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CHAPTER I

INTRODUCTION

In the recent years, there are numerous studies of p-harmonic maps motivated by their

importance in physics and geometry. A p-harmonic map is a generalization of harmonic functions

in classical analysis. From the point of view of the Calculus of Variation, p-harmonic maps,

unlike harmonic functions which are real- (or complex-) functions, are maps that take values in a

differential geometric space or even a metric space and are stationary points of some Dirichlet-like

energy integral. Thus p-harmonic maps are solutions of certain nonlinear elliptic PDE systems

(the Euler-Lagrange equation) of p-Laplace type. From classical complex analysis, it is well-

known that if a function is harmonic except at some singular points and it satisfies a pointwise

bound, then it can be extended to a harmonic function across the singularities. This fact does not

carry over to p-harmonic maps however. For harmonic maps (i.e. when p = 2), it was proved that

a certain ϵ-regularity condition has to be satisfied so that such an extension will be true.

Many previous studies until recently of p-harmonic maps concentrated on maps into a

Riemannian manifold. The results in this direction can be seen from an inspiring paper by

F. Duzaar and M. Fuchs[1] where the authors proved a removable singularity theorem for p-

harmonic maps into a Riemannian Manifold. In this work, we consider p-harmonic maps into a

pseudosphere which is the standard sphere endowed with the pseudo-Riemannian metric from its

ambient Lorentz manifold. Motivated by the study of Riemannian-valued p-harmonic maps, we

are expecting some similarities in the properties of p-harmonic maps into Riemannian Manifolds

and pseudospheres. Because of the distinct geometric structures of pseudospheres and Rieman-

nian manifolds, we are also expect some dissimilarities as well.

In F. Duzaar and M. Fuchs[1], they investigated the regularity problem of p-harmonic

maps in higher dimensions. More precisely, they consider the following situation; the parameter

domain is the unit ball B1(0) in Rm, m ≥ 2 (equipped with the flat metric) and the target space

M is a Riemannian manifold of dimension n ≥ 1 which is isometrically embedded in some

Euclidean space Rk, k ≥ n. We are then interested in mappings u:B1(0) → M of Soblolev class

W 1,p(B1(0), M ) being defined as the set of function u from the linear Sobolev space W 1,p(B1(0),

Rk) such that u(x) ∈ M a.e. on B1(0). The p-energy of u is defined as

Ep(u) :=

∫
B1(0)

|Du|pdx,

and u is said to be a weakly p-harmonic map if u is a weak solution of the Euler-Lagrange

equations associated with the p-energy, i.e. u satisfies for all φ ∈ C1
0 (B1, Rk) the equation∫

B1(0)
|Du|p−2(Dαu ·Dφu+ φ ·A(u)(Dαu,Dαu))dx = 0,



2

where A(q)(., .) is the second fundamental form of M at q. The purpose of this paper is to prove

some ε-regularity theorem for p-harmonic maps. they prove that the point singularity at the origin

is removable provided the p-energy E1(u) is sufficiently small. There are no a priori assumption

on the image of u in M .

In N. Hungerbühler[3], the author defined a mapping f : M → N ⊂ Rk to be weakly

p-harmonic if it satisfies the Euler-Lagrange equations for p-harmonic mappings in the sense of

distributions, i.e. for each coordinate chart Ω on M there holds∫
Ω

(
γαβ

∂f

∂xα
· ∂f

∂xβ

) p

2
−1 ∂f

∂xα
· ∂φ

∂xβ
√
γ dx = 0

for all smooth mapping φ with compact support in Ω and satisfying φ(x) ∈ Tf(x)N for all x ∈ M

where M is a smooth Riemannian manifolds equipped with metric (γαβ). This equation is linked

to the p-energy of f

E(f) :=

∫
M

e(f)

such that the p-energy density of f is

e(f)(x) :=
1

p
|dfx|p.

But the main topic of this paper is p-harmonic flow. He consider the p-harmonic flow into spheres

and a priori estimate. He slightly attend to the weakly p-harmonic maps.

The definition of weakly p-harmonic map into pseudospheres for case p = 2 is defined in the

recent paper of M. Zhu[8] by the energy of u given by

E(u) :=
∫
B1(0)

(∇u)TE∇u,

where E is index matrix and u is said to be a weakly harmonic map if it is a critical point of

the energy. In this paper, they prove regularity for weakly harmonic maps from the unit ball into

certain pseudo-Riemannian manifolds from different points of view. Analytically, it is interesting

to know how the structure of the harmonic map system is affected when the target manifolds

become pseudo-Riemannian. The target pseudo-Riemannian in this paper are pseudospheres and

standard stationary Lorentzian manifolds. We focus on the pseudospheres

In this study, we consider weakly p-harmonic map into pseudospheres for all p ≥ 2 by

extending idea from Zhu[8]. Theorems and Lemmas in this work are similar to the result from

that paper. In Chapter II, all basic knowledges are given. In Chapter III, we prove the main result.

In Chapter IV, we present conclusion and discussion.



CHAPTER II

PRELIMINARIES

We collect, in this chapter, some basic definitions from both geometry and analysis. The notion

of p-energy for maps from a ball into pseudospheres is also introduced. Basic known results such

as the Hodge decomposition theorem and the existence theorem of uniformly elliptic systems are

also provided.

2.1 Geometry and Analysis

Throughout this work, we shall fix positive integers m,n and an integer 0 ≤ ν ≤ n. Also, we

denote B = B1(0) ⊂ Rm to be the unit ball.

Notation.

1. Let E be the (n+ 1)× (n+ 1)-matrix given by

E = (εij) :=

−Iν 0

0 In+1−ν

 ,

where Ik, for each k, denotes the identity k × k matrix.

2. The pseudo-Euclidean space of signature (n, ν), denoted Rn+1
ν , is the set Rn+1 equipped

with the pseudo-Riemannian metric

⟨x, y⟩Rn+1
ν

:= xTEy = −
ν∑

j=1

xjyj +

n+1∑
α=ν+1

xαyα

for all x = (x1, ..., xn+1)T , y = (y1, ..., yn+1)T ∈ Rn+1.

In this work, unless specified otherwise, Rn+1
ν always denotes the pseudo-Euclidean space

and ⟨·, ·⟩Rn+1
ν

is the above pseudo-Riemannian metric.

3. The n-dimensional pseudosphere is the subset Snν ⊂ Rn+1
ν given by

Snν :=
{
x ∈ Rn+1

ν | ⟨x, x⟩Rn+1
ν

= xTEx = 1
}
.

4. Let Ω ⊂ Rm be an open set and (X, d) a metric space. A map f : Ω → X is said to be

Hölder continuous with exponent 0 < γ ≤ 1 provided there exist a constant C > 0 such

that

d (f(x), f(y)) ≤ C|x− y|γ

for all x, y ∈ Ω. We denote by C0,γ(Ω, X) the space of all Hölder continuous maps.
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5. Let k ∈ N and 1 ≤ p ≤ ∞. The usual Sobolev space is denoted by W k,p(Ω).

6. The vector-valued Sobolev space W k,p(Ω,RN ) is defined by u ∈ W k,p(Ω,RN ) if and only

if uj ∈ W k,p(Ω) for all j = 1, . . . , N where u = (u1, . . . , uN ).

7. Let M be a compact smooth manifold and i : M ↩→ Rk is a smooth embedding (Whitney’s

theorem). The Sobolev space W 1,p(Ω,M) is defined by u ∈ W 1,p(Ω,M) if and only if

ũ = i ◦ u ∈ W 1,p(Ω,Rk). �

Next, we introduce some matrix groups.

Definition 2.1. For each k ∈ N, GL(k) is the group of all invertible k × k matrices with real

entries. We also consider the subgroups

O(ν, n+ 1− ν) =
{
A ∈ GL(n+ 1) | AT = EA−1E

}
SO(ν, n+ 1− ν) = {A ∈ O(ν, n+ 1− ν) | detA = 1} .

Let us recall the exponential of matrices. This will be used in our study of Wente type identity.

For each n× n matrix A, the exponential of A is the n× n matrix defined by the power series

eA =

∞∑
k=0

1

k!
Ak.

Proposition 2.1. Let X,Y ∈ Mn(R) and let a, b ∈ R. Then the matrix exponential satisfies the

following properties:

(a) e0 = I , eaXebX = e(a+b)X , eXe−X = I .

(b) If XY = Y X then eXeY = eY eX = e(X+Y ).

(c) If Y is invertible then eY XY −1

= Y eXY −1.

(d) e(X
T ) = (eX)T .

We close this section with some elementary inequalities which are used in this work.

Lemma 2.2. Let 1 ≤ p ≤ ∞ and Ω ⊂ Rm be an open set.

(i) (Minkowski Inequality). If f, g ∈ Lp(Ω), then

∥f + g∥Lp ≤ ∥f∥Lp + ∥g∥Lp .

(ii) (Friedrichs Inequality). If u ∈ W 1,p(Ω) and u|∂Ω = 0 in the sense of trace, then

∥u∥Lp(Ω) ≤ diam(Ω)∥∇u∥Lp(Ω).
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2.2 Energy of Maps and Harmonic Maps

First we recall the classical Dirichlet principle: On an open subset Ω of a Euclidean space,

every solution u : Ω → R to the Laplace equation

△u = 0 in Ω

is a critical point of the (Dirichlet) energy

E2[w] =
1

2

∫
Ω
|∇w|2 dx.

From the point of view of the Calculus of Variations, the Laplace equation is the Euler-Lagrange

equation of the functional E2. This consideration has the following generalization. Let 1 < p <

∞. We introduce the p-energy to be

Ep[w] =
1

p

∫
Ω
|∇w|p dx,

where w : Ω → R. The Euler-Lagrange equation of Ep is the so-called p-Laplace equation:

△pu = div
(
|∇u|p−2∇u

)
= 0,

whose solutions are called p-harmonic functions. We remark that this informal discussion should

be made formal by specifying the space of functions forming the domain of Ep. Sobolev spaces

are often the suitable choice in the preliminary study when there is no a priori regularity.

In the most general form, mathematicians and physicists are interested in the p-harmonic maps.

Let M,N be smooth Riemannian manifolds. Let 2 ≤ p < ∞. A map u : M → N is called a

p-harmonic map if it is a critical point of the p-energy defined by

Ep[u] =
1

p

∫
M

|∇u|p dvolM .

Here ∇u, at each point, is the dual tangent vector to the differential du and | · | is the norm of

tangent vectors to N . Thus u is p-harmonic if it satisfies the Euler-Lagrange equation associated

with Ep[·] which turns out to be the p-Laplace system of equations:

div(|∇u|p−2∇u) = 0.

We note that to be a harmonic map, a map u : M → N is required to be a smooth map. But

we have learned from above that finding harmonic maps is a sub-problem of finding solutions

to the p-Laplace system. So, alternatively, one is interested in finding the weakly p-harmonic

maps which are weak solutions, of course in some Sobolev spaces, to this p-Laplace system. An

immediate advantage of considering weakly p-harmonic maps is that the function space in this

case is a Banach space comparing with the non-Banach space C∞(M,N) for plain harmonic

maps. Thus, there are plenty of tools from functional analysis to get weakly p-harmonic maps.
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In this work, inspired partly by the work of Zhu [see[8]], we introduce the p-energy for maps

into pseudospheres and then study the weakly p-harmonic maps. Since in this work we will prove

some regularity results, it is no loss of generality to assume M = B, the unit ball in Rm.

Definition 2.3. For a map u ∈ W 1,p(B, Snν ), we define the p-energy by

Ep[u] :=
1

p

∫
B
|(▽u)TE(▽u)| p−2

2 (▽u)TE(▽u).

A map u ∈ W 1,p(B,Snν ) is called a weakly p-harmonic map from B into Snν , if it is a critical point

of the p-energy Ep[·].

2.3 Elliptic PDEs

In this section, we quote some results from the theory of elliptic PDEs. For studying the

regularity aspects, the Morrey norm plays a very important role. Recall B = B1(0) is the unit

ball in Rm.

Definition 2.4. Let 1 ≤ q < ∞. The Morrey norm of a function f ∈ Lq
loc(B) is

∥f∥Mq
q (B) = sup

BR(x)⊂B

(
Rq−m

∫
BR(x0)

|f |q
) 1

q

.

Remark.
∧2Rm is the vector bundle of all alternating 2-tensors in Rm, i.e. its elements are

ω =
∑
i<j

ωijdx
i ∧ dxj (ωij ∈ R).

Lemma 2.5. Let m ≥ 2, 1 ≤ s < ∞, and 1 < q < ∞. Let q′ ∈ (1,∞) be the Hölder conjugate of

q, i.e. 1
q +

1
q′ = 1. Let BR(x) ⊂ Rm. Assume f ∈ W 1,q(BR(x)) and g ∈ W 1,q′

(
BR(x),

∧2Rm
)

satisfy

f
∣∣
∂BR(x)

= 0 or g
∣∣
∂BR(x)

= 0

and h ∈ W 1,s(B2R(x)) satisfies

∥▽h∥Ms
s (B2R(x)) < ∞.

Then, there is a uniform constant C > 0 independent of R such that∫
BR(x)

(∇f · curl g)h ≤ C∥▽f∥Lq(BR(x))∥ curl g∥Lq(BR(x))∥▽h∥Ms
s (B2R(x)).

Theorem 2.6 (Hodge Decomposition). If Φ ∈ Lq
(
BR(x0)),

∧1Rm
)

, then there exists unique

α ∈ W 1,q
0 (BR(x0)), β ∈ W 1,q

0

(
BR(x0),

∧2Rm
)

, and a harmonic h ∈ C∞
(
BR(x0),

∧1Rm
)

such that

Φ = dα+ curlβ + h.
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Moreover, we have

∥dα∥Lq(BR(x0)) + ∥ curlβ∥Lq(BR(x0)) ≤ C∥Φ∥Lq(BR(x0)).

Theorem 2.7 (Morrey’s Dirichlet growth theorem). Let u ∈ W 1,q(B), 1 < q < m. Suppose that

there exist constants 0 < C < ∞ and γ ∈ (0, 1] such that for all balls BR(x0) ⊂ B∫
BR(x0)

|▽u|q ≤ CRm−q+γq,

then u ∈ C0,γ(B).

Theorem 2.8 (Existence theorem). Consider a linear system of PDEs with variable coefficients

of the form

−Dα

(
Aαβ

ij (x)Dβu
j
)
= 0. (2.1)

Suppose the leading coefficients Aαβ
ij are in L∞(Ω), for all i, j, α, β, and are uniformly elliptic.

Then the system (2.1) has a solution.

Lemma 2.9. Assume the linear system (2.1) has the leading coefficients Aαβ
ij in L∞(Ω) and is

uniformly elliptic. If, in addition, Aαβ
ij ∈ C0(Ω), then∫

Br(x0)
|▽u|q ≤ C

( r

R

)m ∫
BR(x0)

|▽u|q + C(ωq(R))q
∫
BR(x0)

|▽u|q,

where

ωq(R) = sup
x∈BR(x0)

(∑∣∣Aαβ
ij (x)−Aαβ

ij (x0)
∣∣q) 1

q

and C > 0 is a constant independent of R > 0.



CHAPTER III

MAIN RESULTS

3.1 Wente type identity

The following proposition is Wente type identity for p-harmonic maps into pseudospheres.

Lemma 3.1. Let u ∈ W 1,p(B,Snν ) be a weakly p-harmonic map. Then u satisfies the identity

div
(∣∣(∇u)TE(∇u)

∣∣ p−2

2
(
ui∇uj − uj∇ui

))
= 0 in D′(B)

for all i, j = 1, 2, ..., n+ 1.

Proof. Fix i ̸= j ∈ {1, 2, ..., n+1}. Let Eij be an (n+1)×(n+1) matrix whose all entries are zero

except the (i, j)-, and (j, i)-components which are 1 and −1, respectively. Since (Eij)
T = −Eij ,

we have Eij ∈ so(n+ 1). Note that E2 = I and E = ET .

Since −E · (EijE)E = −EEij = −EEij = ETET
ij = (EijE)T , EijE ∈ so(ν, n + 1 − ν).

Consider

E
(
eEijE

)−1 E = Ee−EijEE = Ee−EijEE−1

= e−E(EijE)E−1

= e−E(EijE)E

= e(EijE)T =
(
eEijE

)T
.

So eEijE ∈ O(ν, n+ 1− ν). For any φ ∈ C∞
0 (B), we introduce a variation

Rt := etφEijE ∈ C∞
0 (B,O(ν, n+ 1− ν)) .

Using the property of the group O(ν, n+ 1− ν), we have

⟨Rtu,Rtu⟩Rn+1
ν

= (Rtu)
TERtu = uTRT

t ERtu = uTEu = 1,

almost everywhere in B. Since u is weakly p-harmonic, we have

0 =
d

dt

∣∣∣
t=0

Ep(Rtu) = φEijE
d

dt

∣∣∣
t=0

Ep(u).

Additionally, we have

d

dt

∣∣∣
t=0

Ep(Rtu) =
d

dt

∣∣∣
t=0

1

p

∫
B

∣∣(∇Rtu)
TE(∇Rtu)

∣∣ p−2

2 (∇Rtu)
TE(∇Rtu)

=
2

p

∫
B

{ ∣∣(∇u)TE(∇u)
∣∣ p−2

2
(
(∇u)TEEijEu∇φ+ (∇u)TEEijE∇uφ

)
+
∣∣(∇u)TE(∇u)

∣∣ p−6

2

(
p− 2

4
(∇u)TE(∇u))(2)((∇u)TE(∇u)

)
×
(
(∇u)TEEijEu∇φ+ (∇u)TEEijE∇uφ

)}
.
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Since (∇u)TEEijEu = εiiεjj(u
i∇uj − uj∇ui) and (∇u)TE(∇u) = 0, we get that

d

dt

∣∣∣
t=0

Ep(Rtu) =
2

p

∫
B

{ ∣∣(∇u)TE(∇u)
∣∣ p−2

2 εiiεjj(u
i∇uj − uj∇ui) · ∇φ

+ (p− 2)|(∇u)TE(∇u)|
p−2

2 εiiεjj(u
i∇uj − uj∇ui) · ∇φ

}
= εiiεjj

∫
B

∣∣(∇u)TE(∇u)
∣∣ p−2

2
(
ui∇uj − uj∇ui

)
· ∇φ.

As εiiεjj is either 1 or −1, we have∫
B

∣∣(∇u)TE(∇u)
∣∣ p−2

2
(
ui∇uj − uj∇ui

)
· ∇φ = 0.

Since φ ∈ C∞
0 (B) is arbitrary, we obtain that

div
(
|(∇u)TE(∇u)|

p−2

2 (ui∇uj − uj∇ui)
)
= 0 in D′(B),

for all i, j = 1, 2, ..., n + 1 with i ̸= j. The case i = j is trivial hence the proof of this lemma is

complete.

3.2 Divergence Equation

From the preceding lemma, we introduce for convenience the following matrix-valued (of rank

n+ 1) vector field: Let Θ = (Θij) where

Θij =
∣∣(∇u)TE(∇u)

∣∣ p−2

2 (ui∇uj − uj∇ui)

for all i, j = 1, 2, ..., n+ 1.

Lemma 3.2. Let u ∈ W 1,p(B,Snν ) where 1 ≤ ν ≤ n. Then u satisfies∣∣(∇u)TE(∇u)
∣∣ p−2

2 ∇u+ΘEu = 0 a.e. in B.

Consequently, u satisfies

div
(
|(∇u)TE(∇u)|

p−2

2 ∇u+ΘEu
)
= 0 in D′(B).

Proof. By the definition of W 1,p(B, Snν ), we have ujεjku
k = 1 for almost every point in B.

Taking ∇ both sides of the equation, we get ∇ujεjku
k = 0 a.e. in B. So

|(∇u)TE(∇u)|
p−2

2 ∇ui +Θijεjku
k

= |(∇u)TE(∇u)|
p−2

2 ∇ui + |(∇u)TE(∇u)|
p−2

2 (ui∇uj − uj∇ui)εjku
k

= |(∇u)TE(∇u)|
p−2

2 (∇ui + (ui∇uj − uj∇ui)εjku
k)

= |(∇u)TE(∇u)|
p−2

2 (∇ui(1− ujεjku
k) + ui( ujεjku

k))

= 0 a.e. in B.

Since u ∈ W 1,p(B,Sn
v ), we have |(∇u)TE(∇u)|

p−2

2 ∇ui+Θijεjku
k ∈ L1(B) for each i. Taking

−div on both sides of the above equation we get −div(|(∇u)TE(∇u)|
p−2

2 ∇u + ΘEu) = 0 in

D′(B).
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3.3 Morrey’s norm Estimate

Lemma 3.3. Let u ∈ W 1,p(B,Snν ), 1 ≤ ν ≤ n. Assume that u is a weakly p-harmonic map such

that for any fixed 1 < q < m
m−1 there holds∥∥∥∣∣(∇u)TE(∇u)

∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥2Mq
q (B) < ∞.

Then we have the following estimate:

∥Θ∥Mq
q (B1/2) ≤ C

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥2Mq
q (B),

where C > 0 is a constant independent of u.

Proof. Let s = q
q−1 > m be the conjugate exponent of q and let

BR := BR(x0) ⊂ B1/2.

For any Φ ∈ Ls
(
BR,

∧1Rm
)

with ∥Φ∥Ls(BR) ≤ 1 and 0 < ρ < R, let τ ∈ C∞
0 (BR, [0, 1]) be

a cut-off function satisfying τ ≡ 1 on Bρ(x0). Then τΦ is supported in BR(x0) and vanishes on

∂BR(x0).

By Hodge decomposition, there exists α ∈ W 1,s
0 (BR), β ∈ W 1,s

0

(
BR,

∧2Rm
)

and a har-

monic function h ∈ C∞
(
BR,

∧1Rm
)

such that τΦ = ∇α+ curlβ + h. Moreover, we have

∥∇α∥Ls(BR) + ∥ curlβ∥Ls(BR) ≤ C∥τΦ∥Ls(BR)

≤ C1∥Φ∥Ls(BR) ≤ C1,

where C1 > 0 is a constant independent of ρ and R. Since ∇α
∣∣
∂BR

= curlβ
∣∣
∂BR

= 0 , we get

h
∣∣
∂BR

= (τΦ)
∣∣
∂BR

= 0. Since h is harmonic, it follows that h ≡ 0 in BR(x0).

Now using that u is a weakly p-harmonic map, we obtain that

Θ = (|(∇u)TE(∇u)|
p−2

2

(
ui∇uj − uj∇ui)

)
is divergence free. So

∫
BR(x0)

Θij · (∇α) = 0. Then, we estimate for fixed i, j = 1, 2, ..., n + 1

the integral:∫
BR(x0)

(τΘij) · Φ =

∫
BR(x0)

Θij · (τΦ) =
∫
BR(x0)

Θij · (∇α+ curlβ) =

∫
BR(x0)

Θij · curlβ

=

∫
BR(x0)

|(∇u)TE(∇u)|
p−2

2 (ui∇uj − uj∇ui) · curlβ

=

∫
BR(x0)

(∇uj · curlβ)
(
|(∇u)TE(∇u)|

p−2

2 ui
)

−
∫
BR(x0)

(
∇ui · curlβ

) (
|(∇u)TE(∇u)|

p−2

2 uj
)

≤ C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥ curlβ∥Ls(BR)∥∇u∥Mq
q (B2R)

≤ C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥∇u∥Mq
q (B2R),
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where C2 > 0 is a constant independent of R and B2R = B2R(x0). By the duality characteriza-

tion of Lp functions, we have

∥∥τΘij
∥∥
Lq(BR)

= sup
∥Φ∥Lq(BR)≤1

∣∣∣∣∣
∫
BR(x0)

(τΘij) · Φ

∣∣∣∣∣
≤ C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥∇u)∥Mq
q (B2R).

It follows that

∥Θij∥Lq(Bρ) ≤ ∥τΘij∥Lq(BR)

≤ C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥∇u∥Mq
q (B2R).

Since ρ ∈ (0, R) is arbitrary, letting ρ ↗ R, we get

∥Θij∥Lq(BR) ≤ C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥∇u∥Mq
q (B2R).

Then by the definition of the Morrey norm ∥∇u∥Mq
q (B2R) and the fact that B2R ⊂ B, we obtain

∥∇u∥Lq(BR) =

(∫
BR

|∇u|q
) 1

q

= R
m

q
−1

(
Rq−m

∫
BR(x0)

|∇u|q
) 1

q

≤ R
m

q
−1∥∇u∥Mq

q (B).

We estimate

∥Θ∥Lq(BR) =
∑
i,j

|Θij∥Lq(BR)

≤ (n+ 1)2C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Lq(BR)∥∇u∥Mq
q (B2R)

≤ (n+ 1)2CR
m

q
−1
∥∥∥∣∣(∇u)TE(∇u)

∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥Mq
q (B)∥∇u∥Mq

q (B).

Since the ball BR(x0) is arbitrary, it follows that

∥Θ∥Mq
q (B1/2) = sup

BR(x0)⊂B1/2

(
Rq−m

∫
BR(x0)

|Θ|p
) 1

p

≤ (n+ 1)2C1C2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

∥∇u∥2Mq
q (B).

Thus, we have completed the proof of the lemma.

3.4 Regularity Results

The following Lemma is the main key to prove Theorem 3.6. The important idea of the proof

of this lemma is an elliptic system estimate from M. Giaquinta[2].
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Lemma 3.4. Let m ≥ 2, 1 < q < m
m−1 , and δ > 0. There exists a constant εm,q,δ > 0 such that

if Ω ∈ Lp
(
B,Mn(R)⊗

∧1Rm
)

satisfies div Ω = 0 in D′(B), u ∈ W 1,p(B,Rn) weakly solves

div
(
(|(∇u)TE(∇u)|

p−2

2 ∇u) + Ωu
)
= 0 in D′(B) with

∣∣(∇u)TE(∇u)
∣∣ ≥ δ for all x ∈ B, and∥∥∥∣∣(∇u)TE(∇u)

∣∣ p−2

2

∥∥∥
L∞(B)

+ ∥∇u∥Mq
q (B) + ∥Ω∥Mq

q (B) < εm,q,δ,

then u is Hölder continuous in B.

Proof. Fix any 1 < q < m
m−1 and δ > 0. Since div Ω = 0, by Hodge decomposition there exists

ξ ∈ W 1,q
(
B,Mn(R)⊗

∧2Rm
)

such that

ω = curl ξ.

Let B2R = B2R(x0) ⊂ B and as before BR := BR(x0). The assumption
∣∣(∇u)TE(∇u)

∣∣ ≥ δ on

B implies that the following equation is uniformly elliptic: −div
(
|(∇u)TE(∇u)|

p−2

2 ∇w
)
= 0 in BR(x0),

w = u in ∂BR(x0).
(3.1)

Let w be the unique weak solution to the above problem.

Then v = u− w ∈ W 1,p (BR(x0),Rn) weakly solves − div
(
(|(∇u)TE(∇u)|

p−2

2 ∇v) + Ωu
)
= 0 in BR(x0)

v = 0 in ∂BR(x0)

Let s = q
q−1 > m. For any φ ∈ W 1,s

0 (BR(x0)) with ∥φ∥W 1,s(BR(x0)) ≤ 1, since

− div
(
(|(∇u)TE(∇u)|

p−2

2 ∇v) + Ωu
)
= 0,

we estimate for each i that∫
BR

(
|(∇u)TE(∇u)|

p−2

2 ∇vi
)
· ∇φ = −

∫
BR(x0)

(Ωijuj) · ∇φ

= −
∫
BR(x0)

(curl ξij · ∇φ)uj

≤ C1∥ curl ξij∥Lq(BR)∥∇φ∥Ls(BR)∥∇u∥Mq
q (B2R)

≤ C1∥Ωij∥Lq(BR)∥∇u∥Mq
q (B2R),

where C1 > 0 is constant independent of R.

By the definition of Morrey norm, we have

∥Ωij∥Lq(BR) =

(∫
BR(x0)

|Ωij |q
) 1

q

= R
m

q
−1

(
Rq−m

∫
BR(x0)

|Ωij |q
) 1

q

≤ R
m

q
−1∥Ωij∥Mq

q (B).
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So ∫
BR

(
|(∇u)TE(∇u)|

p−2

2 ∇vi
)
· ∇φ ≤ C1R

m

q
−1∥Ωij∥Mq

q (B)∥∇u∥Mq
q (B2R)

≤ C1R
m

q
−1εm,q∥∇u∥Mq

q (B2R).

Since v
∣∣
∂BR(x0)

= 0, we have by Friedrich’s inequality and the Lp-duality that

∥∇v∥Lq(BR) ≤ C2 sup
∥φ∥W1,s(BR)≤1

∫
BR

∇v · ∇φ,

where C2 > 0 is constant independent of R. Since |(∇u)TE(∇u)| ≥ δ for all x ∈ B, we have

C2 sup
∥φ∥W1,s(BR)≤1

∫
BR

∇v · ∇φ ≤ C2

δ
p−2

2

sup
∥φ∥W1,s(BR)≤1

∫
BR

|(∇u)TE(∇u)|
p−2

2 ∇v · ∇φ.

So

∥∇v∥Lq(BR) ≤
C1C2(n+ 1)

δ
p−2

2

R
m

q
−1εm,q,δ∥∇u∥Mq

q (B2R).

Since w solves (3.1), we have that for any r < R that the following estimates hold:∫
Br

|∇w|q ≤ C3

( r

R

)m ∫
BR(x0)

|∇w|q + C3(ωq(R))q
∫
BR(x0)

|∇w|q,

where

ωp(R) = sup
x∈BR(x0)

∣∣∣∣∣(∇u)TE(∇u)
∣∣ p−2

2 (x)−
∣∣(∇u)TE(∇u)

∣∣ p−2

2 (x0)
∣∣∣

and C3 > 0 is a constant independent of R.

Since u = v + w, applying the Minkowski and the Power Mean inequalities, we obtain

∫
Br(x0)

|∇u|q ≤

(∫
Br(x0)

|∇w|q
) 1

q

+

(∫
Br(x0)

|∇v|q
) 1

q

q

≤ 2q−1

∫
Br(x0)

|∇w|q + 2q−1

∫
Br(x0)

|∇v|q.

Similary, we have ∫
BR

|∇w|q ≤ 2q−1

∫
BR

|∇u|q + 2q−1

∫
BR

|∇v|q.
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So, for Br = Br(x0) with 0 < r < R, we obtain∫
Br

|∇u|q ≤ 2q−1

∫
Br

|∇w|q + 2q−1

∫
Br

|∇v|q

≤ C32
q−1
( r

R

)m ∫
BR

|∇w|q + C32
q−1(ωp(R))q

∫
BR

|∇w|q + 2q−1

∫
Br

|∇v|q

≤ C32
q−1
( r

R

)m ∫
BR

|∇u|q + C32
2(q−1)(ωp(R))q

∫
BR

|∇u|q + 2q−1

∫
Br

|∇v|q

+ C32
2(q−1)(ωp(R))q

∫
BR

|∇v|q + 22(q−1)

∫
BR

|∇v|q

≤ C32
q−1
( r

R

)m ∫
BR

|∇u|q + C32
3q−2∥|(∇u)TE(∇u)|

p−2

2 ∥qL∞(B)

∫
BR

|∇u|q

+ 2q−1

∫
Br

|∇v|q + C32
3q−2

∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥q
L∞(B)

∫
BR

|∇v|q

+ 22(q−1)

∫
BR

|∇v|q

≤ C32
q−1
( r

R

)m ∫
BR

|∇u|q + C32
3q−2εqm,q,δ

∫
BR

|∇u|q

+

(
C1C2(n+ 1)

δ

p−2

2

)q

22q−1Rm−qεqm,q,δ∥∇u∥qMq
q (B2R)

+

(
C1C2(n+ 1)

δ
p−2

2

)q

C32
3q−2ε2qm,q,δR

m−q∥∇u∥qMq
q (B2R).

Divide by rm−q to get

1

rm−q

∫
Br

|∇u|q ≤ C
( r

R

)q 1

Rm−q

∫
BR

|∇u|q + C
1

Rm−q
εqm,q,δ

∫
BR

|∇u|q

+ C

(
R

r

)m−q

εqm,q,δ∥∇u∥qMq
q (B2R) + C

(
R

r

)m−q

ε2qm,q,δ∥∇u∥qMq
q (B2R),

where C = max
{
C32

3q−2, (C1C2(n+ 1)/δ
p−2

2 )qC32
3q−2

}
.

Let

Ψ(R) = sup
Br(x0)⊂B,0<r≤R

(
rq−m

∫
Br(x0)

|∇u|q
)
.

Choose γ ∈ (0, 12) such that Cγ
q−1

2 ≤ 1
4 and set εqm,q,δ := γm. Then for r := γR, we have

1

rm−q

∫
Br

|∇u|q ≤ Cγq∥∇u∥qMq
q (B2R) + Cγm∥∇u∥qMq

q (B2R)

+ Cγq∥∇u∥qMq
q (B2R) + Cγ2q∥∇u∥qMq

q (B2R)

≤ 4Cγq∥∇u∥qMq
q (B2R)

≤ γ
q+1

2 ∥∇u)∥qMq
q (B2R)

≤ γ
q+1

2 Ψ(2R)

so by taking the supremum, we find that

Ψ(γR) ≤ γ
q+1

2 Ψ(2R).
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Finally, for any r ∈ [0, γ2 ], let k ∈ N be such that (γ2 )
k+1 < r ≤ (γ2 )

k and x0 ∈ B be such that

Br(x0) ⊂ B. Then

Ψ(r) ≤ Ψ

((γ
2

)k)
≤
((γ

2

) q+1

2

)k

Ψ(1)

≤
(γ
2

)k+1
Ψ(1)

≤ r∥∇u)∥qMq
q (B)

≤ εqm,q,δr.

By Morrey’s Dirichlet growth theorem, we now conclude that u ∈ C0,1/q(B).

Similarly to lemma 3.4, we can prove the following result.

Lemma 3.5. Let m ≥ 2, 1 < q < m
m−1 , and δ > 0. There exists εm,q,δ > 0 such that if

Ω ∈ Lp
(
B,Mn(R)⊗

∧1Rm
)

satisfies div Ω = 0 in D′(B), u ∈ W 1,p(B,Rn) weakly solves

div
(
(|(∇u)TE(∇u)|

p−2

2 ∇u) + Ωu
)
= 0 in D′(B) with |(∇u)TE(∇u)| ≥ δ > 0 for all x ∈ B,

and ∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B 1

2
)
+ ∥∇u∥Mq

q (B 1
2
) + ∥Ω∥Mq

q (B 1
2
) < εm,q,δ,

then u is Hölder continuous in B.

3.5 Main Theorem

Finally, we prove the main theorem.

Theorem 3.6. Let m ≥ 2, 1 < q < m
m−1 , and δ > 0. There exists a constant ε′m,q,δ > 0 such that

if u ∈ W 1,p(B, Snν ) is a weakly p-harmonic map satisfying |(∇u)TE(∇u)| ≥ δ > 0 for all x ∈ B

and ∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

+ ∥∇u∥Mq
q (B) < ε′m,q,δ,

then u is Hölder continuous in B.

Proof. By lemma 3.2, we have

div
(
|(∇u)TE(∇u)|

p−2

2 ∇u+ΘEu
)
= 0 in D′(B).

for all u ∈ W 1,p(B,Snν ). By lemma 3.1, divΘ = 0. Since E is a constant matrix, div(ΘE) = 0.

Note that ∥ΘE∥Mq
q (B1/2) = ∥Θ∥Mq

q (B1/2). By lemma 3.5, there exists εm,q,δ > 0 with for any

weakly p-harmonic map u ∈ W 1,p(B,Snν ) such that |(∇u)TE(∇u)| ≥ δ for all x ∈ B we have∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B 1

2
)
+ ∥∇u∥Mq

q (B 1
2
) + ∥Θ∥Mq

q (B 1
2
) < εm,q,δ.
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By lemma 3.3, we have the estimate

∥Θ∥Mq
q (B1/2) ≤ C∥|(∇u)TE(∇u)|

p−2

2 ∥L∞(B)∥∇u∥2Mq
q (B),

where C > 0 is a constant. We choose ε′m,q,δ = min
{
εm,q,δ/3,

√
27/4C

}
. Let u ∈ W 1,p(B, Snν )

be a weakly p-harmonic map such that |(∇u)TE(∇u)| ≥ δ for all x ∈ B and∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

+ ∥∇u∥Mq
q (B) < ε′m,q,δ.

Consider∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B1/2)

+ ∥∇u∥Mq
q (B1/2) + ∥Θ∥Mq

q (B1/2)

≤
∥∥∥∣∣(∇u)TE(∇u)

∣∣ p−2

2

∥∥∥
L∞(B1/2)

+ ∥∇u∥Mq
q (B1/2) + C∥|(∇u)TE(∇u)|

p−2

2 ∥L∞(B)∥∇u∥2Mq
q (B).

By the arithmetic-geometric means inequality, we get∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

(∥∇u∥Mq
q (B)

2

)2

≤ 1

27

(∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

+ ∥∇u∥Mq
q (B)

)3

.

So ∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B1/2)

+ ∥∇u∥Mq
q (B1/2) + ∥Θ∥Mq

q (B1/2)

≤
∥∥∥∣∣(∇u)TE(∇u)

∣∣ p−2

2

∥∥∥
L∞(B1/2)

+ ∥∇u∥Mq
q (B1/2)

+
4C

27

(∥∥∥∣∣(∇u)TE(∇u)
∣∣ p−2

2

∥∥∥
L∞(B)

+ ∥∇u∥Mq
q (B)

)3

≤
εm,q,δ

3
+

4C

27
· 27

4C

εm,q,δ

3

=
2εm,q,δ

3
< εm,q,δ.

Thus u is Hölder continuous on B1/2(0).

Finally, we use a rescaling argument to prove that u is Hölder continuous on the whole B. Fix

x0 ∈ B. Choose 0 < r < 1 such that Br(x0) ⊂ B. Define ũ = u|Br(x0) : Br(x0) → Snν and

define ˜̃u : B → Snν by ˜̃u(x) = ũ(x−x0

r ). Let y = x−x0

r . So that

∥∇x
˜̃u∥Mq

q (B) = r∥∇yu∥Mq
q (Br(x0))

and ∥∥∥∣∣(∇x
˜̃u)T ε(∇x

˜̃u)
∣∣ p−2

2

∥∥∥
L∞(B)

= rp−2
∥∥∥∣∣(∇yu)

T ε(∇yu)
∣∣ p−2

2

∥∥∥
L∞(Br(x0))

.
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Thus we have

∥∇x
˜̃u∥Mq

q (B) +
∥∥∥∣∣(∇x

˜̃u)T ε(∇x
˜̃u)
∣∣ p−2

2

∥∥∥
L∞(B)

= r∥∇yu∥Mq
q (Br(x0)) + rp−2

∥∥∥∣∣(∇yu)
T ε(∇yu)

∣∣ p−2

2

∥∥∥
L∞(Br(x0))

≤ ∥∇yu∥Mq
q (Br(x0)) +

∥∥∥∣∣(∇yu)
T ε(∇yu)

∣∣ p−2

2

∥∥∥
L∞(Br(x0))

≤ ε′m,q,δ.

Thus ˜̃u is Hölder continuous on B1/2. This implies that u is Hölder continuous in Br/2(x0) for

all x0 ∈ B. We therefore conclude that u is locally Hölder continuous on B.



CHAPTER IV

CONCLUSION AND DISCUSSION

The results of this work generalization some results from the paper of M. Zhu [8]. We

can prove some ε-regularity for weakly p-harmonic maps into pseudospheres under assumption

on a strictly positive lower bound for the term |(▽u)TE(▽u)|. So ε of the main result depends on

p, the dimension of the domain of the Euclidean Disk m, and a lower bound δ. However, in [8],

epsilon of the main result depends only on p and m. The author does not know whether the strict

δ-lower bound is a necessary condition or it can be derived a priori, so that our main ε-regularity

result is true. It is therefore very interesting to settle this open question.
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