CHAPTER II
CONSTRUCTION AND PROOF BY THE CAUCHY ~ LIPSCHITZ METHOD

In this chapter, we shall apply the Cauchy « Lipsehitm

method %o ﬁﬁe system of two crdinary differential sgquations

9~ flx, u, v)
dx

dv

- = glx, uy ¥)
dx BEiXy Uy

whose golution has the initial point (x , u y v ).

Let f(x, u, vJ and g{x, u, v} be two continucua functions
defined in a c¢losed sphere 5 with center at PD[xO, u . vD}. Suppose
that in 8§ both f(x, u, v) and g{x, u, v) satisfy the following

Lipschitz condition : there exist two positive numbers A and B

such that
|f(x,u,v) - f{x,u*,v‘}j ¢ alu=nudy + B | v = y*i and
(a)

|g{x,u,v) - g(x,u',v'}l ¢ Alu = uki + B lv=vty .

Without loas of generality we may assume that Po iz the

origin of the ¢oordinate system, soc that X, =u, = v = 0,

Let O = Kot XpeKoeveey X be suceessive values of x

proceeding in Increasging order fnm1xD to X and such that X X 47 h

_ i-1
for all i = 1424444y n , and all x; g lie in the gphere 5.(m}

On the xu = plane, drew lines from the origln with slopes

Mf and - Hf respectively, On the xv - plane, draw lines from the

origin with slopes HE and - HE respectively, (sec figure I).

{a)

19
{b}
and the rectangle x = x u 4 M i ] 5
ng 4 ju} PL Wl ¢ _HExn lies in 8§

Let [tGeyu,wl & ¥ oand g (xu,w)] Lo
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Construct a plane passing through x; parallel to the uv - plane.

Let the lines with slopes M, = Mf',

plane x = x, at the polnts F{1) , r (1) , Qfl) and diil} Tepec=

HE and - Hl|3 intersect the

tively. ©n the plane x = LY draw two lines passing through P(1)

!
and F {1) respectively both parallel to the v - axis and draw two
lines passing through (1} and d (1) reapectively both parallel

to the u - axis intersecting the first two. lines at the points

ﬂl' 31, C., and T, as shown in figure I, Draw Gﬁl, DEl, GCl and

1 1
Oﬂl, then we obtain a pyramid, namely Oﬁlﬂlchl.
Let ﬁf and m. . be the maximum and minimum of f{xau,v)
1 1
respectively, and ﬁg and mg be the maximum and mioipum of
1 =5 _
g(x4uyv) respectively in the pyramid Gﬂlﬂlclnl'
Cn the xu - plane, draw two lines from O with slopes Ef and
. - 1
D intersecting the base of the pyramid ot the points Pl and_El
1 .
respectively, Draw two lines passing through Pl and El respectively

both parallel to the v = axis.

On the wv - plane, draw two lines from O with slopes Eg and
1

mg intersesting the base of the pyramid at the points 51 and Ql
1 _ . bl

respectively, Draw twe lines passing through El and 31 respectively

both parallel to the u - axis intersecting the two parallel lines

that pass through P (1]1 Etl)- 5(1}

NEY

end P. at the points A and

1

os shown in figure I.

1



FIGURE |




Then we obtain the recﬁangle ﬂ(lj B(l} 0(1} Dtl] which
lies ¢n the base of the pyramid Gﬂl Bl Gl Dl y where
NCOR ¢V RN NG D I
i-1
and Iﬁfl} ptl) _ 1 @) 2. 8
17
Next, construct the plane passingr through x., parallel to

2

the uv = plane.

o £ £
Construct new coordinate axes O u, 9 v;and 0 x by using

£ L
D{lj| as the origin 0 , ’Jiulr in the line D{I} Afl? and O v in
{1} C(l}

s/ o
the line D » Then O u is parallel to Qu, O v ois parallel

to ov and O X" is parallel to ox (see figure IT (a) ).

(1)

On the x u = plan¢, draw a line from A with slope M

T

intersecting the plane x = at the point P(2), and draw a lige

from O with slope = Hf intersecting the plane x = %, at the
Ea
point P {2,
re (1}

On the x v - plane, draw a line from C with slope HE

#
x, at the point Q(2) and from O

draw a line with slope - HE interasecting the plane x = X, at the

intersecting the plane x

point QIIE] .

Draw two lines passing through P{2) and PIEE} respectively
both parallel to Q(E)QJ{E} and draw another two lines passing
through Q{2} and QK(EJ respectively hoth parallel to E(;)Pfﬁz}
intersecting the two parailel lines that pass through P{2) and PKIE}

at the points AE, EE‘ CE and D2 as shown in figure IT (b)), Draw

{1) (1) (1)
A ﬁg,}B By € ¢

of a pyramid, namely

f
> and O DE « Then we cbtain a frustrum

(1) (1) {r) (1)
A B e DY A, B, €, D,

1B3GIA6E



<

b (o)

ll.

FIGURE




_FIGURE I (b}
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Let m_ and pups
2 2
in this frustrum, and let EE and EE be the maximum and minimum of
2 2
[z regpectively in this frustrum.

£ be the maximum and minimum of { respegtively

(1)

£
On the x u - plane, from A'*’ and 0 draw two lines with

slopes Ef and m. respectively intersecting the plame x = x, at
2 _ Iz |
the pocints P2 and FE respectively,

o{L

L !
On the x ¥ - plane, from and € draw two lines with

slopes m and_@g respeatively intersecting the plane x = Xy at -

E E "'-J{\':::: I:'?ﬂ{_-.__
. - . A ey
the points @, ard §, respectively, . ;uﬂfﬁﬁ%;;ﬂa,
Draw two lines passing through EE and_}"2 resPEGtivelﬁjE l.“tk o

both parallel to the v = axis, end draw ancther two lines ”u“_:;,

passing through 52 and 22 respecetively both parallel to the

f —
u = axis intersecting the two parallel lines that pass through P

2
ﬁte)‘ E(E), (2} {2}

and P at the points C and D as shown in

2
figure II {b).

Then we obtain the rectangle a'2) 5¢2)

{2) (2]

G 1] which

lies on the upper base of the frustrum of a pyramid
/ {1
g D 1) L L2 g2y @) (2

{2) D(z)

CE DE AE B2 y where

E(a) G(E)

%

[&

2

= Fy By

Contdoue this process untill the (n - D frustrum of a
(n=1) aln=1) ;(n-1} (n-1)

and A

ABCD

amid is reached, namel A
P¥r * ely oon R

which has the bases on the plones x = x and x = X, .

n=1



FIGURE 11
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FIGURE 1V




1l

Let E} and . be the maximuw and the minimun of f

I '
respeetively in the {(n = l}th frustrum of & pyramid and let Eﬁ
n

and = be the maximum and minimum of g respectively in this

n
frustrum,
By the same argurent as above we obtain the points En' En '

-ﬁn:and gn , and we obtain the nth rectangle A{HJB(H}GEH)D{H}

1ying on the upper base of the (n - l]th frustrum of a pyramid,

{n) {n} _(=z) G{n) -

shere 4% p{m) o pln) oln) =Q q and 2’7 D'V B

Fn fﬂ as shown in figure IIl.
The complete ¢onstructicn is shown in figrue IV, We obtain

n rectangles, napely A(1) B{l] (1) D(l}1l n(a) B(z} c(z) D(EJ

{n) _(n) .{n) Dfn}'

C

-,I."

B C

A

Gonaider the :ith rectangle, where 1 { i (rh The ares of

the 1B reotangle is {A(i) E{i}J(A(i} Dti}}.

Since A{i] IIIIF::"';I e PP and A(i} B“':i = Q.,Q, 4 therefore
. J1TL =1 N
the area of the 1th rectangle is (ﬁifi}{ﬁigij
h

We shall show that thesides of the 1*" rectangleane not

greater than the sidesef the {1 + llth.:one, for i =1 4 24eeey

n = 1, and the sides of the nth rectanzle approach zerc as n
increases Indefinitely.

Now, suppeae we project all the ﬁi's anddfi‘s apto the
xu = plane, ﬁi ig projested onte 1§i and Ei .is pfojected cnto.fi

respeotively, for i = 1, 24 4444y B. Since the x;i'-.plune, the

() (n)

L .
X u = plane, «.. 4 and the x u "~ plane are parallel to the

¥u = plane, therefore P - F.p. for all 1 = 1, 25 ««syl,

P,
i-i i=1

The conrdinates'cf'”ﬁi and=§1 gan he found as follows.
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Let the coordinates of Poy Py ees En be (h,T,)4(20,7, ),

ese ¢ [(nh, En } respectively and the coordinates of =§1'=EE?""'Fn

be (h, El) y {2h, EE)""‘ (nh,yn3 respectively and note that
u_su = 0O,
o~ ~o
The Poaitiunsvdf'Fl ' ﬁzg eav ?n and ;EI 1:521-{-,;fn are

shown in figure V (a)., The ordinates can be calculated as follows.

u; = b E}l '
uE = U+ h me
= hfﬁ£1+ Efz) p
u5 = u2+ h mf3
= h{if1+ mfa + ﬁfjl,

:l:l“ = h{E +E + sey + W )-
n fl 2 il

Similarly, u, = h{m, +m. + oo +m_ ) for i = 1,240es,0.
i f - I. !
1 2 i
We now hava
+lll+_|'!_'| }

f.

il
1
£t
1

=

]

.P. h(E + E + waad E } - h{m
1=1 - -
i -4 fl fE fi 1 2

)
WGy =3, ) ¢ (5, = m, J4eret (B, = B )].
fl fl fE IE fi fi

He:t! Buppocae we.project all ai's and gi's onte the xv = plane,

+ I

f I

that is Qi is projected onto Ei and gi 12 projected onto gi

/
regpectively, for 1 = 1,2,444y n » 5Since the x v - pianeg, the

i”v# ‘plane (n) (n)
-p y «»+ 3 and the x ¥ i~ plane are parallel to the

xv « plane, therefore , ﬁi@i = ﬁigi for all L = 1y 2444., D,

The coordinates of -ai and 31 can he found as follows,
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i |

FIGURE V {a}

_FIGURE V {b)
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Let the goordinates of :El . EE""' E; te {h, ;i}, {Eh,'ﬁz},
eve 3 (nh, ¥, ) respectively and the coordinates of Qiy Quuevs 2@
.be (h, 31}. {2h, EE)""’ (nh, Eu} respectively, and note that
¥ =y = 0

-— -

The positions of R+ QE..;-, ﬁn and 2L 321---1 En are

shown in figure V (b).

By the same arguments as above we can ahow that

¥, = him + 1 + 4ee + W} and
1 8 &3 i |
v, = him + w5 +m ) ford =1, 2, eae T
24 (._El EEE (X _E:I_ ' )
We may have
Qigi = 'Iri-' !‘i = h(mEl+ mEE+ ne s + Egi} — h {Egl'l" Elgzq"il‘f Egi}
= h [(m wem J+ (@ =m )+ 40e +(@ - }} ]
Rk 82 "8 84 78

The erea of the ith regtangle 1s

- -

(P.p.)(8.q.)

i3 i—i

2 =
h (l'l'l = } + G - I } + ana *+
[ L h ta. " 1a

*(mfi- gfi)][ {msl- ggl) v, -m, Y+ e

+<E -_m J}‘
81 T8y
We now show that the arsa of the ith rectangle 1a not greater thap
the area of the (L + 1)®0 one,

84ince P.P: = £ =h

iFi g~ Be ) + (mf - n, )+

1 1 2 2

Lawll
ro
——
~
Bi



15

..Ef}'b(ai.‘-Ef]"-"'-

£ h [(Ef
1l 1l 2 2

and P, P.0= FioFia

+@,sm, }.4 (., -z )] s 2nd simee MW, > m, go that
fy ™ fia “fia fy ™4

m, » m, >0 4 for all 4 = 1y24eeey 0, 1t follows that
1 i _ _
PiEi ¢ Pi+1£i+1

Therefore. (f"iEi}{'ﬂiiQi) £ {?i+1Ei+1}{§i+1Qi+l}

th

that 1s, the area of the i rectangle is not pgreater than the

area of the (1 + 1]th 0N,

Next, we shall show that the arsa of the :'1th rectangle

approacheg zero &8 n incremses indefinitely, that is ﬁiEi and
.Eigi approach zero as n lnoreapes indefinitely.

WEhﬂ.\"é‘ E Fh(E +E +¢i-+.ﬁf}

1 5% i
2 B{T, + M, + sy + 0 ) +h™m
fl fE fi-l fi
= —'I.-l + h E v
ial f.‘l.
Similarly, . Ei = H:i.—l +h l—qtfi' GUBSSS
Let éui = uﬂ. - }-11
=gy e yy) £0Ey - )
i i
= 03 + h(m, - m )
Yiwl ;.74

Since f is eomtinuous in E,
V2> 0, 3 €70 such that

d ({x,u,v}, (xt-u".\"}] {5f—_-:> !f(x,u,v} - f{x‘,u",?*}‘ 4 ?Sf .
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Since § satisfies the Lipschitz condition, there exist two
positive numbers A and B such that

| £{x,u,v) - f(x,u*,v*}‘ £ A Iu - u*E +B | v- v*'|  where

{xyugv) and (x,u*,v*) 1lie in 5.

j - ) L} \ ) I - ¥ LN ] LR ]
Dut mfi gfi f{xi, ut, vJ } f{xi yuyt oy v? )

11

[f(x; ' ui . v; } - f(x{*, u; , v;}] +

[f{xi‘ ' u; L v; ) - f(x;‘ ' u;‘, v;f }]

™

where f{x* , u* , v* } x** o out, v* ) and (x**, ur* , v¢* )
it it 7 A, | P SN ) ( i* i v i

A.B.C.D. ,

(i—l}D{i-l} d(i-l} D(i-le .
111 1

lie in the frustrum A
and we may assume that when Fﬁf has been speeified, h ¢ éf . For
if not, we can make the subdivisicn finer .until h < éf holds.

* o * - =
Therefore, since [ Xy xi ! gf 1i X, 1 h (_éf y it follows

1
o= o ok £ quE e
that m, mf‘( 7"|f Ca=: Iui ui! + B ]\ri vij . (1)

1 1,.
Let ©, =¥, -3, ,then we can show similarly that

i

a’ =E§' 'i-h':f_ﬂ - m )+
i 1«1 9 T8;

Since g is ¢ontinuous in 5,

A+ QEPU_, 3 GE>0 such that

fi({x;u.v} ' (?',u', v’ﬂ (GE===??]g{x,u,v} - glx*, u*, “')l<:Rg.

Since g satisfies the Lipschite condition .
There exist two positive numbers A and B such that
‘ glxyuyv) = glx,u*, v*}? £ A 1u ~ut| 4 Bl v - v where

(xquyv} and {x,u*, v*) lie in S.
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— _ a o o 00 00 0O
But mgi- i E;{xi, Uy Vs ) - g{xi v Uy Yy )
¢
&} v 8] Qo
= 1 gf:l:i Uy vi) - E(xi

-

o o
,u.,v.}]+
i i

g{xno 2° vD}- (xoo 10 vm} ']“
i By Vi EBEy e Wy Yy A

and we may assume that when }L'E has been spe¢ilfied, h< GE « For,

if not, we can make the subdivision finer until h < GPE holds.

: o 00 :
Therefore, since jxi ~ xg | £ X=Xy g = h < (E , it
— - - Q - oo a - Lo Ls]
follows that mgi Ejgi 4 Ag r A fui ug | + B !vi vy | )
* - ** 1 = = m -
Now ! uf - u} £ u, = éui-l + h (mfi Efi}
4 (5“ + 2hM |
o 00 s T
- (_- - I = v ia m -
and Jug = ug | (uy - ow , _+h {mf‘ gf;l
i1 i i
¢ O + 2HM_
_ iwl
and similarly , |v‘.“ ~ WU (5 + 2 hM ,
1 1 ~ v E
& o i=1
o} !
]vi — ' 4 Uv_ + Eh.!"l13 .
i-1

Therefore {1) and {2) can be written as fellows.
mfi- mfi C A + Af r@Su

m o=m. ¢ A + AL O
11

2 B;

+2thJ+B(c} + 208 )
X Y, g
i=l i=1

oMM« BC Oy

qdw

+ Ehﬁg} .
%ial '
Let A = max { ?'uf, :’\g ), and choose & = min( -‘ﬂf, § )
and put h ¢ § . Then we obtain,

{ A +A(ci3u +Eth}+B(éJ + 2hM )
i=l Vicl E

ﬁf-—g

R f
i

i .
- A +ad + D¢ + ZhlAM .+ BN ),
Y31 Yi-1 B

. o o o 00 o 0 00 00 GOy .. .
shere (x., u., vi},(:-:i, u.,v.) and (x.y u's v; )} lie in the frustrum
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- { [ '
andm ~m ¢ A + 4 C o +2mM) +B( G +2hHE)

By 8, i=1 i=1
i |
A +A|"1[?l + B0 + 2h(AM, + B ),
1-1 ] &

Since h can be made so small that

2n (aM, + BHE} LA, we obtain
m. —m { 22 o+ Ao + B EB
f. =f. u, v, !
1 1 i=1 i-1
r_nF - m { 24 + At[l- + Bcj '
i 81 i1 i1 .
and < '\"ju, + 2hA  + ah Q) + Dhod .
U, i-1 u, v,
Jl \ i-1 i=1
/ - :
v.8 @ 4+ 2nA + AR + BhY .
Vi-1 Uil Vi-l .
Therefore j + J { cj ) +4h A+ 2an J + EBhQS
u v, u, v, u. v, .
i 1 1. 3.—1 j_ul .1"'1
Let C = mpax (24 , 2B).

* 'ij Y+ 4 Ah+Ch (cfiu_+ d,

L i
Then o + ¢l ¢ t
Y a/ES jel  Tia1’t

and "5 + d + B < (QS +é J(14Ch) + BA hs 42
40Ty ¢ = c
< 5 + f.R- J{1+Chl} + BA (1 + cw)
Yealins il C

{ éu *Jv + 44 (1 + cn)

i=-1 11 ¢
Timl i=1
Put 1=1, 2, ... y 0 successively,
5 ’
For i= 1, é + [ +_&~3 { Ejk ehc, mnince é = é = 0O,
Lll Vl ol c uD VD
For 1= 2, d+é+l‘_}~ {(@)+dv+ﬂ‘\} ehc.
Ys Yo ¢ Y1 1 ¢
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For i=3%, (j+CJ + A <(Qﬁ+¢5+u?'~}ehc
v u_ v

U3 3 oc 2 2 G
(A ShC
¢
th

Continue this procesa until the n gtep is reached,

We obtaln éu + (5 -+ Iigi ¢ 42 enhﬂ ’
L

n 1 _ K
or Ej + Cj ¢ Ejﬁ {enhﬂ - 1) .
u v c

n n

Since A can be made as small as we desire, and "P¢ L1

is constant, it follows that

1
h

Qﬂ + dv ' eomnverges to zera as & limit. But, both Cé‘
n n
and EL are posltive and their sum converges to zero, therefore,

I
bath éll and tjv conv¥erge Lo Zero as limit.

n no_ cj » {
EP = = !
Therefore 4 u and Q.9 Lgn Converge
to gero as limit, and the area of the nth regtangle
= (Pn?n}{ﬁnﬂnj'. approaghes zero as a limit..

That is, the nth rectangle approaches to a single point.
Singe the area of thexnth rectangle is not less than the esrea of
thel(n - l}th one, it follows that as n increases indelinitely,
each of the rectangles approaches to a singlé point: . Then, as
n inereases indéfinitely all the reetangles approach a single
curve | as shown in the figurs IV .

If we project thls curve " onto the xu - plans and onto
the xv - plane we obtain the graphs of u = u{x) and v = v{x) which
represent the solution of the system of two simultaneous ordinary

differential equations
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éE = fl:x, u.’ \r}
dx

v . glx, uy v),
dx

In the construction, all rectangles are joinsed cne to
ancther successively by the lines jolning the correspconding

vertices. That iz, all rectangles are joined one to another by

four polygonal lines DRFIEFE) ‘e A(n}, DB{I} B(E} en ]Elin]I

Oc(1} C(e) {n) and DD(I} D(E} o D(n}

1

svs G . These four

polygonal lines meet at the point 0. Since the (n - Dht
rectangle is not greater than the nth ong, and as n increases

indefinitely, the nth rectangle converges to a single point,

Dﬁil} A(E}.. (L) (2}

RTALFSAC

therefore the four polygonal linss
{n) Clc(1] G{E} (nJ

* F B B ¥

(1) 4@ o)

vee G and 0D converge

uniformly to the curve T . But those four polygonal lines are
g
gontinuous. Therefore, f is ¢ontinuous, and so are u{x) and

vi{x) .
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