CHAPTER II

AN ALGEBRAIC FORMULATION OF PATH PROBLEMS

In this chapter, the strong and weak closures of a stable element of a path
algebra are defined and an arc-value matrix A of a digraph over a path algebra

* *
is given. When A is stable, A b where A is the strong closure of A and b is

either a column vector of A or the unit matrix E of a path algebra (Mn(P), ®, ®),

is shown to be a solution of a matrix equation y = Ay @& b. The solution is

*
determined by the Jordan elimination method. Then the entry a:. or ai/\j of A b is

a solution of a path problem.

2.1 Arc-value Matrices
Let x be an element of a path algebra (P, ®, ®). The powers of an element x

are defined by

M N 0k for all k € N, 2.1.1)
where e is the unit of P.
q q+1
; : . : k k
An element x is said to be stable if there is q € No such that @Zx = @ZX :
k=0 k=0.

and the stability index of an element x is the least such integer q
if the element x is stable.
Let x be a stable element of a path algebra (P, ©, ®) with the stability

index q. Then

q r
eYx = @Y. x"  for all integers r 2 g,
k=0 k=0
qg+1 My
and @Zxk = ezxk for all integers r = g+1.
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The strong closure of a stable element x of index q is defined as @Zxk,
k=0
q+1

denoted by x*, and the weak closure of the element x is defined as QExk,
: k=1

denoted by x %

Let Mn(P) be the set of all n X n matrices whose entries belong to P.

Given any matrices A = [aij] and B = [bij] in Mn(P), the addition of A and B

is defined by

A®B = C

where C = [cij‘] is the n X n matrix with entries cij = aij @ bij , and

the multiplication of A and B is defined by

A®B = AB=C

n

where C = [cij] is the n X n matrix with entries B = @2(aik®bk,~)-
. k=1

Then (M _(P), ®, ®) is a path algebra whose zero and unit are n X n matrices

—9 O 0 e_ F & b i8]
0 N —— 0 e a0
D=1 _ _ andE = | > | respectively,
0 0 0 e
! A - :

where 0 and e are the zero and unit of P respectively.

The arc-value matrix of a digraph G = (X, U, v) over a path algebra

(P, ®, ®) is an n X n matrix A = [a,] where

v(i, j) if (@, j) e U,

L 0 otherwise,

where 0 is the zero of P. Thus, A € M _(P).
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Let A be any matrix belonging to Mn(P). By (2.1.1), the powers of A are

A B A BETR k=0,1,2,...)

where E is the unit matrix of Mn(P).

Let A be the arc-value matrix of a digrapil G = (X, U, v) over a path algebra
(P, ®, ®). For each k € No’ the entry a]i‘j of A'is given by

a5 = @2"(;‘) (2.1.2)
He Sj;
where Sikj = {1 / p is a dipath of order k from node i to node j in G} [3].
: (h] . [h]
For each h e N, if A" denotes ®Y A" and A= [a]}) ] then from (1.2.1(iv))
k=0
(h]
and (2.1.2), A" has the entry
a = OXv(n) (2.1.3)

h
pe Tj;
where T?j = {u / p is a dipath of orderr, 0 < r < h, from node i to node j in G}.
Since Mn(P) is a path algebra, then all the definitions and results of

stability can be applied to matrices. Therefore, if A is stable, then the entry a:;. of

the strong closure A¥ of A is given by

a:. = @Zv(hu) for some h € N, (2.1.4)
pe Ty

and the entry ai/:. of the weak closure A of A is given by

ail; _O2v(W) for some k € N, (2.1:5)
ne w]i‘j
where ij = {p / pn is a dipath of order r, 1 <r <k, from node i to node j in G}.

Some sufficient conditions for an arc-value matrix A of a digraph
G = (X, U, v) over a path algebra (P, ®, ®) to be stable are the following
statements [3]. '

(1).1f for every elementary cycle y in G, v(y) ® e = e where e is the unit

of P, then A is stable.
(2) If A is nilpotent, i.e. A"= @ for some m € No’ then A is stable.
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The following examples show some arc-value matrices of digraphs over path
algebras which satisfy the above conditions and they are used in solving certain
path problems in the next section.

Example 2.1.1 Figure 2.1.1(a) shows a digraph G = (X, U, v) over the path
algebra (P, ®, ®) and the arc-value matrix A of G is in Figure 2.1.1(b).
: 7/

S

10.51
Figure 2.1.1(a)
b 6 % 439 oo 4 7]
33 12— (i 43 .3
oo oo 1051 5.6 oo 7
oo 2 .
Figure 2.1.1(b)
Let v = (io, il)(il’ i2) g (ir, io) be an elementary cycle in G.
Then v(y) = v(io, i1) ® v(il, i2) B0 Lo L h 000 v(ir, io). Since v(io, ix) DG =

min{v(io, il), 0} = 0, then
vY) ® 0= (v(i,i)®v(i,i)®...® v(i,i)) @0
=(v(i,i)®v(i,i)®...® v(i,i)) ® 0@ (v(i,i)® v(i,i)®...®v(i,i))
=(v(i,i) ®0) ® (v(i,i) ® v(i,i)®...® v(i,i))
=0® (v(i,i)®v(i,,i)®...® v(i,i))
=0.

Therefore, A is stable.
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Example 2.1.2 Figure 2.1.2(a) shows a digraph G = (X, U, v) over the path

algebra (P7, @, ®), where £={a, b, ..., o}, and the arc-value matrix A of G is

in Figure 2.1.2(b).

Figure 2.1.2(a)

i @ a) @ @ @ )] @ 2 i
@ @ g @ @ @ @ (o}
o (b) @  {d @ @ @ {m}
g8 @ @ 4] @ @ o
@ @ @ (e} 4] iy @ @
@ ? @ %) g @ {h} (i)
@ @ m 9 B e @0 o

| W @ @ @ @ @ M 2

Figure 2.1.2(b)
Let t be the maximum order of simple dipaths in G. Let i, j € X and
t+1 "

let S;; = {u / p is a dipath of order t + 1 from node i to node j in G}. Then

t+1

for each p e S;;, v(u) = @. Since AHl = [a;;l] where a;}t1 = 92"(&), then
HES;;

A‘“: ®. Therefore, A is stable.
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2.2 Solutions of Path Problems
Suppose that the arc-value matrix A of a digraph G = (X, U, v) over a path '

q
algebra (P, ®, ®) is stable. Then A' = EBZAk for some q € No' and the equation
k=0

y = Ay ®b (2.2.1)
where b is the column vector of a specified matrix in a path algebra
(M_(P), ®, ®), has a solution y = A*b because A(A*b) ® b = (AA* ® E)b = A”b.

Suppose that the arc-value matrix A is nilpotent. Then there is q € N0 such

g-1
that A® = @ , and A" = @ A". Let y, be an arbitrary solution of ( 2.2.1), i.e.
k=0

Y= Ayo®b.

By substituting, we obtain

L P A(Ayo@b)@ b =A2y0 ® (E @ A)b,

and by repeated substitutions

g-1
vy, = A'y, ® (@XA")b
k=0
q-1 A
=(®XA )b
k=0
veank b

Therefore, the equation (2.2.1) has the unique solution y = A'p.
Note that by the definitions of strong and weak closures of a stable element,

the entry of the solution y = A*b is

a; if b is the jth column vector of the unit matrix E,

Ko i ; e :
a;; if b is the jth column vector of the arc-value matrix A,

3
where a:. and a?j are the entries of A and AA respectively. From (2.1.4) and

(2.1.5), we conclude that the entry Yy ofy = A'b is
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( @Zv(u) if b is the jth cplumn vector of the unit matrix E,
p.eT

y.. = 9 (2.2.2)

GBZv(u) if b is the jth column vector of the arc-value matrix A.
He w]i(j

\
Therefore, a path problem is the determination of the entry of the solution
y = A*b of the equation (2.2.1), where either b is the jth column vector of

the unit matrix E or the jth column vector of the arc-value matrix A.

A solution y = A*b of the equation (2.2.1) can be determined by
the following method [3].

The Jordan elimination method

Suppose that the arc-value matrix A of a digraph G = (X, U, v) over
a path algebra (P, ®, ®), where X = {1, 2, . . . , n}, is stable. We denote

the equation y = Ay © b by
y = A(0)y ® b(0)

From this equation we derive n new equations

RN BN A Tk SRR 7

? r (k) k k) k
and we obtain the sequence of matrices A" " = [a§,- )] and column vectors b( = [b( )]

by using the following formulas

: ; w

Pl B i < af“; e e R ,
ai’ = { @) alev ifi=k,j>k,

L 0 ; otherwise,
b 2,2.3)

Y e T b("'l) ifi =k,

b = <
be @ al @R ) b it =k,
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: k-1 k-1 . (k-1 k-1)
where 6 is the zero of P, agj ) and bi(j ) are the entries of A®'’and b

' : X k
respectively. Then these equations y = & )y @ b( ) (k =1, 2, ..., n) have
& solation 3o . AN, and inthe: Hnal eqatios 7w A%y 4 5L AR 5 &
andy = e

Example 2.2.1 Enumeration of simple dipaths between two given nodes.
Let us consider a digraph G = (X, U) of Figure 2.2.1, whose arcs have
distinct names from X = {a, b, . . . , 0o}. In order to determine the set of

all non-null simple dipaths from node 3 to node 5 in G, a digraph G = (X, U, v)
over a path algebra (P, ®, ®) is given as Figure 2.1.2(a).

Figure 2.2.1

Recall that the set of all non-null simple dipaths from node i to node j is

the formal sum ®ZV({';) where q is the maximum order of simple dipaths from
ne Wy

node i to node j in G and ng = (W / p is a dipath of orderr, 1 <r < q, from node i

to node j in G}. Let the set of all non-null simple dipaths from node i to node 5

be denoted by ¥, Therefore, ®2V(5) and p is the required answer.
‘ pne Wwis

From Example 2.1.2, the érc-value matrix A of G (Figure 2.1.2(b)) is stable.

By (2.2.2), we have that W is the entry of the solution y = A*b of the matrix

equation y = Ay @ b where
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Y =05 Yas Yas Yas Yss Yes Yos Yas)
and b=[0 @ 0 0 O @ (g O
is the 5th column vector of A. The solution y = A*b can be determined by
the Jordan elimination method as follows.
A” =Aand b =b.

k
The successive vectors b( : (k=1,2,... , 8) obtained by the equation

(2.2.3) are given below.

- A o=
o
[ o {4hg, jhncdg}
¢ 9
o {cdg}
® ' {dg}
bV b2 O W, O ’ p P ’
@ {eda, thg, fhnedg}
) {hg ,hncdq}
{9} {g,ncdg)
¢ v L{ 1g,kihg, Incdg, kijhnedg)
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-~

{ihg,jhncdg,aolqg, jilg, jhnmlg, jhnbolg, jikaolqg, jhnmkaolg,ackjilg,ack jhnmlg,aokjhg,
aolnmkjhg,aolncdg,jilncdg,jikaolncdq,aokjilncdg,aokjhncdg)

{olg,okjilg,okjhnmlg,okijhg,olnmkjhg,olncdg,okiilncdg,okjhnedg}

{cdg,mlg,holg,cdnmlyg,cdnbolg,mkaoly,cdnmkaolg,mkiilg,hokjily,cdnmkjilg,cdnbokiil
g ,bokjhnmlg,mkjhnbolg,mkijhg,bokjhg,cdnmkjhg,cdnbokihg,bolnmkjhg ,mlnbokjhg,mlncdg
,bolnedg , mkaolncdg,mkjilnedg,bokjilnedg,mkihnedg,bokihnedg}

{dg,dnmlg,dnbolg,dnmkaolg,dnmkjilg,dnbokjilg,dnmkjhg,dnbokijhg}

{edg, fhg, fhnedg, filg,ednmlg, fhnmlg,ednbolyg, fhnbolg, fikaolg, ednmkaolyg, fhnmkaolqg,e
dnmkijilg, fhnmkjilg,ednbokijilg, fhnbokiilg, fikjhnmlg, fikjhnbolg,fikijhg,ednmkihg, ed
nhokijhg, filnmkjhg, filnbokjhg, filncdg, fikaolnedg, fikjhnedg}

{hg,hncdg,ilg,hnmlg,hnbolg,ikaolq,hnmkaolg,hnmkjilg,hnbokjily,ikjhnmlg,ikjhnbholg
,ikjhg,ilnmkjhg,ilnbokjhg,ilncdg, ikaolncdg, ikjhnedy}

{g,ncdg,nmlg,nbolg,nmkaolg,nmkjilg,nhokjilg,nmkjhg,nbokjhg}

{1g,kaolg,kiilg,kjhnmlg,kihnbolg,kjhg,lnmkjhg,lnbokihg,lnedg,kaolnedg,kjilnedg, k
Ljhncdq)

-

Therefore, the set of all non-null simple dipaths fron node 3 to node 5 is ¥,5.

Yas=

{cdg,mlg,bolg,cdnmle, cdnbolg ,mkaoly,cdnmkaolyg,mkjilg,hokjilyg,cdnmkjilg, ednbokijil
g ,bokihnmlg,mkjhnbolg,mkihg,bokihg,cdnmkjhg,cdnbokihg ,holnmkihg,mlnbokjhg,mlncdg
,bolncdg,mkaolnedg,mkjilnedg,bokjilnedg, mkjhnedg,bokjhnedg}.
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