all (Xlgyl),(xz.yz) € B2 and f' is constant on each coset of H.

)),



Hence, by lemma 5.5.1, we have

' (x,y) = Ax® for all (x,y) :-:82, where A is a real number.

Therefore, for any z in €¥, we have

£(z) = F(v(z)) = F((2n|z|, 0)+H)) = £'(2n|z],0) = A(2n|z])>.

TO
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