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CHAFTER IIT
RANDOM SEQUENCES

Definiticn Let Sn denote a string of n binary digits that may he

0 or l.
Fox axamplg 5, ¢an be 0O or 1,
EE gan be 00, 01, 10, 11,
S} can be 000,001,010,011,100,101,110,112,

and 50 onh.
In general, Sn may be one of 2% different atrings, for all n

in H‘

Definition Let H be a sequencie of binary digits.with Finite

perlcd P, let h, be o digit 4in one period of the sequence, arnd

1
let Sn be one of the poaﬂihle atrings o¢f n digits a5 defined

above; Then we shall denote by p (Sn} the number of values of

i for whiehn hihi+1"' hi+nil = Sn divided by P.

Thus p (sn) is thg probability that hihi+1... hi+n-1 = S_ if hi

is gelected at random.

Let N(Snj be the number of walues of i in one pericd such

that h,h, ... h. = 5 .
i74i+1 j+n=l n S
DNV
Th = N{3 .
en p(s ) (an}fP
Definition IFf p{Sn) = 1/2™ for all possible string Sn' the

sequence I 1s said %o be perfectly random to order n,
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Definition If p(Sn) does not differ from 1/2° by more than ten
percaent for all possible strings Sﬁ,then the aequence H 15 gald

to be nearly random toc corder n.

We shall now examine H{Sn} for all posgible string Sn of
the sume of basic sequences, and find sequences that are nearly

. or perfectly random to order n.



Talble 3 The sequences H, |
Tpdrweeany

k

£or i4jsensy K Z &, and

the values of H(ﬂn} for n = 1,2,3.

17

— — ~— ~— — ~— ] - [ — ) — = — per-fectl;,r
Sequence P o — § § 8 E § = = P > < ~ — | nearly random| ..o
= E_j = = = e = = = = = = P = te order order
H b 2 2 1 1 1 1 0 1 0 1 1 0 1 O - 2
1,2 :
2 1 1 1 1 O - -
Hl,g 3 !
1 - 1
Hl,h ) L L 1 x 3
1 2 2 o - -
Hl,_ﬁ S 3 2 | |
1 - 1
Hl!e 12 6 & 1 5 5
' 2 1 2 1 1 2 1 2 - 2
Hz?ﬁ 12 6 & i 2 z 3 x
1l 1 - 1
Hth 8 4 L 3 3
31 20 10 | 1o 5 5 5 5 2 3 2 3 3 2 3 2 - 2
2,5 2
1 - -
HE,E 6 L 2 3 1 1 ;
1 12 ] 7 - 1
sy 24 2 l. 7| 5
8 6 3 ALom 1 -
H3i5 15 ? > ; j
e g G 1l 1 s - 1
H 4o 20 | 20 13 7 7 13§ - 1
443 "
n.. — 1
HLEFE 2k 12 12 E 9 3 3 9 ;
He ¢ o ! 30 |30 f2a] 9 |9 |21 | - 1
' .
. | - :
5 2 1 2 1 1 2 1 2 2
Hl,E?} 1z 6 & E 3 3 > b :
4 1 1 - 1
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i ] R 1 ) T i

sewence | 5 |5 | 51818183 8181851858 g darmpey
= = = = = = = = | = = = = = = order
Hl‘2?5 20 10 )10} 51 5|5 51 > 3 E 2 3 | 3 2 13 2 - 2
HI‘E?5 & 3 3 : 1| 2 2 1 ! _ 1
Hl'j!1+ 24 12 12 51 7 7 5 - 1
H1.5?5 30 15 15 6 g 9 & - 1
Hl-ﬁ15 12 6 & r 1 5 5 1 % 1
1,0, o |20 | 20 [ 7113 |13 7 - 1
H) 6 a1 12 12 3 9 9 3 - 1
_ H1.5!5 &0 30 30 9 |21 |21 9 - 1
H2g3;4 2h 12 12 7 5 5 ? - 1
H2,3,5 C RO 30 0 g 15 | 15 | 15 15 8 7 B 7 7 3 5 8 3 2.
By, 3,6 6 3 3 | 1 E 2 | 2 1 - Lo
Hz'h?ﬁ 4o 20 20 ; 131 7 ? 13 - ll
HE‘h‘E 24 12 12 i 9 3 3 9 - 1.
1,56 0 |15 | 15 E o| 61 6 9 - 15
H3‘4,5d 120 60 60 I 33 | 27 | a7 33 § 18 15 12 15 | 15 12 | 15 18 2 1
By 4; . a2 12 | 12 71 5| 5 ? - 1
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.;-\ — — — = 3 o = = a = a i nearly randomf perfectly
Sequence P § — 8 E; E ;' g 8 E' 5' = 3 o : to order random to
= = = = =, = =1 = = = = | = = = order
H3?5?5 60 | 30 30 21 9 9 21 - 1
H 120 § &0 1 -
4,5,6 2 &0 29 21 | 2 29 1
! ) -
Hl,a,},h- 24 12 1 S ? 7 5 1
H " 1 60130 | 30f 15115 |15 15 d 7 g 7 7 8 7 8 2 2
1224345 '
1} - -
1,2,3,6 6 2 o) 1 1 1 3
Hl,azh,j bo | 20 20 71 13 113 7 - 1
Hl!afh?ﬁ 2k | 12 | 12 .3 9 9 3 - 1
Hl!E!ﬁ?G 30 | 16 14 71 9 9 5 1 -
H L 120 | 60 50 33127 (27 1 331 12 15 | 18 15 | 15 15| 15 12 2 1
Ledytes -
Hli}!u?é 24 | 17 1z 7 5 5 7 - 1
H1t3s5i5 60 | 30 30 9121 121 9 1 - 1
Hl’h,:_:_'5 120 | 60 60 2l | 39 {39 21 - 1
H _ 120 | 60 60§ 33 | 27 127 33 || 12 15 | 18 15 | 15 157 15 12 2 1
2434495
H. 2h | 12 12 5 7 - 1
2435146 ‘ g
o | 1% 16 | -
2!3'5‘_5 3 ] 5 9 9 7 1 |
H 120 | 60 60 ¢ 21 21 = 1
2!1}?5"'5 ) E -39 52 1 )
H 120 | 60 60 F 353 | 27 |27 3% j 18 15 | 12 15 | 15 12| 15 18 2 1
3,4,5,6 |




: o - o —~ — =y - a - P ey -~ : nearly random | perfectly
. L LT o [ s ~ =) [} — — || [T [] — ~ d
Begquence F o i =] (=} ~ — =] o (o] o Ao - A | to order random
= = = = = = = = E = | 2 = = = to. order
I 120 {60 | 604 27| 23| 33| 27 32115 |12 15| as| 16 15| 12 2 1
LAl Il E
H . -
1,2,_},4,_6_ 24 1 12 1z I 5 7 7 o 1
H . 0 | -
H 120 | 60 60 1 -~
H 120 60 GO 27 33 33 27 12 15 15 15 15 13 15 12 2 1
143414546 :
HE&L‘*;E',E_ | 120 | &0 &0 I 4 27 1 27 3% ! 13 | 15 12] 15 | 15 12 15| 18 2 1
H . 120 | 60O 60 2 1 18] 1 1 15 -1
12,540 ,5,6 e 1 7 33 33 27 2 15 5 g 5] 5 12 > 1
! ! 1 -

|

or e¢ach of the sequencea H in table 3

TeJyaues
we see that one of the following conditions must be satisfied
(1} The sequence is not random to any order,

(2} The seqguence is nearly random to nrﬁer 1.

{5) The seguence iz perfectly random to order 1.

{4) The sequence is perfectly random to order 1 and nearly random to order 2 or more,

(5} The sequence is perfectly random to order 2 and ncarly random to order 3 or more.
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satislies condition

Ve see that 1f the seguence H, . X
] Lydguers

(5) , then i1,j,s4449k are primes and opne of them iz 2.

We see that each of the BEequences H where

2yleJaeesk’

2,1,7seee,k are primes satisfies condition (2) of theorem 8. Therefore

,. has perled P

E'li'l-j'!'l!"l""{ = EEEAixjx...x}c *

each sequence H 2ijesslt

It is perfectly randem teo order 2 but not *e any order greater than

2y because F 15 not divisible by En, where n 2 3 and n

Eijensek

ia in W. But it is nearly random to order 3 or more.

From now on we siall consider only sequences U . .
E 2ylyienesk

where 2,i,44+,k are primes ,and find the value of N(Sn} for all

possible strings Sn of each of the sequences.



Table 4 The smequences H

5.1, Kk and thelr perleds, where i,...,k are primes, and I,...,k < 13,
L LR | B
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Sequence

Perica

Hy 5,11

C01011110100, WWL011110100 L.,

'_051101901111991911ODngllDlODllll'q+4_
0011001011001111001101001100‘DDllﬂﬂoi.
001l10011001011001100111100110011010013 301100 ,0011001) 4.0
0011001100110100110011001111601100110010110011001100, 00110011, ..
CO1010001000001 1000001000101001010161110111110011111011101011 ,00101000, « »
DDlGlllDlDlllllDllllDﬂll110111110151l101Uﬂl101@00101DUDUGD1000&1lﬂDOUlGUOUDlOlDGDlDll,00191000101-F
00101110101 110000001000001011110011 11 01000001000010111010111101001101400010100010111101111101
COO0110000101112.1011120100010160001011 ,0010. . .
DDlUllllﬂlDOOlDlUODDlﬂll111011110100001100051011110111llOlDGDOIUlDGDlOll110100110100001@111010
11110100000100001011110011110100001000001011110101110100001011 ,0010,. ..
Q0110101000011 102 1000100103121 11300110011111 1010010007101 110000101 011001100181 011 11000100117 -
0110100000011 0011000000101106111066100861111016310017 ,0011 , ..
0011010011 10110100111111 010011110101 ¢0121100010011110011001111601 00011721 0210101111001017113 12
Q01011012110010110011001 01 10001001031 10000001011 000020101 2000011101 200001 10011 000011011 1006011

0101000011010000001101001000110104611,001101., , .

12
20
28
LYy

Sa
60
84

132

156

140

220
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Sequence

Period

Hy 5,153

2.T411

Hs 72,13

Holz,5,7 =

001l1010011110101001111001000111100101101110010110000001011000011001100001101000000110100111011
01l00111106001001111001010111100101100110010110000101011.0000110111000011010010001101001121110100
1111001100111100101211111001011000100101100001110110060110101000011010011 ,001101., ..
OD11DDlOllDlDGODllODlOOOll09001lﬂlﬂlOﬂllﬂﬂﬂﬂﬂd1101001101110011015000 11110011001x001111060010
110011101100101100000011001010110000110001001100001011010012002160011010010111200110111001111

001010110011111100101100100011001,.01111000011001100110000111101001100010011010011111100110101

- 001111001110110021111010010110011,0011001, ..,

0011001011001000110010110000001100101101 0600110010111 10000110010101100001100100011000011001100
11060011000100110000110101001100001111010011000010110100110000001101001100010011061001100110011

0100110111001101001111110011010010111100110100001131061101010011110011011100111100110011001111
0011101100111100101011001111000010110011110100101100111112001011001310114010110011,0011001., ..

0010100101111111000000111010001101000010001100111001000110110011011101000011011110110101001010
1000011111010000011110101011010100100001.001111010001001100100111011000110011101111010011101000
11111100000001011010111101011010000000111111000101110010111101110011000110111001001100100010
1111001000010010101161010111100000101111100001010100101017011110110000101110110011011000100

11100110001000010110001011lDDUODUlllllllGlOﬂlDlDﬂ,UOlDl...

260

%08

36k

420
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Conjecture L' In each of the secuences H " where Sy,i eee k

2.1.---,

are primes, with period P = 2X22ik fK.es X k, there emista a

unique positive integer m such that :

(1) N(Sl} = P/2, for each possible string El.
(2) N(8,) = P/4, for each possible string S,
(%) N{S3) = {B+ 4m) /8 or (P—hm} /8, for each pessible estring 33-

(4) L.1) If(P+bm) /8 1s even, and(P-km) /8 15 odd and greater
than m, then

T

lI(SLI-

Y = (P +hm) /16 or (P-12n) /16, for each possible

string 54.

%.2) If(P+4m) /B 1a 0dd and grsster than m, and (P-im)/8

iz even, then

H(Su} = (P+12p) /16 or{P=4m) flé y Tor each poazible

string S#'
{5) 5,1) If(P+bm) ./10 is even, and {(P=12m)/16 1g odd and

greater than m, then

N{S5} = {(P+4n) /32 or (P-28m)/32, for each possible string 55.
5¢2) If (P+dn)/16 1s odd and graater than m, and (P~12m)/14
is e¢ven, then
N{SE) = {(P+20m}/32 or(P-12m) /32, for each possible atring 55.
S5¢3) IT (P+lon)/16 is even, and (P-bm)/16 is 0dd and greater
than m, then
H(EE} = {P+12n)/32 or (P-;Om)JBE. for each possible string 35.
Selt) If (F+120)/16 is odd and greater than m, and (P- bm)/ 16

iz e¢ven, then
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N(55) ={P+2d11} /32 or (P-Ln} /32, for each poseible

And 50 one

From the table 5 we seq that 3
» H h = l.
1) FEach of the seguerces HE,}-‘ HE,E v 03 3.9 as m
i H H H.
(2) Each of the sequences HE,?' 2,3.7" Ko 5,00 85 4.5 7
hag m = %,
{3) Each of the segueance HE,ll' HEiﬁfli' H2'5’11 has m = 74

Each of these sequences {exeept the first) is = sequence

from (1) plus A ;. Also HE,},E,ll is a Bequence from
{1} plus A4 therefore we expect it to have m = 7 too,
T 3 ==
(4} Zaeh of the sequences_ 32?15* HE.};i}' HE,ﬁ,lﬁ has m = 9,
and we expect that H hasa m = 9 too (for the same

24345413

reason as in case {(3}).

{5) The asequence H has m = 21, where the number 21 comes

2,7,11
from 3 X 7 . Hencte we expect that each of the sequences
H H B hee m = 21 too
2,3,7,11" 72,5,7,11* 72,3,5,7,11 _ *
{6) The Befquence HE j 13 has m = 27 , where the number 27 comes
$iy

from 3 X 9 . Hence we oxpect that each of the sequences

23070130 B2,5,7,130 f2,3,5,7,13 Dhas m = 27 teo.

H hae m = 1, wa

Since gach of the sequances H, o H
’ 1 Etjp 2!5’ 21315

make the following conjectures.

H

Canjectu Tach of th 1en H I X .
i re 2. acl o & sequences 2.3,i'"M2,5,4* Ha 3,53

whers i iz =mrime and greater than 5, has m = i = 4.

2,4
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Conjectured- Lach of the sequenrces H . H .. )
j - L .\ , 4 : 2*1,3;---{[‘(‘ 213'1'3‘..‘-‘}1;'

H where iy Jjsesse Kk are primes and

. H . '
2151113|'¢‘1k? 2131511;Jt1--|k‘

preater than 5, haa

m o= (i~ &%) X {jbU) X .00 X {k~U4)

Define

D(H(S )) = (max d{3_) - min, N(S_)/ P to be the deviation
grnm randomness for a given oder,

Thie paramster is suitable only for cﬂﬁparisuns between
sequences for the same ne Tt is not sultable for comparisons
igvolring dAifferent valuss c-f Fls

We wish to meko this parameter as semmll as posgible,



Table £ The sequences H where 1,...,k are primes and

2yiyend it
i,0e4y K€ 13, and the values of D{N(Sn}} for n=1,2,34,

Seguence P m D(N{s,)) D{N(SE}} D(H(SE}) D{N{5, 33
HE‘3 12 1 0 o) .0833 0833
H315 20 1 0 0 ‘ +0500 +0500
Hy o 23 # 0 0 0.2071  |0,1071
HE,ll iy 7: o o 0.1591 «1591
H, 13 52 et 0 0 0.1731 L1731
B, 5.5 60 1 0 0 L0167 L0167
5y 3.9 B4 3 0 0 L0357 «C3E57
H, 311 132 7 0 0 . 0530 #0530
Hy 313 156 g 0 0 .0523 0523
Hy 5.0 1ho 3 0 ) L0214 L0214
Ha.5,11 220 7 ) 0 L0318 i #0316
H2,5,13 260 g 0 0 L0385 «C385
HE,?,ll 308 21 0 0 L0682 + 06052
Hy o3 35k 27 0 0 L0742 0742
Hy 55,7 420 3 0 |0 ..00?1 L0071 |

Conjecture K  Among the seguences which have the same m, the

sequence that contains A A is meore random than the other

2! 'z 75

SGquUences,
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Conjecture 5 If in the pequence H 3 1,444,k are primas,

2ylisenek
then

1]

(N(E)) D(M(S,)) = O,

il

and D(!-I{Sn}} m/F , for some n = 3.°

Cﬂnjectureft For énch ¢f the mequencesd Hi 5 0 where i, j are primens,
]

5.5 is wmore rhndom than the other sequences,
)

thp saquence H

-Conlecture 7 For each of the seguences H, i whete
ll.iajitr‘in
i i ,eee, 1 are primes and n = the smequences H . i
1rrprteey y BTG R =21 1 Jpedpe-sid "

where J19dpveees §, aren eonsecutive primes beginning with 2, is

more randosm than the other s=oudences,

Conjecture & Let jl‘jE""’ jn be n consecutive primes beginning

with 24 then in the infinite sequence ol megquences H ¢ H raw
. . 21.‘5 213‘;51

P y the first one is less raondom than the sgecond , and
311321"“‘1jn

the second iz less random than the third, and so on,
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