CHAFTER V

TAE THEORY OF THE PREDICAME CALCUTES

FITH QWE AnD TITQ VARIABLES.

5.1 The Theory of the Predicate Gonleulus witbh _One Voriabic,

Basic symhols;

FyQsRe t-c st asninsrassnsaasnans are called Predicates

XaF1Ty ersrirrvnrantasnanssennes Are called vurighlcs

ZablyCy rerrirna i c st a e raasasesns E2Te called fixed values af the
voriatleg,

wx is called the Universal Juantificr

]x is callcd the Existentizl Quantifier.

Tormation rules.

T {a) is o statement.
hfx P {x) is a statemcnt {M"For every x, P (x)").

'BE:P (x) is a statement {"There exists an x, such that 7 (x)1),

Symbels af the form F (x) which are not cemplete statements,
mxy be combined in the same way as statements with the symbols =,

A ¥ U LI I I R N (SBE e:{ﬂ.m]_ﬂ.e number I+ bElUW)-

axamples of intcrprefaticn,

(1) Let x denotc any non-nepative renl numhar {any walue of x = u?
where u is roald,

Let P dencte the pronerty of Leing greater than cr.cqual
to zero, Then P {(x) means "x 30" and h; P {x) mncanzs "For cvery
-

Xy 230" ar MIvery x is graatsr than or cqual to zerge!
4 J ) q

(2} Let a be 3, then P (&) means ”3‘2,0.”
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(%) Supposc y Jenotes any rumber {rom =& oiven =zob of reoal numbsrbsy

Then ‘13}_ P (y) means "It is not the case that there oxists a ¥

such that y>.U AL

(4 3? [—} {P [y}}] means “There exists a ¥y such that 3{_‘%;()-:.”
. !

(5) Let a = =4,

Then ~jp (a) means " —u%m"

Theory

(1) Ax. Y, F () = ax["l p (x]]

(2) Th, T3 r o = Vi, (]

(3) 4z V bty = rta

(4) Tn. P EYPUES SURE S I S

{9} Th,. v, F (x) i = F (x) . _

(6) ix. Vi @A) 2 Ty, ) A 7, 2 (0]
(7) Th. [3,7 l‘_x)]V[ax ]z . g, ] Gy o]
(8) Th. [y P (x0] A [7x + T[T GALL © )

(9) Th, [V, F EIIRY; [Hx 2 {x)J - [ax_F ':"‘:']V [':‘.;.; S {::J]

(10) Gx. [vx I [x‘}]f\ [37. {x}j - ‘j'Ix[P (AN Ex}]

(11) Th, Vo [ 7 v 0o - [y, P Gy [3, ¢ ()]

(12) Ax, 3, [ P GOA L G [ [F: P OOJA [H, 2 6]

(13) Th. [v, F ]y ly @ Gy, [P v (x)]

(14} Th, [vx P {xA [3:{ i (x}:“-—]r_'p‘x g {x}]v [\;fx 7 (Xﬂ

{15) Th. Lgx I {x}]h [3:-: g (x)]r—[\f_x 13 {x}]v [Eh: ) {x}]

(16} Th. Iy, P (x}j :“—7[3:: . {x:j . = e 3:-:[}: (%) ===3 {x"ﬂ
(173 Th. [Vx P =y, & O] [, P = [3, ¢ &)
(13) Th. N (x)]:-?E[K Gy, P =3, ¢ (J]
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a9 he v [ v 0 =2 e Gk Ty, v ] = [, 4 (x)]

(@) ™.y, [ Gl T e ) [T P 0]=23, @ ]

U m.  [3, ¢ GI=HY, 2 O] v, [F 0 == 9 )]

(22) Ax. F % T (x}, where T (x) has the form of a tauilology.
(22) Th. VW, LV (x::f—_—-‘,» & {x}] , ‘fo[ g (x)=> {xjjl-'ﬁ"x [F {x)= = {x})

Delore proving these thecroms we have to show that the
set of zwiems is censistent hy.usinﬁ a model as fellows.
Lot ?;:P (%} corraspond to Flﬁlﬂa whereo P, and P, arc
statements., and let Ex F{x) —, Pl‘V P;_r
Gonsider iwx.(1l} and the correspondences
¥ P ) e——3> AP,
Y, P (x) e——> AR VP,
and A F (x) E—-—> PV D
Hx[“pl“ (x}] &=—> P,V F,-
.Gince the statemerts correenonding to —T\;fx B {x) and Elx L—|P (x:l]
' )
arz the same, fx. (17: ‘1vx F (x) E.Hxi:jp (x)] corroasponds to g

true stateonment in the meassl.

Donaider Aw. (10):

v, ® GIAfE, 2 - 3, [ P (AL 0]

F Y% OFa{g ¢ Gl=3,02 OAs )
F[{Yer Gfa gy, {xJHU'jx[p GOAQ (0]

R YR P Gy afE, @ ) v 3,00 AR )
- 130 b n 2 o)y 3 [ Aed]
L— - [(‘1 Fow B 1A 1czz}j V f(Plj\ ql}vqu,\ ;32;]

vl
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But the truth walue of the compound statement in the last line is

£ [{(-,pl WP Y (19 A —;QEL} V{ (® A W (PSA QE}H
¢ ! / /
= pl+ Pot Gye Go% (Dle qi} + {Pzﬂ QE}

/ Oy o P N S

= (py+ pyle (py+ a7 + {py+ pode (Ba% ap) + 950 4,
{ i ] 1. ¢ ¢ ) ¢ )

= 1. pl+ ql +Ir " p2+ qE + qlu qE

f / f
=z (pl+ ql] + (p2+ fg} + qyo PE ;

v

= (q]+ quu (q1+ qE} * qu+ Fit P,

118

- ! !
la [ql+ qE} + oG, + Pyt PE

(o, + a_) + g+ n{+ p;
1] = 2 ==l e

{! ) N {
LR U PR RS R

2

1

ql+ 1 + ;l+ s

- 1

Sinilarly we carn show toat the axions (3), (50, (127,
-

ﬁE;}g corresnond to lruc statements in the models Therefore the

St of 2xioms ic consictisnta

Txooples of interoretations.

Let P mzan "> 0" apd let x be in somz sek of nuoboers.
Ther '}b; P (x) = gxij.(xﬂ means that the statszment YTt is not the
case that for all =, x 0" iz ideniical with the statzoment "Thore
exizte an x, such that xj?i“h"

Suupose a dencies 3,
Then Vx ¥ {x}}P {a) zeans from the statement "For all.x, x> oM

W may deduce ir3‘? el



Example of wroof: tha (2)
Bat R (x)
Since ; Yy & {x}
Therefors =~ —T\:}x g ()
and b’ijP fx)}
Hence \4[4f? {x}]

Example of proof: th. (7)
Let R {x)

and 5 {(x}

then VRLE {xIA S5 (x}]

v, R (x)AS (x}j
1, [‘T{H (x) A 3 (x]}]
Iy [ IR ) V5 (0]
3, [? v 6o

the {2%)

Exam2le of proof:

I

=i

£5

I (%)
EAMERCS]

-7

x

jfixhq (x}] ( =14 = Ji)
q axL-‘; F (x}].

-ﬂxr— {x)

133{ B ()

(Ax. 1)

1P (x)
e ()
Tv, & A [V, 5 ()] (axa £
- [{yx n (A § ¥y S (x} }
[V ¥ (x) ]y hyx 8 {x)]
(3 {7 )y EMIRE (x}[ﬁ
[3,7 @]y [3, @ ]

Consider: HJ{ [{EL [X)__—_y_\' o (E}IA [H_'_ {x}:‘:)Rl:x}J}—-*_’—H, l'p (x}:b'p {X}D
+ vx["ip () =32 WAL R =y f o=k 'Ex'lﬂ{Th- 19)

Since

i a tautolegy.

Thevefore by using Ax. (22) and Th. 1

[{[r_ (==pe YA [3 =R P =pr {xzp}

for the theory

aof deduction {If A and AtPB, then - B) we olbtain

V[ [P oo=pa o) r [ ompr Goll, [ o= 0]
2V, [ {2 co=>a Gojp [o Go=>z CJlFY e o=k (0]
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vx[P (wi=—/—>% {xﬂﬂ\fx [(g (x) =K {xﬁk\fxu (n)=> "‘"‘}_-l
'?'y [P (x)=—>7 (x3J1 b’x[-i-i (33 =22 {:-:}__l;._-'»jx[p (x) =8 '::':ﬂ

BEenee the theosrem is proved.

n

The relations Setween the statcocmonts in the above theory
(nurmbers 6 to 15} may be illustrated by means of the lattice diarram

balow; where the arrcows corresgond to tke b syalol.

| v, [P (A% (0] |

!
I ;
o Sy

&f“ PAX) A Y, Q ()

J, ‘he

.2 o AT, a o

J‘]. y \ T h -]
= I

.07 (AR fi:-c?'}] Ve DV V¥, (fo

AX .
) i l_ Th.
i Gou
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Tf wa congider '@’xi'_ P o(x}AG Ex}J and'?‘x B A ¥, 2 (x)

-

te represent one and the save eloment in the diagram, and sipilarly

)

for 3x T {K}\}HR_Q {x) and HxIP fxitv/ 0 (x}], and we le% the arrows
reprosent 2 partial ordaring of the elements in the Siapgram, then
the system i1s a lattice heoenuse (1) The arrows in the system satisfy
the thres taws of partial erdering ( p.336 Birkhoff and Ma: Lane)
(2) For any pair of elements in Lhe system there ia a least unper
bound (J,.u.b) and e greatest lower bound {(g.l.b) (.35 Jirkhoff anﬁ
Kaec Lane)

To prove the arrows salisfy the three laws of vparlial
ordering.

(i} Since 4k & for any clement A in the systom, we can
write J-——5 4. Ik fﬂllDWEfthﬂt Lhe relmticn roprescnied hy the
arroy 1s reflexive,

(ii) Feor any tuc cleomerte A and 3 in the systen sueh
that A——*—;) 5 anda 3 — A, ve have & z B, It [ollows that tho
relation repressated hy the arrow iz antl-symnetric,

{1ii} For any three elements iy, B and C in the aoysicm
such that A—>PB ant! T ——>C, wo have A—> 8. 1t fellows that
the relation represented Ly the arrew is transitive.

To prove far any wair of zlements in the system thore is
a l.aual 2nd a0 sul.b, *

There are 25 pairs of dffferent clements in the systome
For each pair (i,%) there sxisis a & such that 0 — 4 anad & —> Ry
and for any cother 2lement D sucl that T —> 4 and I —= 1 we have

Towalr =l 0 872d Da

D—=C. & iz th

m



Aimiiarly there oxists an F such that A —3% ard P — 1, arnd

for any other glemznt T osuch that A—F and 3 ——=F we hove
fi——=%F, DL iz the 4.1l.L of 4 and B,

For exunple, if we lot E]x[:l’ (xIA7Q fx}] e A and v, F (x) va g {x)
be B, wo have ‘1;.-'1 P(x) N ) q (x) is ¢, ".?x F (x) A ‘U:Ic 2 (%) is D,

Ay PEVY, @) issana 3 P YT g (x) s T,

In the .sa.mc way il we let \;fx P {x}vvx 3 (x) be A
and 3}: E (x) \,}'?’x 2 (%) e 0, we rave Vx F (ijvx o {x) is Cy.
ViP GOAS 2 () 189,31 (IVY, Q@ (x) is & and
E Ex}ugx Qg (x) ic F.

Zimilavly we can vreve that for any pair of

elomerts in the system there i a l.u.b and a Falalne

2.2 The Theory of the predicate Colculus with Tro Variables.

(1) i, v ¥y e ¥y ¥y ¥ (x5y)
(2} th, 3,3, Py = 3,3, P Ly
(3} Th, Vo ¥y Plx,y} - Fupy F (x4
(4} ixe e \;,ty Flx,¥) - V;,- ﬂx T {x,y}
(5} Th, Ve ¥y FOow) B 33, P Gy
(€} Th. SV Vy FOOY b Wy T, P G
(') Th. IxVy Plx,y) - 33{3‘}, Fo{x,x)
(3) Th. - be’;,r B{x,y) - Vy P (a,y)
(9 The ) v, Pla,y) - P (a,b)
(10} Th. Fla,b) - ]3 P {a,y)
{11} Th. 33 Pla,y) — ';:yf;x P {x,¥)



Exnmple of proaf: th., (2)

Since

L

2

t

2 (x,y)

ViVy &

Sy

V}{"F‘Fy[—-—lp fx,}')j
Vx ['?H:r F (x‘y}}
’ -13;{ 3}' P {x,y)

35 34 F

{xy)

Henee the theorem is nroved,

-Example of nroef: th, (7)
T.zt 2 {y)
Since Ao b} P o{x,¥)
ﬁxlt“'j,r Po(xey)
Sut vy 2 (x)
Hevco - 3:{\;{:{ F (X:Y}
and ng:r P oCaxyy)
Bxb‘y P {x,y)

Hence the thzorem is proved.

TSN

29

IE (x,y)

Yy x 2 () ChR. 1)
Ty | P 09 ]

?:r [dl?jx F {K'HJJ

=73, 3, P {x,¥)

3, 3, F (xtyy)

n

= J. P Gy
Yy 3, ¥ G (fixe 4}
E{F g (¥,
EEN: () (Prediczte calculus

with arc variable)
EII‘:’ 2 {Ax., for the Theory
of Deduclion)
Iy 3. P Goyd,
Fp 3, Py (Th. 2)
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The relstions bétween the statoments in the above theory
{mambers 1 to 11 ) may e illustrated Ly means of the two lattice

Jdiczgrams telow,

- 1 - o L --._ : L
4 Tt (x,:a}r.e_;‘_*“_“"}‘ Jy F U ) |
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Wooecan sheow that the systeoms of elemcnls in the two

dia;rams above are latitiees by the methods wsed aAbove for tuo

predicnte caleculus with one varinbile,

Statemente connectsd by arrcws thus ;;::::?

e considered as one and the same clement of the lattices.

are to
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