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CHAPTER 1

INTRODUCTION

The theories of blow-up of partial differential equations have been studied
extensively in the past few decades inspired by Fujita’s work “On the blowing up
of solutions of the Cauchy problem for u, = Au+u'*?” in 1966. Fujita considered

the Cauchy problem

u = Au+u’, xeR"t>0
u(z,0) = up(z), z R,

where ug is a nonnegative initial data, p > 1 and A is the Laplacian on R". Fujita’s
result, which have been affected the direction of blow-up study since then, suggests
that if 1 < p < 1+ 2/N, then the solution to any nontrivial initial values blows
up in a finite time and if p > 1+ 2/N, then the global solution to the equation
exists for sufficiently small initial data and the solution blows up in a finite time
for sufficiently large initial data. Such p. = 1+ 2/N is called a critical exponent
and plays an important role in studying blow-up theory.

Since then, there have been several kinds of extensions to Fujita’s blow-up
result concerning variously on domains and initial sources. In 2007, Yang dealt

with the problem involving the p-Laplace operator
(

2= Aju 4 ud, (x,t) € Q2 x (0,7)

|z|®

U(.T,O)IUO(IL')ZO, U07£07 T €

\u(x,t) =0, (x,t) € 02 x (0,T),



where  is a smooth bounded domain in R™, n > p, A,u = div(|Vu[P~2Vu),

np—n+p
n—p

blow-up behavior of the solution is concerned with both p and ¢.

0<s<2,p>22,p—1<gc< . Yang’s result indicates that the
Lately, there has been some attention turning from equations on Euclidean
domain R™ to manifolds. In 1999, Zhang considered the blow-up properties of the

Cauchy problem

u = Au+V(z)ul, z€ M,t>0
u(z,0) = up(x), r € M,

where (M, g) is an n-dimensional noncompact complete Riemannian manifold with

n>3, V(z)e Ly

locy

Cr=" < V(x) < Cr™ for some C' > 0, m > —2 and A is the

o e VI @) )

Zhang further assumed that there exists a constant « > 2 such that |B(z,r)| <

Laplace-Beltrami operator defined by Au =

Cr® when r is large and for all # € M and obtained the result suggesting if
1<q<14((2+m)/aand ug > 0, then the problem possesses no global positive
solution.

In this work, we investigate the problem

;

up = Apu + ud, (x,t) € M x (0,T)
u(z,0) =up(x) >0, up#0, z€M (1.1)
u(z,t) =0, (x,t) € OM x (0,7T),

\

where T' > 0 is fixed, (M, g) is an n-dimensional smooth compact Riemannian

manifold with boundary, p > 2, p—1<¢g < npontp
n—p

and A, is the p-Laplace-
LG, ou

Vet gt 0 607

We apply Yang’s result of blow-up criteria on R" to compact manifolds. The

Beltrami operator defined by A,u = det g(z)g" ()| Vu|P—2

result is obtained as follows.



Definition 1.1. Let u be a nontrivial classical solution of (1.1). We say that u
blows up in a finite time if there exists Ty > 0 such that u exists for all x € M,

t € (0,7p) and lim u(xg,t) = oo for some xy € M.
T

Theorem 1.2. Let u be a nontrivial classical solution of (1.1). Define the energy
1 1

functional of (1.1) by E(u) = —/ |Vu|PdV — —/ lu|"tdV . Suppose that
PJum q+1Jy

E(ug) <0. Then u blows up in a finite time.



CHAPTER II

PRELIMINARIES

In this chapter, we introduce some basic concepts in Riemannian geometry

used throughout this thesis. We first start with the definition of smooth manifolds.

Definition 2.1. Let M be a topological space and n € N. M is called a differen-

tiable (or smooth, or C*°) manifold if the following properties hold:

(i) (Topological assumption) M is Hausdorff and second countable;

(ii) (Locally Euclidean) For each p € M, there is a homeomorphism ¢ : U — V
from a neighborhood U of p in M onto an openset V in R" suchap: U — V

is called a chart of p;

(iii) (C°°-compatibility condition) There is a collection {¢, : Uy — Vy}aer of

charts with |J,.; Us = M and for any «, 3 € I, the map

¥p© 9051 : ‘pa(UamUﬁ) — @ﬁ(UamUB)

is smooth as a map between open subsets of R™. Such a map ¢z o @, is

called a chart transition map. Il

Next we introduce the concept of a manifold with boundary which is of im-

portant application in PDE. Denote the upper half-space of R by
R? ={z e R": 2z = («!,...,2"), 2" > 0}.

Let Ri be the closure of R’ in R". The definition of a manifold with boundary

is stated as follows.



Definition 2.2. Let M be a topological space which is Hausdorff and second
countable. It is called a smooth manifold with boundary if at each p € M there

exists a homeomorphism
p:U—RY

from a neighborhood U of p in M onto an open subset of R’}r. As before, ¢ is
called a chart. In addition, if p,q € M and ¢ : U — R’}r, YV — Ri are charts
at p, q respectively, then 1) o ¢! is smooth in the sense that is can be extended

to a smooth map between open subsets of R”. O

Now we introduce a Riemannian metric, a concept that plays an important

role in Riemannian Geometry.

Definition 2.3. A Riemannian metric on M is a collection of inner products
g T, M xT,M R, (peM)

which is symmetric and positive definite and p — g, defines a smooth map into the
tensor bundle T%?(M). A smooth manifold together with a Riemannian metric
is called a Riemannian manifold. We sometimes denote g, by ¢,(X,Y) = (X,Y),

forall X,Y € T,M,pe M. O
Example 2.4. The Fuclidean metric g on R™ is given in standard coordinates by
g = Oyjdr'dr? = (dzt)? + ... + (dz™)2.

For vectors u,v € T,R", g,(u,v) = dju'v’ =Y 1", uv" = u-v. That is, ¢ is the

Euclidean dot product on R™. U

Having define a Riemannian metric, we can now extend the definition of some
operators in PDE, such as gradient and divergence, to smooth manifolds, as pre-

sented below.



Definition 2.5. For any C! function f on a Riemannian manifold (M, g), define

a vector field called the gradient of f, denoted by V f or gradf, by

(Vf, X) = X(f)

for all smooth vector field X on M. In a local coordinate {z'}, we have

J05 0.
0zt Oxd’

Vfi=yg
0O

To define the divergence on smooth manifolds, we begin with the definition of

the Levi-Civita connection.

Definition 2.6. A Lewvi-Civita connection or covariant derivative on M (more

precisely TM) is a map
V:I(M)xT'(M)—>T(M)
sending (X,Y) — VxY which is bilinear over R and the following axioms hold
(i) VixY = fVxY
(il) Vx(fY) = (XY + fVxY
(i) XY, Z) =(VxY,Z)+ (Y,VxZ)
(iv) VxV — Vy X = [X,Y]

for all f € C*(M), X, Y, Z € I'(M), where I'(M) is the space of all smooth

vector fields. O

Now we can define the divergence on smooth manifolds.



Definition 2.7. For any C! vector field X on M, we define the divergence of X

with respect to the Riemannian metric by

divX = tr({ — VeX).

OJ
Definition 2.8. Let f be a C? function on M. Define the Laplacian of f, Af, by
Af =divgrad f = divVf.
In a chart ¢ : U — R",

Af

- e Ve S

g

Proposition 2.9. Let f be a smooth function on M and X a vector field on M.

Then
div(fX) = fdivX +(Vf, X).
In particular, if X = Vh for some smooth function h, then

div(fVh) = fAR + (Vf, Vh).
O

Now we introduce a brief concept on an integration on Riemannian manifolds.

Definition 2.10. Let {U,} be an open cover of a smooth manifold M. A col-
lection {p, : M — [0,1]} € C°°(M) is called a partition of unity subordinate to

{U,} if the following conditions hold:

(i) Vp € M, po(p) = 0 for all but a finite number of a’s;

(ii) Vp € M, >, pa(p) = 1;



(iii) Ve, suppps := {q € M : p,(q) # 0} is a subset of U,. O

Definition 2.11. Let (M",g) be a Riemannian manifold, {¢, : U, — R"} an
atlas of M and {p,} a partition of unity subordinate to {U,}. Define

dV = Zpa\/det g(z)da' - - - da™.

acA

Then, we define an integration of a smooth function f on M by

/ fdvV = Z fpar/det g(x)daxt - - - da™.
M

acA e(Ua)
U

Theorem 2.12 (The Divergence Theorem for Compact Riemannian Manifold).

Let (M, g) be a compact Riemannian manifold with boundary. For any C' vector

field X,
/ (div X)dV = / (X,v)dS,
M

oM

where v is the outward-pointing unit normal vector field along OM, dS is the

corresponding volume form on OM. U

The next theorem is cited from real analysis used for application in differenti-

ation under the integral sign, as demonstrated in the next chapter.

Theorem 2.13. Let (X, M, u) be a measure space. Suppose that f : X X |a,b] —

R (-0 < a < b < o0) and that f(-,t) : X — R is integrable for each t € [a,b].

Let F(t) = / flz, t)dp(z). If 08—{ exists and there is a g € L'(u) such that
X

%(m,t)‘ < g(z) for allx,t, then F is differentiable and F'(t) = /%(Lt)d,u(x).

O



CHAPTER III

PROOF OF THEOREM 1.1

Proof. Suppose that u does not blow up in a finite time. We assume further
that there exist ¢y > 0 such that E(u(tp)) < 0. First we claim that £ FE(u(t)) =

—/ |ug|*dV . To see this, compute
M

d d (1 1
—F —_ (= P Do q+1
i B(u() = — (p/M|Vu| N~ /yu| dV)

d (1 d
p q+1
=% ( |Vul dV) 7 ( " 1/ [ul dV) (3.1)

Consider the first term of on the RHS of (3.1). We aim to use Theorem 2.13
to differentiate under the integral sign. Note that |VulP is integrable since M is

compact. Note that

5= g(Vu, Vu>P222(Vu Vu).

0
t(Vu Vu) p

yZ—
O vul = £

0
Since the metric tensor is smooth, —|Vul? exists. By compactness of M and

ot
contlnulty of the metric tensor, —|Vu\p = p(Vu, Vu) 'z <Vu Vuy) is bounded,
ie., §|Vu|p < k for some k > 0. Clearly, k € L*(M). Therefore, by Theorem

2.13, we have

L 1/ Vulrdv :1/ 9 \Gupav
dt \p Ju pJu Ot

. 1 P p—2 0
= ]—)/M§<VU,VU> a(VU Vu)dV. (3.2)



10

In a local coordinate {x'}, we have (Vu, Vu) = g

) 9 [ ..0u du
— _ v —
gV V) = 5 (g Dz (?xj)

g (O (Ou)du  Oud (Ou
9" \ot \ oz ) 007 " oot \ 0w

ij( Pu Ou  Ou Ou )

9" \oviotow  oxiowior

o (Ou O%u
YN i
J (axz axaat)

= 2(Vu, Vuy). (3.3)

Substituting (3.3) into (3.2), we obtain
d (1 1 D -
J— _ P // 1 p 2
dt (p/M Vel dv) b /M 5 Vi, V)2 (2(Vu, V) dV
= | [Vul"*(Vu, Vu,)dV

M

7 / (VulP~2Vu, V) dV. (3.4)
M
By Proposition 2.9, we get
(|VulP=2Vu, Vug) = div(|VulP~?(Vu)u,) — div(|Vul’ > Vu)u,. (3.5)
By the divergence theorem, Theorem 2.12, we have

/M div(|Vu2(Va)u)dV = / (Va2 (Va)u, v)dS. (3.6)

oM

Since u(z,t) = 0forallz € OM,t > 0, uy(z,t) = 0 on OM. Thus/ (| VulP~2(Vu)uy, v)dS =
oM

0. By (3.4), (3.5) and (3.6), we get
d (1 p ; p—2 ; p—2
a\p /., |VulPdV | = Mle(|Vu\ (Vu)u)dV — Mle(|Vu| Vu)udV
= / (| VulP~2(Vu)uy, v)dS — / div(|Vu[P?Vu)u,dV
oM M

- _/ div(|Vul[P"2Vu)udV = _/ (Apu)udV. (3.7)

M



Consider the second term on the RHS of (3.1). Observe that |at+?

_|u

ot

11

exists since

g+ 1> 2. Since M is compact, |u|?™ is bounded. Then Theorem 2.13 gives

2 L/ ’u|(I+1dV / q+1 /de
ot \qg+1Juy q+1 81&

1 1
/ 9+ (u?) @V 2200,dV
M

- qg+1 2
:/ |ulTudV.
M
Thus, by (1.1), (3.7) and (3.8)
d

—B(u(t) = /M(A W dV — /|u|quth

| (@) fuyav

M

/] / s |2V
M

It follows that, for all t > ¢,

to to
—/ lu,|2dVdr = / E'(u())dr = E(u(ty)) — E(u(t)).
t JM t

Therefore

t 1 1
/ / . [2dV dr + -/ VuPdv — —/ T AV = E(u(to)).
to

Define f(t) // u*dVdr. Then, f'(t) = ;/ u*dV and
1) :/ uudV
M
:/ u(Apu + u?)dV
M
:/ udiv(]Vu|p2Vu)dV—|—/ lu| T dV.
M M

Using Proposition 2.9 and Theorem 2.12, we obtain,

(3.9)

/ udiv(|Vul[P2Vu)dV = / div(|Vu[P2uVu)dV — / |VulP~2(Vu, Vu)dV
M

/ (|Vu|P~2uVu), v)dS — / |VulPdV

/ Vulrdv.
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Thus,

—/ |Vu|pdv+/ lu|?ttdV.
M M

Hence, by (3.9),

f”(t):W/MWuwv (¢ + 1) E(ulto)) + (g +1) // lu, [2dV dr.
(3.10)
Since F(u(ty)) <0,
L/ VulPdV — (g + 1) E(u(ty)) > 0 (3.11)

and so, for all t > ¢,

t
>(q+1)// |, [2dV dr.
to J M

The inequality (3.11) is strict because / |Vu|Pdz # 0; if/ |Vul|Pdz = 0, then
M M
u is constant in x and so u is not a solution of the problem.

t1
By choosing ¢ = (¢ + 1) / / lu.|?dV dr for some fixed t; > ty, we have
M

t t1
() > (g + 1)/ / |u,|?dVdr > (g + 1)/ / lu,|?dVdr =c¢ >0
to JM to M

for all ¢ > t;.

If ¢ > 0, then we have

f/(t) > / cdr + f’(to) = C(t — to) + f’(to) and

to

P02 [ (el —10) + s + £0) = 50—t + o)t~ t0) + )

to

which implies that lim f(¢) = lim f'(t) = co.
t—o0 t—o0

t1
Consider the case ¢ = 0 for all ¢; > ty. Then / / |ur|*dV dr = 0 which implies
to M

that u; = 0. By (3.10), we have

F(t) = & / VuPdV — (g + 1)E(ulty)). (3.12)



13

Since u; = 0, w is constant in ¢ and so f”(t) is a constant. If f”(¢) = 0, then,
by (3.12), we have / |Vu|PdV = 0. Then w is a trivial solution which is a
contradiction. On the]\cfther hand, if f”(t) = ¢ > 0, then tlggo f(t) = hm () =

as previously done.

We note that

t
IORERCES) / /M 2V dr

FOF®) %1 ( /t: ’ \uy%zvm) ( /t: /M |uT\2dvczT).

By Holder’s inequality, we have

FOF ) > E(/t:/ uquVdT>2
/ q+1(/ Fi(r )

qg+1

= (- £,

v

Claim that there exists a constant e > 0 such that f(¢)f"(t) > (a+ 1)(f'(t))? as
t — 0o. Choose any 0 < v < %+, Then 0 < a+1 < 1. Since tlim(f'(t))Q = 0,
—00

we can choose o > to such that (/4 — Vo + 1) f'(ts) > /<2 f'(to). Then

L) = (00)* — (a+ V(0 = (5 = VaFT) £t - /52 (1)
< (54 vat 1) £ - 5 )

Thus, for t > to,



14

as claim. Let g(t) = (f(¢))~*. Then

g"(t) = —a(f TN () + (—a — 1) @)
= —af 2O () + (—a = D(F (1))
< —af () ((a+ D)(f'(1)) + (—a - D(f (1))

=0

for all t > t5. Hence g(t) = f(t)~* is concave for all t > t.
Since f~*(t) > 0 and tli}]élo f(t) = oo, tliglof (t)=0.
Using the mean value theorem of concave functions, since f~*(t) is concave for

all s,t € (tg, 00),

7)) < F7(s) + (f7(s)) (¢ = s) for all t > t.

I~

Observe that (f~*(s)) = —af ™ s)f'(s) = —« ( 7

Thus, it can be concluded that

j”) (s) <0.

f7t) S f~2(5) +(f~2(s))'(t — 5) = —o0
as t — oo which is a contradiction.

Therefore u blows up in a finite time. O



CHAPTER IV

CONCLUSION

A blow-up criterion in Yang’s result was studied and adjusted in this work. We
obtained a condition of the initial function suggesting that a nontrivial classical
solution of the p-Laplace heat equation blows up in a finite time whenever F(ug) <
0 where ug is the initial function of the problem and the energy functional F(u)
is defined as in Chapter I.

Another unfinished goal in this work is to extend Yang’s existence of solution

theorem to manifolds.
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