CHAPTER I
TRTRODICTTON 7

Vibtiration Theory and IMormal Goordinate;

Many problems of mechanics are concerned with the
vibrations of a system of particles. Py a vibration we mean
the ocscillations of a system when 1t-1s slightly disturbed
from a position of Etaﬁle equilibrium, In such a motion no
coordinate cver departs by a large amount from the value it
would havye 1f the system were in the equiiibrium position.
It 15 convenient in these problem=s to choose a system of
coordinates such that all the qi's vanish at the point of

eguilibrium; then =211 the qi'a will remain small throushout

the motion,

If we were to express the coordinates of egeh particle
by a set of rectangular coordinates with the origin at the
equilibrium position of the particle, the kinotic energy of

tho system would te
T = &E m. ("‘-—j:) lflr'ﬂalui¢f(1ll)
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Usually a more ganeral coordinste system would be used;

the kinetic energy of the sy=tem 1n gencralized coordinates
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where the Rijtﬂ are funetions of the qi'a, but for

small vibrations it will be a sufficiently good spproximation

'
13 5 a3 oonstantz, with the wvalue they have at

the equilibrium position, The potential energy may be

10 regard the a

expanded in a Taylor's series in the g's about the point of
eguilibrium:
Vo=V_o+ f (-551-) qy + Elzjd(a aq 7T Wyt Ceeea(1.3)
. 2 .
where tihe derivatives ore evaluoted ot qy  =. 0, tha
position of equilibrium, The constant term Vo ie arocitrary,
and so_fDr the sake of simplicity we take it to be zero,

Since qQq = G iz a poeint .ol équilibrium, V must e 2 minimum

at .this point, ._-.D Ll x a vj‘
;? qu o
{EE;" } by b , We may therefore represent V approximately
J

= 0, TIf we denote the constznt
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By substix uting in Lagrange's equations,
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Lagrangcfs equaetions Tor the system are then
dgq

1 —d Ty 0 (1.6)
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It the system has F degrees of freedom, there are F
of these differential equations correcponding to 1 = 1,2,.;.
F, In order +io s?lve these EQHﬁtions let 12z try to find a
set of conét&nts ¢3 such that, i each cquation of the set
iz multiplied by G4 and the resulits added together., ithe new
equations will be of the fornm

dED

---5+ ?I.QI = Q0 ' --q------llﬂ{]—'?)
dt

where O ig nn cxpression of the form

"
Q = Eh q -..-eat--‘vv(lna}
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The egquations which must be satisfied in order to

obtain thils result are
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The equations given by the equality sign on the left

t
are Jjust suffieient o determine the €. 83 the remniniing

T
equations will then give the h, =.

& . - = Q0 FAm e W !D
A (. a5 5 xbij} °, (1.10)
It is seen that one scolution is cy = 0. This is the

only splution unless the determinant of the coefficients
s vwanlshes, that is. .

| 8, = 0 ceenarcnaea{(1412)
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This equation may be satisfied if wa chc&se.h.properly.:
Lot ?H be one of %he I roots of thilis equation, Then the
éﬁuatimns _ _ o

z:i'{x,] agy = by ey = 0 ... (1.12)

have o sct of non~vanishing solutioris for the Ci's, which are
unique cxcept Tor ohe arﬁitrnry cotlstant inétor,

Viheri this zet oftji*S has been detcrmiﬂed; the hi's
are T'ixed by equation (1.9),

T.et these be denmtéd by hi{'FJ and the corrvesponding
G oy Q.

cives o aet of hi's which in turn determincs a possible Q,

In the same way cach of the other roote of (41.11)

5o that we arrive at a set of I Q's, each of which satisfies

=

the equation
ek A Go= 0 (1= 1,2,.,...01) esenavanef{l,13)

If we regard the Q's as a new set of coordinates, these
equations arc just Lagrangs's cquations in the new coordinates,
Because of the simple form of thesc cquations the Qs are
known as the normal coordinates of the systen.

In ferms of the normal cecordinates, the kinetie ard

potential energies have the simple form:

Tz.:‘_z (--—-—-:] v.——"}'."zl}l..Q -aoiugctootil-lh)
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Jf the equilitrium is stable, then all the A *'s

1
(o =2

3 = ~"~%} are reel and positive, Dut for the posltive
d e,
i

Hs it is easily seen that the solution of the eguation

{1413} is ]
Q = &, cos (7 Aot + Ei} bheoboas s (1,15}
where ﬂi and Ei ere arbitary constants

If the solution is desired in terms of the originel
coordinates, the qi's nust ve expresscd in terms of tiwe

Qils Ly solving simultaneocuzly the equations defining the

Qis. Suppeose that the resualt 1s

ay = 2 259y ceversenrea(1,16)

2 = E E_ L Jﬁl" COE -‘.IFT t + ] a F Fo0 Q0 5 &L a8 >~ L] lql?
q 3 (8 53) ( )

IT all the_ﬂj 2 are zero excaept one, then €ach Qs
varies sinusoidally with time, euch with the same phase,
Such a motion is called a normzl mode of vibration of the
system. Copresponding to szuch a mede of vibration there is

a definite freguency given by v, = __jj_ « ‘The mosgt

3.7 TEw -
general vibration of the system can be regarded os a super-—
poaition of the various normal modes, with arbitary anplitudes

and phasges,



I the cq#i}ibrium is unstable, the above formal
treatment cen still be carried out., In this case, however,
at least one of thé Ats is real and negative, so that the
corresﬁonding rrequency is imaginary. The motion thewn 1s
u

not sinusoidal, since the @ corresponding to the negative A

will be an exponentially increasinz function of the time.

Eiamg;g Three springs. whose Torce constents are k, 2k, ard
¥, are joined in a straight tine, and the ends of the systen

are Lixed, The Jjoints Detwesn the springs are balls of mass

m., Deternine the notion if the balls are et vwibratinzs in

the line of the szprings.

> —b
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Figure 1. piaplecewsnt coordinates
¥4 mnd Xye
Let the displacement of the Tirst ball from its

e L

equillbrivm position be x, and that of the second ball x

g o
The changes in length of the thfee springs are then x{,xzmx{,
“Xg s 50 thatuthe pote?tial energy of the sys#em is
Vo= 3k + % (2K) (x,-%,0% + £ k (-x,)"
= % k xf - 2k XX, ¥ % K xg Coeeanans ... {1.28]



If we consider the springs to have zero mass, the

Linetic encrsy is
. dx, = dx, 2] s O
o= o s —_ J o o
L - 2 [(dt + dt ) . Hiulootuua{lvlgj

Lagrange's equations of motion are therefore

dE

x .

. S -2k x, = 0
dt '

- E . --4--oordi(1*20}
A x2

o | - 2k x, * 3k o = 0
at<

If we multiply the Tirst of these eguaticons by ¢1 and

the second by ¢, and add, we cotain

P
dzx dgxz ( )
me === + me, —-—== + {3k ~2kc JX
I at 2 th 1 2° 1
-] e = G I I R T R ) 1‘21\
rof{ 2ke, + EkGEJ Xp { ;

In order that thls Le of the form (1,7) we must have

4 e 3
mf:'i = R (3]‘331 23{(‘.‘:2} h1
1 ' . LA . -.-.(l.EE}
— —71 . -
mGE - '1 F chﬁ + 3kﬂ2) hE

There will be a non-ftrivial solution for Cy and Co

only ir.
hm - 3k 2 T
= O -4------&-(112})
21 Am - Ik
~ _ 5x . K
The roots of the determinant are % = HE = =

Il

Substituting'?:l in equation (1.22) gives c,= —¢,. Hence if



we take Cys wltich iz arbitrary, Lo be
_ () SO R
Q1-h'} x‘l_hE :(E—m):_!
In the same way we Tind for QE
= +
G‘E | m o, m %,
The equations of motion in the
a
da-qQ -
21 + 2k Q1 = 0
gt '
dEQ
—Z 4 X Q, = O
at m

is,

opposlte directions witihh o freguency

X

Th_e Tiret normal mode iz that

+ x,, = 0, In thisz normal mode

2

In the second normral modc x =

1, Co mist be =1, and
- M IE .lb--li.(llzl!‘)
the value

PR & PRL )

new coordinates are

(1,255

* o & 4 + w o o 3

in which Q, = 0, that
the halle move in

1

2w

X} the halls move in

the same direction with a frequenﬂ:.r -2;1— ,
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