GHAPTER VI

DERTVATION OF THE ‘TRANSFORMATION FOR VELOCITY AND

ACCELERATION USING PROFER VELOCITIES AND PROFER ACUELERATIONS,

" We shall suppose a body has the proper velocity u! relative to 51

znd the proper velocity u relative to 5, and that S! has the proper

velacity v relative to 5, then find

u? = _}Z{{u,v).

Introduce a third frame of reference 5" fixed in thé moving body. That is

the body has zero veloeity din 5", We have u’ = dx'/dt" and u = dx/dt"

and w = dx/dtr, :

Differentiating equation (1), Chapter V,

x! = {1 +nv2fk2)£x — tE

with respect to t" we obtain

u! = {1 + vszg)iu - wdt/dgy
and differentiating equation (1), Chapter V,

t! = (= vx/k2j+-(1 + vszg)ét

with respect to t' we obtain

dt/dt = [ vszz)%;

Sinee dt/dt" must be the same form as dt/dt', it follows that

atfatr = {1 + uszz)é, where u is the proper

(1)

(2)

(3}
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vaeloeity of S" relative to 5,

Substituting dt/dt» = (1 + uszz]é intoe (2) we [irnd

ut = {1+ vgsz]éu - v(1 + uszz}%ﬁ (4)

This equation is the tranaformatign for velocity using the proper
velocities.

We shall now find the transformation for acceleration using the
proper accelerations by differentiat.iné (4} with respsct to t".

We obtain

at = [ {t + vszg)"‘! - (uv,r"k?‘] + d ;"kg}-ﬁ] a,
where a' = du'/dt", is the proper acceleration of S" relative to -

and a = du/dt", is the proper dcceleration of SV relative ton§.

(+ - FA5)

Ve shall pow verifly that when we substitute 3 for v,

. 1
u —
u

for u and for u! where

2, 2103 ]
(1 - u/k™) (-3 z/kz}é
v is the coordinate veloeity of 5' relative to 5,
W is the coordinate velocity of 3" relative to 5- , and
Lo=1 : . ¥
u 1a the coordinate velocity of 5" relative to 5,

into equation.(4) we obtain equation (2), Chapter I,
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We get
u - v

-l
L

(-5 243 (= BA2)E(1 - PAR?

=1 : - -
Sguaring and writing uw in terms of w and v we have

1 u - v

(6)

(=¥
li

1 - EE;"'RE
Therslfore equation (&) is the same as equation {2} , Chapter I when
k=c¢,
Similarly, we’ shall verily that when we substitute N A— 1
(+ = 5/8%)?

L W
O - Bl

which becomes

for v and for w into equation {5) we obtain (3), Chapter I,

al = (1 =T - R, 2
whem we replace u by U and ¥V by V.
Substituting u = u and vy = v into
(1 - Za2 (1 ~ PN
equaticn (5) we get
|- K
al = a. (8)

(0 - Pl



Now

fu
|

= dzx'fdt"z = dzx‘fdt'z. {d*c.*;*’dt,")2 = ai(dt‘fdt."}z

a = a%x/at?® . a%x/at?, (arfapn)? = ax(dtfdt“}z
and differentiating the eguation

. 1
t = <k + (1 + VAR

Wwith respsct to t", we have

- ) ) 1‘1 )
dt /e =L—vfk2dxfdt + (1 + v"’-,r’kzjﬁj dt/dth

4

ar

dt1/dt" = {-—m:fki + {1 + v’j'jkz)'ﬂ dt/atn.

v

Substituting S for v into {10) we get
(1 =¥ /%)
: 1 - TS\
detfatn = 18 dt/atn
Noo- FAER
Therefore
> 1 - TK° 2 2
{ dt*/den) = . {atfatn)”,

\ (1 - TR

Substituting eguations (9} and (11) into {8) we obtain

al = {1 = {Esz}':*(i - ;‘13)3"'2 & .

x

Hence equation {12} is the same ae equation (7) when k = ¢,
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(9)

(10}

{11}

(12)
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