CHAPTER I S
THE BINOKIAL COEFFICIENT FUNCTION ON THE SINGULAR LINES
2.1 The singularity in f{ryn) at the lattice point (3, -4}
We shall take the limit of f{r,n) along the line with slope
m That passes through the point (3, -4).
Let ¢ be auch that 0 < e} <1 .
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The value of this limit is the same as that obtained by Mrs., Wanide
(Thesis, plh4). We see that the value of the limit depends on the

value of e
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When m.50 {or when m is small and positivel); we have
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And when m—Q (or when m is small and negative), the value of

the limit of the function approacheés ~o@ thus,
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Therefore when the values of m vary from D+ to D-, the values of

the limit decrease from + wte - @ as shown in figure 1.
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Figure 1 : Limits of f{r,n} as (ryn)—(3, «4) along straight

lines with various slopes,



2.2 Ths nature of f{ryn) at any singular latticc point.

We. shall prove that at any latties point {ryn) the limit

of f{ryn} oxists,where the limit iz taken alcong & line which has

the slope m to the point {r,n)} from either dircction.

Consider the peint (r,-k) in the fourth quadrant where K

iz 2 pesitive integer, and r iz 2 non-negative intager.
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This recsult is illustrated in figure 2,
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Figure & . The wvalucs of the 1imit of f{r,n) a} lattice peints

inthe fourth guadrant.
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In the same way, o% the point {=j, =k) in the third

guadrant where k and i are positive integers,
T {=(kal}+me)
T {(=(3~1)+edT ( (§=k+1)*(m-1)e)

Case 1. If j-k p O, then j 2 k.

we have f(-j+g, -h+meg) =

T {e(k-1)#med = TH{l+me)/{-{k-13+me)cioas.vcaneaslme) et EE:
To(g)%e) = TR A Go1I e e vaenanas () Nl
and

T7 (3-k+1)+(m~1)e) = (Jrkr{m=1)c)eraneblr{m=1)e) T {1+(m-1}e)
Therefore fl{-j+e, -kK+mc)

T (1+med{={j=1)+e)s.i.(€)

THLred T (L {m-1) e} ~{h=1)+me) e e oo olme )} Guk+(m=1)E)su.oo(lt{m=1)E)

(=131 (3-1)1

b1

~
=0 e
—r

Therefore 1im f(-j+e, =k+me)
c—+0

(<11 (=101 (j-k )

Sek §-1 1
(=1} Ck-l 4 = ).

Casg €. If J=k < O, then j < k, In this case we have
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Therefore at any latticc point in the third gquadrant the valucs
of the limit of the funection are

C 3K I (), when 3 3k

lim Flej+e, =k+me) =
e— (]
' a, when j < k

and both j and k are positive intepers.

These results are illustrated in figures 3 and 4.
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Figure 3 Values of the 1limit of f(r,n) at the lattice points

in the third guadrant in ¢ase 1.
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Figure 4 i Values of the 1limit of f{ r,n } at the lattice points

in the third guadrant in cases 2.

Hopee, at all the lattice points on singular lines we can
find the limpit of the function along any line with slope m passing
through that point. For examples by Letting =@ o= %, weg obioin the

limits shown in figure =5,
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Figure 5 ! The wvalues of the limit of f{r,n) at the latticc points

taked along the lines with slope é .
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From figure 5, we easily ses that these limits of the tunc-
ticn at the lattice points over the plane satisfy the rule for
constructing Pascalizs triangle as exploined by Yinnida (Thesis).

It is5 not thercfore necessary teo calculate the values of the 1limit
at every lattice point, far onge we have calculated the values on
the n-axisy the others may bé obtained by Pascal's rule.

The values of the limit of f{ ryn ) on the n-axis are,

2

lim T{ z, =k+me ) = 1 =
E——0

Pascal's rule at podnts other than lattice points will be discussed

in detail in Chapter III.

2.5 The nature of {( rpn ) betwsen the lattice points on the singu-
lar lanes.

The point {( r+xy, =~k } , where 0 € x < 1 , is in between the
twe lattice points ( ry=k J and { r+l, -k ) on the singular line
n o= =k ,

Here wa hawve
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Hence f{r+x+e, -w+mc)
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Therefore the singularities can net be removed betwoen the Iatlice

roints on the singular lincs.
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