OHAPTER I1X

APPLICATION

Jymnetry groups

Mozt =imple molecules will have a certaln degree of
symmetry: that is, there will be certain tranaformations of
coordinates which leave the atoms of the molecule in a
configuration in space which is indigtinguishable from the
former conficuretion. The possible transformations of_this
type will be either rotaticn shout an axis of symmetri,
reflectlon in a plane of symmetry, inverslon in a center cf
symmetry, or various comblnations of thesc trancformations,
If two such tranaformations are carried out successively, the
configurasion will be that which could be obtsinced from some
other transformation.

The set af transformationg which do not alter the
configiration thus forms a group, the group off the symmetry
operaticns.

Tme notation uvsed Tor the operators which translorn
a symmetrical gonfiguration into 1tgelf is the following:

E = the identity operation, which leave each narticle
in its original position.

C = protation muout an axis of gymnetry by an angle

n
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0 = reflection in a plane of symmetry. The symmetry
planes are further classified as follows. II the plane 1s
perpendicular to the principal axls of symmetry {the axis
. wlth the largest value of n), reflection in this plane. 1s
denoted by Qh. If the plane contains the princilpal exis,
reflection in this plane is denoted by.ﬂf. If there are axes
‘with n = 2 perpendicular to the principal axis, and 1f the
_planﬂ'contains the p?i@cipal axis and bisecis the angle
hetween two of these 2-fold axes, reflectlon in this plane
1s designated by qi'

Sn = rotation avout an axXis hy'%F;follawed Ly a
reflection in a plane perpendicular to the axls of.rctatidn.

i = 1nverslon in a center of symmety.

The symmetry groups &re desigmated Yy the foiléwiﬁg
notation, Ve may divide them into three main tyﬁes;

1, The rotation groups. These are symmetry proups
which have one symmetry axis whieh is of o hirher degree
than sny other symmeiry axis. This axis is considered to be
the z coordinate axis. The following groups belong to this
general claest

() the molecule posseses an axis of symmetry only.
The groups of interest are G1’C2’63’GMF65’C6'

(b) the molecule has the symmetry operations C_ and

Jd r i
T e [he possible groups are sz,cav,cuyJUBT,CGv.
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(¢} The molceulc has the symmctry operation 3..
T“he possible growps are SE’SH’SE v
(d) The molcculs has the symmetry ocperatlons C_ end

Qh. The possible groups are G1h’02h’cihfﬂuh’c5h’c6h'

{8} Tre molecule has 2n 2-fold axes perpendicular to

I

the principal n-I"old axis, These axes arc denoted by C',GE
etc, The notation for this type of group is Dn' The poszsible
oroups are DE’Dﬁ’Du*D5’D6'

(f} The molecule has the symmetry cperations D and
qd' The posszible groups of Interest are ng, Djd'

(g} The olecule has the symmctry operations D_, %,

oo ™ =i T : |

and h ne peasible 'oups are DEh’Dih’th’D5h’D6h'

A number of the above groups can be expressed guite

ainply as the combination of some other group of synmetry

operations plus the inversion i, These are

Guh = Gu b 'DEh g D2 » i
céh = GG 1 th = Dh ®x 1
8¢ = Oy %1 Dgp = Dg %1

Dzq = D3 x1

2. Groups of hicher symmetny, These are Zroups which
have no unicue axis of high symmetry but wihich have more than
one n-Told axis where n *» 2, The groups of interest are:

T = the oroup of operations which sends 2 rejular

tetrehedron inteo ilself, Th =T = 31,
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0 = the group of operatidns which scnds &8 cube or

a regular octashedron into itsell, Dh =0 x 1,

Td = +the symmetry group of GIQV
3. Groups with the symmetry operation C_,
Gax = the proup o the symmetry coperatiions of a
heteronuclear diatomic meolecule,
I = the grour of the symmetry cperaticns of a

coh

honmemiclear diatomic molecule,

Wornal vilration modes of the systewms with 5 massed

Tne normal vibrations of water {HED) and acetylene
(DEHEJ with three and four atomsz respectively, are so well
Inown to us.

e chall now proceed to the discussion of several

examples with 5 maasses,

Fxanple 1: Consider Tirst the system with 5 masses, lying
in the xy - plane. The center mass is M, and the othor

four masses egual to m, The dimensiens ef the system are

shown as in ¥Fig, 3.
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Flgure 3, Original displacement coordinates of the system
. belonging to D .

IN = 15 ecartasizn Alsplacoment coordlinates 57y ¥orip
--......; KM’ Fh’ z), aro ncoded to defino the positions of
5 masses; whare I is the number of MASSCSa

By considering the smmﬂétry opcrations aprlicd to
this system, we sce that whe system belonge to the group th
which can he gxpressced as Du)<ii-

The applileation of a symmetry operation yiclds a noi
set of displacemont coordinates ié, Hé, Zé: ......,xﬁ, yﬂ,zd
related to the old set by a number of lirncar cequations.Thesc
Syrmetry operasions are By, Cuyy Gy €5 » GEI, and i,
where GE = rotation through 480° about the z - axis,

Gh = rotation through 90° about the z «» =2xis,.

!

G, ® rotation ihrough 180° about one of the two

Aiagonnal lineces in the xy -~ planc,
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GE & rotatidh through 180° about one of the

coordlinate axes X o e
x

Figure 4. Displaecement coordinates under the operation Cose

We have the set of linear cquations

= Ed 4 = L - " = b
G - ! — — i DL ey i —— -

4 — : — ! -

Z-O - ZG' 2-1 == 23 22 ZL’.
i - - ! — —

:{3 = x1 KL!- = _ 3{2

rt = -— 4 = -

v = 2z z,, = z
3 7™M LoooTee

Tho matrix rerrcscecntation for GE 1ls
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Figure 5. Dlsplacement ¢oondizetes under the operation G .
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Tho set of transformed coordinates is

J.v.n..p| .....V.“.l I_Z_...l r.vmu.
e
o ]
TR B ku
l i i il
=00 w0 =T
moom B
"
-

-

~=F =IF
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The matrix repreacntation for Gu in

o

e

i
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Figure 6, Displacement coordinatcs under the operation Gé .

The set of transformed coordinates is

e xt = - awf = ! = o
GE 2R = Yo Xy _ YM te y3
| = . f = -
o = "% % -y Y2 3,
: = (=] ! — 35 I — -
2, = Zo z - 7y 24 Zx
I — LA ! — A
:fé .- xz FE;_ == 3:1
I _ — i — -
2y = Z, z), Ziyo
The matrix representation for Gé is

i 1902093
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Figure 7. Displacement coordlnates under the operation GE
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The set of transformed coordinastes
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The matrlx represaentation Tor O
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- Clearly, the matrix reprascantation for & is a diagonnl
matrix, with diagonal celements all edual to + 1.

The aum of the diagonal tzl_&ments of a sguarce matrix
is ¥Xnown as the character of the mateixs Thercfore, tne
characters of the operations E, Gy C) 02’ " Cé' . are

x (B) =15, x (C,) == , x (G)) =1,

x (C3) =4 , x{(CJ) = -3

Hote that the character x[E} of the identity coperation
ncccssariljr equals the number of coerdinates forming the
basis of the represcntatlio:n. |

Afterc‘ﬂhs‘i’derfng the matrix represcntations Tor Ey Gz,

I

C s CL s and C s we have the Lollowirdg 3x 3 matrix equatioﬁs:
Lr U2 2

b ’71 o o %) :{1 -1 G U—‘ fx

i

= o -4 o iz}
.

!

]
o
&
i
-

| z

xy |6 1 ¢ x xy | o1 0} [x
: |
7 O O 4 z z L c o —1J‘ | Z
x 1 C 0 :{1
G%F = ¢~ 01 (¥
zZ e ¢ 0 -1 V5,
L -

The various rotations may De indicnted Ly curved
arrows as indicated in FPig. 8 o Onerating on these arrovws

with the symmetry operations , we have



Bijure 8. Jdlagran,

Tha charagter tnkle for tho

tructed as follows *

chowineg the rocations, R,

VAR

21 0 -1 0O
Rz ‘D ¥ 1_ I,Rz.
ny T o= o] (o
x} £1
(R d=f=1 O O R
[.:2 _x:';f 1 j v
LT ] i
Ryl ] OO =) (R
TNy
R.‘:’
> Y
- v,and Rz.

r
[

Mo 13 e O 115
b sRVEY L c2n e o |

Wa Tirst writg the charncter tabie for DlL sl then

ﬂFF[J the inversion 1 .
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] b -~ F o
Dy, B¢, 20, 2 2G,
}:2+ 32, pod ﬁ;' i 1 1 1 1
Rz, z hz ¥ 1 A - -1
31 4 1 | 4 -
BE 1 1 -4 -1 1
(xz ¥ HZ} (K:F:}
E 2 -2 {1 0 9
2 2
(x%= y%,xy) | (2R,

il "

"amle ', Character table Tor the group Db'

The irreducitle repraescentations A and I always reforn
to one = dimensionel reonreacntotions, i3 refers to two -
dimensionnl represcentntions. Peing of commlex-conjugnte
renresentations ~re bBroacketod together and Labeled Aas o
two-ﬁimensimn&l represcentation i, lheenusc time-reversnl
syanetsy swkes them desencratc. The suweeripts g and u, Tor
zerade and varcerade, indiemte even And oldd representations
under inversion. Ihaddition to these pepresentation labels,
wae nlso indicate the transforastion mreopertics of the
coopdinntes X, ¥, %, of voricus bilinenr combinations of
coordinates, and of the infinitesinal retations Rx’ RF’ AN

Rz,
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- ! . I " ..: . . i d "
D)y Dy i E G, 20, 20, 20, iE iC, 2iC, 21C, 21G
xCay?, 28 L T T R N S N R R B
L e T T R B B
i ﬂzg 171 1 =1 =1 4 1 1 - A
z S I e B B B 1 4
Byf4 1 =1 1 =t 1 1 - 1 -
&
Byglt 1 -t = 1 -4 1
Bpel 14 =1 =4 1 1 1 -1 1
O U S B B 1 1 e
2 .2 Al o
(=¥ xy) (‘P‘X’Rb) B, 12 -2, 0 C 0 2 =2 o 0 o,
(xz,y2) |(x,y) |B |2 -2 © 0 o0~ 2 ©0 O O
T ' 1 pal b % e — ‘

Tahle 5, Character table ITor the sroup mh?'

Breskint the peducible renecescentation down into its
Irrcduelile components, we hove

1.—‘ =14 i - ! I: : % 2o a3y A
2 = Myt Aot 2oyt Byt Fygt Boyt gt 34 (34 1)

Gertnin bf the normal coordinaten which belong to
these irpreducitle repronontntiﬂnﬂ:nﬂmesenttrﬁnslaticnal o
rmtationql Metion. e hawve for the roprosentntion waniceh has
those motions =3 its Lasis

E'I"E n---ooa(}az}

T =
t,r ﬁ2g+ Ao F E a

subtracting T from TBN , Wo obtoin

1
t,r

Iy —

.1

g-'- E‘1u + :_-!IEE-‘. E.j-lu I'. L L . e B (3}- 5)

2
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as the reproesentntion which has the vibrotionel motions as

i1ts basis.

Lxammwle 2t As in example 1., hut ithe dimensions of the

system are shown ns in Tige 9.

Z
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"irure 9, Original displacencnt cocordinates of the gystom
o Dy
“Y Yan

In the samg mnoner as in exmnmle 1, this system

belongs to the Sroup DEh which onn be exoresscil o8 DZK i

The avimuetry opersaticona nooliced Lo the systen ore!

L = identity onepation,

o
C2 = rotation throuszh 130" ~bout the 2 - axis,
Gg = rotntion throush 1380° about the y — cmis,
C; = rotntion through 120C* cbout the x -~ ntis,

i = inversion in a conter of syractry.

The character table {or the grou)p DEh is o5 follows:
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Doy= Dy X1 B Cy cy o, 1 ;?(:q.r) a(zx) 9{yz)

252, 2” A, ol T 1A y 1 L 1
Al 1 4 =1 =1 ~1 ~1

xy Ry Bg| * 1+ ! o T
z Bigi * 1 =1 =1 -1 4 9
xz T, Bog| 1+ =1 i -1 1 =1 1 =1
v Bo,| 1 =1 1 =1 =1 1 —1 1
VI Rx Bﬁg 1 =1 -4 i 4 - - 1
< Byl 1 e R 1 1 1
Tjﬁ 15 -4 =3 =3 =3 5 3 3

Table f, Charaeier table for the .group DEh'
Bpesking the reducible represcatation down inte ita
irreducible eomibonents, we have
r = + 2B
3 = gt 25y

Finnally, we obtaln

i 3By ot Ezg+ 3B, * E3g+ 3753u....{3.-uj

Ll

— s I,
-T'lrj--lj' - 2&13"‘" B1g+ 2B1u+ 25211"— 213311 .Gnﬂaoouuuan(z}ij}
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