CHAPTER I1I

PASCAL'S RULE AND THE GENENAL BENOMIAL SERIES

341 Generalization of Pascal's rule.
FPasacal's rule may be gensralized so as to apply danywhere

in the r=n plane as follows

f{ryn)+f{r+l,n) = flr+l, n+tl} ...ovvnuns sea(1)
For example, it holds when r = 1, n = -1.5 bevause \
T{ryn} = f£{1, =1.5) = -1.5
f{r+l, n) = B2, -1.:5) = (2.5)(1.5}/2
and
fr+l, n+l) = (2, -0,5) = {1.5X{0.5)/2
and hence £{1y ~1.5)+f{24 =1.5} = £f{2, «0:5} i

%'z shall now vrove (1) for all non—siﬁgulaf peints in the r-n

plane.,
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We can alse show that if the singularities of {{r,n} are
removed at the lattice points of the third and fourtk guodrants
using a fixed value of m{see Chapter I1), eguation {1} holds

between limiting values of f{r,n} at these lattice puints,

At the lattice peoints in the fourth guadrant, we have
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3.2
On each lattice point ol the singular line n = =1

we first obtain the values of the limit of the function f{r,n)

taken aleong the line with slope m,
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Figure 6 : Values of lim.f(r,n} on the lattice points {r, -1)

Using these values of the binomial coeflfficients, we now form

the binomial series

. Llyal(l,.dd e 3200 -k
..... + E{-:ﬁ) -1 (2) +]’I’1{G.} + {1 l_-n)a {1- m)a* P,
a a
1ol L1 1 2__3
=z Geb b Lt 0 (- Deana®atr )
o a o ..
Jf we substituts m = 1y this surics becomcs

* ss4.0u22. 3 which i=s a Convergent sceries

when lal > 1 ana cqual to (a+1)™t .



If we substitute m = @@, 1% becomes
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which is couvergent

when |a| < 1 and sgqual to {l+a}‘l - Thesc twe values of m give

the caonvergent serics that are the game as Wanida's results.

If weg substitute other values of m than @ =

we get, divergent series. For exampley when m =
d
1 1 1 1 2
2(; - '—'2 + '.‘5 - -"l]+ + -l'l!-ll'"l‘J - (l-a"_a =
a a a

& and m o= L1y

% the serics is

"
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when ]al < 1, the first term diverges, and when lal > 1 the

gecond term diverges. Therefore it is divergent for all

hon-zoro a.

Thus on the singular line n = =1y

divergent for every value of m gAcept m
We

convergecs only when m = @ or 1i
As

of the limits of f{r,n) on the lattice points ol the

singular line arey

the binomial serics 1=

@ and 1, provided a # O,

ghall now prove that on any singular line the series

shown provicusly {eection 2.2 Chapter IT1}), thz wvalues

pzneral

Lim £ (rre, -kime) = (<17 ¥l 1 Dy,
e—a(
when r > O, and n = =k,
lim f (=j+e, =k+me) = {-1}3_k I=lo (E},
k=1"m
s
when r € 0y, r = -3,
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Therefore on the singular line n = =k the binomial series is,
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When we substitute o = 1, we get
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Using the Fatio tcst, we shall show that this series converges

when lal > 1.

o _ = el -T
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Therefore
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Hence this series converges when éli 1l or ‘a‘ > 1.

When we substitute m = €, the series haecames

in
t
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It follows in the samc way that this seriss converges when ia{{ 1,

: +3-
For, U = (1) KIEsdg o0 1
n n
_ ntl k+n n+1
Un+l = {1 cn+l 2 3
|
and lim Un+1II = lim ki a = ]a] '
n—o Un ‘ n—c | n+l
Therefore this series cenverges when Jal| < 1.

AMhen m is rieither 1 nor @ onc of the two series in (2}
diverges. The first sum diverges for Ja| < 1, and the second
sum diverges for fal > 1 5 neither sum gonverges whan fa] = 1,
Therefore the complete expression (2) diverges for all a whuen

m i5 neither 1 nor o .
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