CHAPTER III

EXTENDED RANGE OF THE CAUCHY - LIPSCHITZ METHOD

‘We shall-show the constructicn of the solution in every finite
interval in whieh the soluticn curve 1s eontinucus,
Let us auppose that the system of two simultanecus ordinary

differential equation du = f{x, u, v} , EE = g{x, u, v) has

dx dx
a soluticn curve Tﬁ which is continuous in the interwval {ng X+ k)

for any finite number k. .

Without loss of gensrality we can take X, at the origin,
therefore the interval (xc, X + k) becomes{0Q, k} .

Let L be the tube whose cross section parallel to the
uv-plane is a sguare with sides each ol length 2 n, where PE is
an arbitrary small pesitive aumber. Two parallel sides are
parallel to the u = axis and the othgr two are parallel to the
v = axig, The tube L encloses the curve Tﬂ y and any point on
the curve T is at distance W measured in the uv = plane, from
every side of the tube L as shown in figure VI {(a}.

‘Let the interval (0, k) he divided into n equal subintervils

each of length h = & by the points X, =0y %) = By X, = 2N 4euey

I
xn:nh=k.
Let us suppose that the curve ! is continuous in (0, kI,
and that f{x, u, v) and g{x, u, ¥) are continuous in the tube
Ly and ¥} is so small that f(x, u, v) and glx, u, v} satisfy

the Lipschitz conditiom.
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FIGURE VI(aj
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FIGURE VI(b)
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gtret Pn whoae the

. A
Construet the polygeonal line GPlP

' fy ! .
coordinates {xi, u. ?i} of P, are given by

£ ?
u = ¥ = D‘
o o
F ) r F
u,o=ou g hf(xi#l + U g ?i-l)'
d ¢ R £ " h { ¥ 7 } f i ~ l 2
an '-"i = Vi_l'I' B xi-l' ui_l, vi*l y 10T = Llyfyaesy N

Let the curve | interseet the plane x = Xy at the point

P4 then the écordinate of the point P, is (xi, uy vi}a

Congider the ith frustrum of the tube L, and suppose that

/
all points up to and including the point Pi—l are included in L,

We shall show that if the subdivision of the interval (O,k}

i i ¥
is sufficiently fine then the points P_, PE,..;, Pn will all be

within the tube L.

Fy
The distance hetween Pi and Pi iz

!

dtpi.' Pi Y = lfifu; - ui}2 + (v; - vi}a.

Praject the part of -r1 in this frustrum and the straight

!

’ :
line Pi-l Pi ontec the xu= plane and let the proje¢tions of Pi’

P P, P Al ve P ,P p ,p T

. 7 s Poy P o an € ' ' y F and

i=1 i i-=1 u vy u; ' oug 4 u

respectively on the xu - plane,; as shown in figure ¥I (b,
¢ ’

Similarly, the projections of P y P, 1, P, 4 P, ; and I

on the xv = plahe may be written Pv (xi, o, ?i}‘Pv Exi_llﬂivi‘l

i i=-1

? F £ f
Pvi{xi,ﬂ,vi}, P__,i_l-:xi_l,n,vi_l) and [ respectively:
On the xu = plans

I

.th
in the i frustrum., by the mean valued theorem.
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- ui| , and note that

e
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{ u, g 4 hf{xi y U, V3 )I

3 4 A
[ui—l+ hf(xi-l'_ui-l‘ vi-l}]

! ! 4
- IETE T A .
{ui-l ui_1) + h foi,ui,vi} r{xi-l'uiul'vi-li]

. " ¥ Y o / / - [ . * * -
Since f{xi, ui,vi} r{xi-l’ui-l’vi—l} = f(xi v uf oy v )

e 1 vy “i-l}]

+ [f(x. v, ) -

i-1' %321 7 Vial
(%, -y Ul oy 7 o)
Xy Y00 Y5 ] J
and since f satisfies the Lipschitz condition in L so that there

eXxist two positive numbers A and B sueh that

! r # rs
f{xi—l'ui-l'?i—l)—f{xi-l‘ui-l’vi—i} '< ﬁ‘lui—l-ui-ll *E] ?1-1““1—14'

and since f is also continuous in L, and it is therefore a continuous
function of x nlong E;o that irl ’ﬁf is arbitrarily assigned, 6f

may be chosen sufficiently amall and h can be put so fine thet

:}_

oo X XXy = <y ::j}if(xi'ui'“i

1
P2y 3 v 3500 vi) '< Apr

it follows that

/ ’ ‘
[ L3 E - -
f{xi,ui,vi) . f{xi-lfui-l’?i-l)lci ;kf + A Ui g " W g I +

B J'i_i v;—l ’ '

: - i f
d - - .ew
and ., 4 dui-1+ RA .+ 4h lui~l u g |+ Bh | ¥ie1Vio1 l (3)

On the xv = plane
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o o o _0
v. = v, .+ hglx?, u?, v¥) where (x° , u , v Heson | in
i i=1 17 it i i i

the ith fruztrTum.

Let a4 = |v. - vf ' y a2nd note that
vy i i

0 .0 oy 4 4 d
["1-1+ hg{“i'“i‘?i}J - [#i-l* hglx; g vigy0viy) ]

=
]
o
n

¢

& o a s /
(vi_l-vi_l} + h [g(xi,ui,vi}—g(xi_l,ui_l,vi_l)J .

Since m(x°,u”,v%) - alx u! vf } = [ (22,0 v )
AR S AL AT PR LI R LSRR | A L S

E(":1-1'“i«l*"’i-—l}J
i (“3{":1-11r a1t Vi) -
/ !
BUx; 3w Uy s v1-1}] '

and since g satisfies the Lipsehitz condition in L, so that there

exist two positive numbers A end B such that

3 ( s 7 ) < f _.! 4
mlxy 3a0y 0% ) ~ € Xia10%310Y503 | AI“i-l‘“i--lf BlViaViad

and since g is also continuous in L, and is therefore a continuous

function of x along | , so thet if A, is arbitrarily assigned,

§

&
Q
i

may be chosen suffieiently small and h can he put so fine that

6 .o O d 4
R LR <ég:’tE{xi’ui‘vi}"g(Ii—l‘ui-l‘vi-l}|< Ag

it follows that

o .o o v ’ ’ y
|gfxi,ui,vi)-g{xi_l,ui_l,vi_l}l( EE+ ifui-l—uiaﬁ + B Jv'-lﬂvi-ll .

d + h A - L
an dv]_{ d_'l,r:l-_lh a + fAh |'U.i-1 ui_l 1+ Bh fvi-lvi_l i raews {’-l}

Put A =. max { ﬁf. ZE ) and choose G = min & ’ Gé )
and pnt h ¢ Q '

Then , (3} and {4) can he written as



d <du + h A + ARd_ + Bhd
i Y1 im1 Yia1
a, <4, + A  + 4hd + Bha_
i i-1 Uil im1
and it follows that
d +d4 < 4a +a +2ANh+2ahd + 2 Dhd .
u. Y. u. w., 1, W
i i i-1 iml i=1 i=ml
Let € = max (24 , 2B) .
Then d_ +d_ ¢ {4 +d J+r2An+Ch{da 44 .
Ui vy Bie1 Y31 Yiar Vi1
2
du + dv + 2A 4 (du +d J{1+Ch) + 2 A h + -Eﬁ
i Y3 ¢C T | NSy C
= (du + 4 J(1+Ch)} + E-ﬁ {1 + Ch)
jel  Yiel ¢
=3, +a_ == (1« on)
joide kil 4| C
< ta, wa, +20) o0,
$-1 i-1 ©
Put i =1, 2, vso y© for r { =.
. : 2
For : = 1, du + dv + gj < --?-\ ehc y Bince 4 =4 =
1 YLAL C e '
For i =2, d +d_ + 22 (4 +a + 22,3 ¢ 22
' Y2 Yo c Uy Vi . C
For i = 3, du+dv+ga< {d +dv+gfk]ehc
30003 Y2 T2
(EA M
C
In general 4, for i = r,
d + 4 EEL E_?l‘ rhC ;
or d y 4 ( g-ﬂ1 (erhc -1}
u ¥ '
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Since FhC is a constant, and A - ean be made 50 asmall that
2 A (erhG— 1) £ ¢ }'l y we have
d + 2 < .
o Y q

Eince du and dv are both positive, it follows that
T T

dur <L1 and d‘f < Fi 1 for all r = 11214-.1 oy

r
’ q/ﬁ‘ .
and d{Pr y PI':' ( rl + 'l.'l = 2 .1 fOI' all I = 112!-11', Ila
! ! {

Hence nll points Pl' PE""' Pn are within the tubs L.
Since }1 can be made as small as we desire, therefore, all
L) ! £

points Pli PE""' Pn have the limiting positions on the curve T;

and sin¢e h ¢can be made as small as we desire, therefore, all points

P4 f
on the polygonal line UPlPE...Pn have the limiting pesitions on
F o f
the curve ]1 . That is , the polygonal line OPIPE...Pn has the

curve | am its limit, Therefore, for any finite interval (0,k)
we obtain an approximation to the solution curve as close as we
7 /
11'-‘2. . .Pn where the
!

; ;
coordinates (xi, LY vi} of P, are given by

like by econstructing the polygonal line OF

£ £

u0 = vg = 0
’ ! I '
U= w4 hf(xi—l'ui-l'vi-l}‘ and
/ ’ ’ /
vy v g4 hg(xi_l,ui_l,vi_l}, for i = Ly24uwny N
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