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CHAPTER I

INTRODUCTION

Any two sets have the same size or the same cardinality if there is a bijection between them.

We write jAj for the cardinality of a set A. For any sets A and B , we write A � B if there is a

bijection from A onto B , write A � B if there is a one-to-one function from A into B , and write

A �� B if there is a function from B onto A. We say jAj is less than or equal to jBj, written

jAj � jBj, if A � B and say jAj is less than jBj, written jAj < jBj, if jAj � jBj but jAj ¤ jBj.

The Axiom of Choice (AC) implies that every set can be well-ordered. As a result, every two

cardinals are comparable. It follows that if A is an infinite set, then @0 � jAj and so @0 �� jAj.

However, AC causes some paradoxical situations. For example, the existence of a non-measurable

subset of R and the Banach-Tarski paradox (see [9]). To avoid these paradoxes, we have to reject

AC.

Without AC, we cannot guarantee that @0 � jAj for every infinite set A. Moreover, we

cannot even assert that @0 �� jAj for every infinite set A. Therefore, without AC, there are many

kinds of infinite sets. We call a set A Dedekind-infinite if @0 � jAj and weakly Dedekind-infinite if

@0 �� jAj, otherwise A is called Dedekind-finite and weakly Dedekind-finite, respectively. A is a

Dedekind set if A is infinite Dedekind-finite and A is a weakly Dedekind set if A is infinite weakly

Dedekind-finite. The cardinality of a Dedekind-finite set is called a Dedekind-finite cardinal.

Similarly for the cardinality of other sets defined above.

It is interesting to know that which properties of these different kinds of sets and cardinals

can be proved from ZF and which properties are consistent with ZF, provided that ZF is consistent,

and therefore their negations cannot be proved from ZF.

We investigate such sets and their cardinals and show which properties can be proved from

ZF. Furthermore, we show that some relations between cardinals are consistent with ZF, provided

that ZF is consistent, by showing that such relations hold in some specific permutation models.

This thesis is arranged as follows. Chapter II provides some basic concepts needed for later

chapters. Chapter III gives definitions of different kinds of infinite sets in the absence of AC as

well as summarizes some known results. Chapter IV gives new results that can be proved from

ZF. Chapter V contains consistency results concerning relations between some cardinals.



CHAPTER II

PRELIMINARIES

This chapter gives some background needed for this thesis.

Some background in Set Theory

All the work in the first three chapters is done in Zermelo-Fraenkel Set Theory (ZF) (for

more details on ZF see [3]). All basic notions in set theory are defined in the usual way. All

proofs in this chapter will be omitted. They can be found in any elementary set theory textbook

(for example, [3, 15]).

2.1 Cardinal numbers

Definition 2.1.1. For any sets A and B , we say A is equinumerous to B , written A � B , if there

is a bijection from A onto B .

The cardinality of a set A, denoted by jAj, is the number of all elements of A whose exact

definition will be given later. Two sets have the same cardinality if they are equinumerous, i.e.,

for any sets A and B ,

jAj D jBj iff A � B:

Definition 2.1.2. A set m is a cardinal (number) if m D jAj for some set A and we say that A is

of cardinality m.

Finite and infinite sets

Each natural number is constructed so that it is the set of all smaller natural numbers,

namely, 0 D ;; 1 D f0g; 2 D f0; 1g; 3 D f0; 1; 2g; : : : and so on. Let ! denote the set of all

natural numbers. The construction of natural numbers as well as their basic properties will be

omitted and will be used in the ordinary way. Full details can be found in [3].

Definition 2.1.3. A set is finite if it is equinumerous to some natural number. A set is infinite if it

is not finite.

Theorem 2.1.4. Every finite set is equinumerous to a unique natural number.

From the above theorem, we obtain the definition for cardinalities of finite sets.

Definition 2.1.5. For a finite set A, jAj is the unique natural number which is equinumerous to A.

Remark. n is a finite cardinal iff n 2 !.
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Cardinal arithmetic

Definition 2.1.6. Let m and n be any cardinals, say m D jAj and n D jBj. We define

1. m C n D jA [ Bj where A \ B D ;,

2. m � n D jA � Bj,

3. mn D jBAj where BA D ff j f is a function from B into Ag.

Theorem 2.1.7. For any set A, jP.A/j D jA2j D 2jAj.

Theorem 2.1.8. For any cardinals m, n, and p,

1. m C n D n C m and m � n D n � m,

2. m C .n C p/ D .m C n/ C p and m � .n � p/ D .m � n/ � p,

3. m � .n C p/ D .m � n/ C .m � p/,

4. mnCp D mn � mp,

5. .m � n/p D mp � np,

6. .mn/p D mn�p.

Ordering cardinal numbers

Notation. For any sets A and B , we write A � B if there is a one-to-one function from A into B ,

and we write A �� B if there is a function from B onto A.

Theorem 2.1.9. For any sets A and B , if A � B , then A �� B .

Remark. The converse of the above theorem is not necessarily true.

Definition 2.1.10. Let m and n be any cardinals, say m D jAj and n D jBj. We define m to be

less than or equal to n, written m � n, if A � B ,

m to be less than n, written m < n, if m � n and m ¤ n, and

m �� n if A �� B .

Notation. We may write m � n if n � m. Similarly for > and ��.

Theorem 2.1.11. For any cardinals m and n, if m is finite and n is infinite, then m < n.

Theorem 2.1.12 (Cantor’s Theorem). For all cardinals m, m < 2m.

Theorem 2.1.13. Let m, n, and p be cardinals. Then
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1. m � m. (Reflexivity)

2. if m � n and n � p, then m � p. (Transitivity)

3. if m � n and n � m, then m D n. (Antisymmetry)

Theorem 2.1.14. Let m, n, and p be any cardinals. If m � n, then

1. m C p � n C p.

2. m � p � n � p.

3. mp � np.

4. pm � pn, if m ¤ 0 or p ¤ 0.

Remark. It is not necessarily true that � in the above theorem can be replaced by <. For example,

1 < 2 but 1 C @0 D @0 D 2 C @0 where @0 D j!j (see Corollary 2:3:13).

Theorem 2.1.15. Let m and n be any cardinals. If m � n, then there exists a cardinal p such that

m C p D n.

2.2 Ordinals

Definition 2.2.1. A set A is a transitive set if every member of A is a subset of A.

Definition 2.2.2. For any set A, let 2AD fhx; yi 2 A � A j x 2 yg.

Definition 2.2.3. A set ˛ is an ordinal if ˛ is transitive and 2˛ is a well-ordering on ˛.

Example. Every natural number and ! are ordinals.

Theorem 2.2.4. Every well-ordered set is isomorphic to a unique ordinal.

Definition 2.2.5. For any ordinal ˛, its successor ˛ C 1 is defined by

˛ C 1 D ˛ [ f˛g:

Definition 2.2.6. For ordinals ˛ and ˇ,

˛ is less than ˇ, written ˛ < ˇ, if ˛ 2 ˇ,

˛ is less than or equal to ˇ, written ˛ � ˇ, if ˛ < ˇ or ˛ D ˇ.

Notation. We may write ˇ > ˛ for ˛ < ˇ and write ˇ � ˛ for ˛ � ˇ.

Remark. For any ordinal ˛, ˛ C 1 is the least ordinal greater than ˛.

Definition 2.2.7. Let ˛ be an ordinal.

˛ is a successor ordinal if ˛ D ˇ C 1 for some ordinal ˇ.

˛ is a limit ordinal if ˛ ¤ 0 and ˛ is not a successor ordinal.
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A collection of sets with some property is called a class. Some class is too big to be a set

since its existence causes some paradoxes. A class which is not a set is called a proper class. For

example, the class of all sets, denoted by V, is a proper class.

Definition 2.2.8. Let ON denote the class of all ordinals.

2.3 Cardinal numbers and the Axiom of Choice

The Axiom of Choice (AC) was introduced by Zermelo in 1904. It states that every set can

be well-ordered. The full theory ZFC is ZF with AC.

Cardinal numbers with AC

The following theorem follows straightforwardly from Theorem 2:2:4.

Theorem 2.3.1 (Numeration Theorem). The Axiom of Choice implies that every set is equinumer-

ous to some ordinal.

The converse of Theorem 2:1:9 also holds if we assume AC.

Theorem 2.3.2. (AC) For any sets A and B , if A �� B , then A � B .

Definition 2.3.3. (AC) The cardinality of a set A is the least ordinal equinumerous to A.

Cardinal numbers without AC

Without the Axiom of Choice, we cannot guarantee that a set is equinumerous to some

ordinal. One may define the cardinality of a set A by

jAj D fB j B � Ag

but, for A ¤ ;, it is too big to be a set. It is a proper class.

A concept of constructing a set is that every set is constructed from sets that have already

been defined. This idea can be obtained by iterating various set-theoretic operations starting

from 0. The class of well-founded sets is an example of such classes that is built up by such

construction.

Definition 2.3.4. For each ordinal ˛, we define R.˛/ recursively as follows.

R.0/ D 0;

R.˛ C 1/ D P.R.˛//;

R.˛/ D
S

ˇ<˛

R.ˇ/ .˛ is a limit/;
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and let

WF D
S

˛2ON
R.˛/:

We call each element of WF a well-founded set.

Note that WF is a proper class while each R.˛/ is a set.

The Axiom of Foundation is one of Zermelo-Fraenkel axioms. It states that every set is a

well-founded set, i.e., V D WF. Therefore, in ZF, every set is in R.˛/ for some ordinal ˛.

Definition 2.3.5. For any infinite set A, we define

jAj D C.A/ \ R.˛/;

where C.A/ is the class fB j A � Bg and ˛ is the least ordinal such that C.A/ \ R.˛/ ¤ ;.

Alephs

Definition 2.3.6. The cardinal number of an infinite well-ordered set is called an aleph.

Remark. @0 is the least aleph.

Theorem 2.3.7. The class of all alephs is a proper class.

Lemma 2.3.8. For any infinite cardinal m and aleph @, if m � @, then m is also an aleph.

Theorem 2.3.9. If m and n are alephs, then m � n or n � m.

Theorem 2.3.10. Every nonempty class of alephs has a least element.

Theorem 2.3.11 (Hartogs’ Theorem). For every cardinal m, there exists a least aleph, denoted

by @.m/, such that @.m/ — m.

Theorem 2.3.12. For all alephs @, @ � @ D @.

Corollary 2.3.13. If m is an aleph and n is a cardinal such that n � m, then

1. m C n D m

2. m � n D m, if n ¤ 0.

Theorem 2.3.14. The Axiom of Choice holds iff every infinite cardinal is an aleph.

More details about alephs can be found in [9].
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Some background in Logic

We assume some basic knowledge on first-order logic. For a fixed language L , a structure

M for L , a sentence ', and a set of sentences T of L , we write M ⊨ ' if ' is true in M or

M is a model of ', T ` ' if T proves ', and Con.T/ if T is consistent. All details about these

terminologies can be founded in [4]. The following theorems will be needed in Chapter V (for

proofs, see [10]).

Theorem 2.1. Let T and T0 be sets of sentences and M be a class. Suppose we can prove from T

that M ¤ ; and M is a model for T0. Then if T is consistent, so is T0.

Theorem 2.2. For any sets of sentences T and any sentence ', T [ f:'g is consistent if and only

if T ⊬ '.



CHAPTER III

INFINITY WITHOUT CHOICE

Without the Axiom of Choice, it is not necessarily true that for any infinite set A, ! � A

(see [1, 2, 13]). Therefore, without AC, there are many kinds of infinite sets and the following

definitions are needed.

3.1 Definitions and some basic properties

Definition 3.1.1. A set A is Dedekind-infinite if ! � A. Otherwise A is Dedekind-finite. A

cardinal number is Dedekind-infinite (finite) if it is the cardinality of a Dedekind-infinite (finite)

set.

Remark. A Dedekind-infinite set is infinite but an infinite set is not necessarily Dedekind-infinite.

Therefore a Dedekind-finite set could be infinite.

Definition 3.1.2. A Dedekind set is an infinite Dedekind-finite set. A cardinal number is a

Dedekind cardinal if it is the cardinal number of a Dedekind set.

Theorem 3.1.3. [9] A set A is Dedekind-finite iff there is no bijection from A onto a proper subset

of A.

The next corollary follows.

Corollary 3.1.4. If a set A is Dedekind-finite and B � A, then jBj < jAj.

Theorem 3.1.5. [9] The union of a Dedekind-finite family of mutually disjoint Dedekind-finite

sets is Dedekind-finite.

Theorem 3.1.6. [14] If m and n are Dedekind-finite cardinals, then so are m C n and m � n.

The following theorem is needed for the proof of Theorem 5:3:1:7.

Theorem 3.1.7. [14] For all Dedekind-finite cardinals p ¤ 0, if m < n where each of m and n is

either a natural number or an aleph, then m � p < n � p.

Remark. It is easy to see that for any cardinal m, if 2m is Dedekind-finite, then m is also

Dedekind-finite since m < 2m. But the converse is not necessarily true since it is consistent

with ZF that there is a cardinal m such that @0 — m and @0 � 2m (see Subsection 5.3.2).

Without AC, it cannot be proved that every infinite set A can be mapped onto ! (see [8, 12]).

This leads to the following definitions.
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Definition 3.1.8. A set A is weakly Dedekind-infinite if ! �� A. Otherwise A is weakly

Dedekind-finite. A cardinal number is weakly Dedekind-infinite (finite) if it is the cardinality

of a weakly Dedekind-infinite (finite) set.

Definition 3.1.9. A weakly Dedekind set is an infinite weakly Dedekind-finite set. A cardinal

number is a weakly Dedekind cardinal if it is the cardinal number of a weakly Dedekind set.

Remarks.

1. Every Dedekind-infinite set is weakly Dedekind-infinite but the converse is not necessarily

true (see [11, 13]).

2. Every finite set is weakly Dedekind-finite and so it is Dedekind-finite.

3.2 Cardinal relations in ZF

Notation. Let A be a set. We let

1. fin.A/ denote the set of all finite subsets of A.

2. inf.A/ denote the set of all infinite subsets of A.

3. dfin.A/ denote the set of all Dedekind-finite subsets of A.

4. dinf.A/ denote the set of all Dedekind-infinite subsets of A.

5. dfin�.A/ denote the set of all weakly Dedekind-finite subsets of A.

6. dinf�.A/ denote the set of all weakly Dedekind-infinite subsets of A.

7. ded.A/ denote the set of all Dedekind subsets of A.

8. ded�.A/ denote the set of all weakly Dedekind subsets of A.

9. part.A/ denote the set of all partitions of A.

10. ŒA�n denote the set of all n-element subsets of A, where n 2 !.

11. An denote the set A � A � : : : � A„ ƒ‚ …
n copies

, where n 2 !.

The cardinals of those (1)–(10) above are denoted by the same notation as the corresponding

sets with A replaced by jAj.

Theorem 3.2.1. For any infinite cardinal m, we have the following:

1. m � fin.m/ � dfin�.m/ � dfin.m/ � 2m.
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2. ded�.m/ � ded.m/ � inf.m/ � 2m.

3. dinf.m/ � dinf�.m/ � inf.m/ � 2m.

4. ded�.m/ � dfin�.m/ and ded.m/ � dfin.m/.

5. fin.m/ � inf.m/.

6. 2m � part.m/.

7. if m � 5 and @0 — 2m, then 2m < part.m/.

8. fin.m/ < 2m.

Proof. (1)–(4) follow directly from the definitions. For the proof of (6)–(7), see Proposition 8.3

in [6] and for the proof of (8), see Theorem 3 in [5]. To prove (5), let A be an infinite set such

that m D jAj. It is easy to see that the map S 7! A n S is an injection from fin.A/ into inf.A/, so

fin.m/ � inf.m/.

The relations (1)–(5) from Theorem 3:2:1 can be shown by the following diagram. The

cardinal below a line is less than or equal to the one above it.

..0.

m

.

fin.m/

.

dfin�.m/

.

dfin.m/

.

2m

.

part.m/

.

ded�.m/

.

ded.m/

.

inf.m/

.

dinf.m/

.

dinf�.m/



CHAPTER IV

SOME RESULTS IN ZF

This chapter gives new results concerning different kinds of finite and infinite sets that can

be proved from ZF. We start with some basic properties.

It has been shown that if there is an injection from a set to some of its proper subsets, then

such a set is Dedekind-infinite (see [9]). The following theorem shows the analogous property for

weakly Dedekind-infinite sets.

Theorem 4.1. For any set A, if there exists a surjection from a proper subset of A onto A, then A

is weakly Dedekind-infinite.

Proof. Let A be a set. Assume there are S � A and a surjection f W S ! A. Define

f �.nC1/ŒX� D f �1Œf �nŒX�� for all n 2 ! n f0g and X � A:

Claim 1. For all m; k 2 ! n f0g and X � A,

f �.mCk/ŒX� D f �kŒf �mŒX��:

Let X � A. We will prove by induction on k. The case k D 1 follows directly from the

definition. Assume k > 1. Then k D l C 1 for some l 2 ! n f0g. By the induction hypothesis,

f �.mCl/ŒX� D f �l Œf �mŒX��. Thus

f �.mCk/ŒX� D f �.mClC1/ŒX�

D f �1Œf �.mCl/ŒX��

D f �1Œf �l Œf �mŒX���

D f �.lC1/Œf �mŒX��

D f �kŒf �mŒX��:

Claim 2. For any m; n 2 ! n f0g, if m ¤ n, then f �mŒA n S� \ f �nŒA n S� D ;.

Let m; n 2 ! n f0g. Assume m < n, then there exists k 2 ! n f0g such that k C m D n. By

Claim 1, f �nŒA n S� D f �mŒf �kŒA n S��. Since f �kŒA n S� � S , f �kŒA n S� \ .A n S/ D ;.

Thus f �mŒA n S� \ f �nŒA n S� D f �mŒA n S� \ f �mŒf �kŒA n S�� D ;.

Define gW S ! ! by

g.a/ D

8̂<̂
:n if a 2 f �.nC1/ŒA n S� for some n 2 !I

0 otherwise.
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By Claim 2, g is well-defined. Since S � A, AnS ¤ ;. Since f is surjective, f �1ŒAnS� ¤ ; and

so, by induction, f �.nC1/ŒA n S� ¤ ; for all n 2 !. It follows that g is onto and so ! �� A.

In [9], it has been shown that the union of a Dedekind-finite family of mutually disjoint

Dedekind-finite sets is Dedekind-finite. Such property for weakly Dedekind-finite sets is stronger

since the union need not be disjoint.

Theorem 4.2. A weakly Dedekind-finite union of weakly Dedekind-finite sets is weakly Dedekind-

finite.

Proof. Let I be a weakly Dedekind-finite set and, for each i 2 I , let Xi be a weakly Dedekind-

finite set. It is trivial if I is empty. Without loss of generality, we may assume all Xi ’s are

nonempty.

Suppose
S

i2I Xi is weakly Dedekind-infinite, i.e., there is a surjection f W
S

i2I Xi ! !.

For each i 2 I , since Xi is weakly Dedekind-finite, f ŒXi � must be a finite subset of ! (otherwise

Xi can be mapped onto !).

Suppose fjf ŒXi �j j i 2 I g is infinite. Define gW I ! ! by g.i/ D jf ŒXi �j. Then ran.g/

is an infinite subset of !, so ! � ran.g/ �� I , but I is weakly Dedekind-finite, a contradiction.

Hence fjf ŒXi �j j i 2 I g is finite.

Since
S

i2I f ŒXi � D ! and each f ŒXi � is finite for all i 2 I , I is infinite and there exists

n 2 ! such that � WD ff ŒXi � j jf ŒXi �j D n and i 2 I g is infinite.

Since � � Œ!�n and Œ!�n � !n by the map fm1; m2; : : : ; mng 7! hm1; m2; : : : ;

mni where m1 < m2 < : : : < mn and !n is countable, � is countable. Thus ! � � . Let

a 2 � . Define gW I ! � by

g.i/ D

8̂<̂
:f ŒXi � if f ŒXi � 2 �I

a otherwise.

It is easy to see that g maps I onto � . Then ! � � �� I but I is weakly Dedekind-finite, a

contradiction.

Hence
S

i2I Xi is weakly Dedekind-finite.

We have shown in [14] that if m and n are Dedekind-finite cardinals, then so are m C n

and m � n. The following corollary shows that the property also holds for weakly Dedekind-finite

cardinals.

Corollary 4.3. If m and n are weakly Dedekind-finite cardinals, then so are m C n and m � n.
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Proof. Let m and n be any weakly Dedekind-finite cardinals, say m D jM j and n D jN j where

M and N are disjoint. By Theorem 4:2, M [ N is weakly Dedekind-finite and so is m C n.

For the case m � n, since M � N D
S

fM � fng j n 2 N g where each M � fng is weakly

Dedekind-finite (if not, M is weakly Dedekind-infinite) and N is weakly Dedekind-finite, by

Theorem 4:2, m � n is weakly Dedekind-finite.

Corollary 4.4. Let m be a cardinal and n 2 !. If m is (weakly) Dedekind-finite, then so is

mn. This statement also holds if we replace “(weakly) Dedekind-finite” by “(weakly) Dedekind-

infinite” for the case n ¤ 0.

Proof. The case m is (weakly) Dedekind-finite follows straightforwardly from Theorem 3:1:6 and

Corollary 4:3 by induction.

The case m is (weakly) Dedekind-infinite follows directly from the fact that m � mn for all

n 2 ! n f0g.

Theorem 4.5. For any cardinals m and n, if m � 2 and n is infinite, then mn is weakly Dedekind-

infinite. In particular, 2n is weakly Dedekind-infinite for all infinite cardinals n.

Proof. Let m be a cardinal such that m � 2 and n be any infinite cardinal, say m D jM j and

n D jN j. Let m; m0 2 M be such that m ¤ m0. Define F W N M ! ! by

F.f / D

8̂<̂
:jf �1Œfmg�j if f �1Œfmg� is finite;

0 otherwise.

Since N is infinite, by Theorem 2:1:11, for each k 2 !, there exists Nk � N such that jNkj D k

and then F ..Nk � fmg/ [ ..N n Nk/ � fm0g// D jNkj D k. Hence F is onto, so ! �� N M ,

i.e., mn is weakly Dedekind-infinite.

Next we will give some results concerning relations between some cardinals.

Lemma 4.6. [5] fin.˛/ � ˛ for all infinite ordinals ˛.

Corollary 4.7. For any aleph @,

0 D ded�.@/ D ded.@/ < @ D fin.@/ D dfin�.@/ D dfin.@/

< dinf.@/ D dinf�.@/ D inf.@/ D 2@:

Proof. Let @ be an aleph, say @ D j˛j for some infinite ordinal ˛. Then fin.@/ D @ follows from

Lemma 4:6.
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Since @ D fin.@/ � inf.@/, by Theorem 2:1:15, there exists a cardinal p such that @ C p D

inf.@/. Thus 2@ D fin.@/ C inf.@/ D @ C @ C p D @ C p D inf.@/.

Since every infinite subset of ˛ is Dedekind-infinite and so it is weakly Dedekind-infinite,

dinf.@/ D dinf�.@/ D inf.@/. It follows that all weakly Dedekind-finite and Dedekind-finite

subsets of ˛ are finite. Hence dfin�.@/ D dfin.@/ D fin.@/ and ded�.@/ D ded.@/ D 0.

Theorem 3 in [5] shows that for all infinite cardinals m, fin.m/ < 2m. We show that this

cannot be proved from ZF if we replace fin.m/ by dfin�.m/. Moreover we show that dfin�.m/ <

2m provided that m is weakly Dedekind-infinite. We first need the following lemma.

Lemma 4.8. For any set M and ordinal ˛, if ! � ˛ � dfin�.M /, then ˛ � … for some partition

… of M .

Proof. Let M be any set and ˛ be an ordinal such that ! � ˛ � dfin�.M/. Then there is a

one-to-one ˛-sequence hm0; m1; m2; : : : ; mˇ ; : : :i˛ of dfin�.M/. Define an equivalence relation

� on M by x � y iff 8ˇ < ˛ .x 2 mˇ $ y 2 mˇ /. For any x 2 M and 0 < � < ˛, define

Dx;� by

Dx;� D

8̂̂<̂
:̂

T
�<�

fm� j x 2 m�g if x 2 mˇ for some ˇ < �I

M otherwise;

and define gW M ! P.˛/ by g.x/ D f� < ˛ j x 2 m� and Dx;� › m�g:

Claim 1. x � y iff g.x/ D g.y/ for all x; y 2 M .

It is easy to see that if x � y, then g.x/ D g.y/. The converse also holds since if

x 6� y and ˇ is the least ordinal such that x 2 mˇ but y … mˇ , then y 2 Dy;ˇ D Dx;ˇ , so

Dx;ˇ › mˇ and thus ˇ 2 g.x/ but ˇ … g.y/. Hence there is a one-to-one correspondence

between fŒx�� j x 2 M g and fg.x/ j x 2 M g.

Claim 2. g.x/ is finite for all x 2 M .

Suppose for a contradiction that g.x/ is infinite for some x 2 M . Note that for all �1; �2 2

g.x/ such that �1 < �2, Dx;�2
� Dx;�1

because Dx;�2
� m�1

and Dx;�2
� Dx;�1

› m�1
.

Since g.x/ is an infinite set of ordinals, there is a one-to-one !-sequence h�0; �1; �2; : : :i! of

g.x/ where �0 < �1 < �2 < : : :. Then we have m�0
� Dx;�1

� Dx;�2
� : : :. Define

f W m�0
! ! by

f .y/ D

8̂<̂
:n if y 2 Dx;�nC1

n Dx;�nC2
for some n 2 !I

0 otherwise.

Then f is a surjection, so @0 �� jm�0
j which contradicts m�0

2 dfin�.M /.
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Hence fg.x/ j x 2 M g � fin.˛/. Since, by Lemma 4:6, fin.˛/ � ˛, fg.x/ j x 2 M g � ˛.

Thus fg.x/ j x 2 M g � 
 for some 
 � ˛. Now we will show that ˛ � 
 . Since fŒx�� j x 2

M g � fg.x/ j x 2 M g � 
 and there are ˛ � ! m�’s which are union of �-classes, 
 is infinite.

Let �W fg.x/ j x 2 M g ! 
 be a bijection.

Suppose for a contradiction that f�.g.x// j x 2 m�g is infinite for some � < ˛. Since

fŒx�� j x 2 m�g � fg.x/ j x 2 m�g � f�.g.x// j x 2 m�g which is an infinite set of ordinals,

! � fŒx�� j x 2 m�g, so there is a one-to-one !-sequence hŒx0��; Œx1��; Œx2��; : : :i! . Define a

function f 0W m� ! ! by

f 0.x/ D

8̂<̂
:n if x 2 Œxn��I

0 otherwise.

Again we get a contradiction from the fact that f 0 is a surjection but m� is weakly Dedekind-finite.

Hence f�.g.x// j x 2 m�g is a finite subset of 
 for all � < ˛. Define hW ˛ ! fin.
/ by

h.�/ D f�.g.x// j x 2 m�g: Since � is an injection and all m�’s are distinct, h is an injection. Thus

˛ � fin.
/ � 
 . Hence ˛ � 
 and so fŒx�� j x 2 M g is the partition as desired. Finally, since the

bijections ˛ � fin.˛/ and 
 � fin.
/ are canonical, so is the bijection fŒx�� j x 2 M g ! ˛.

Theorem 4.9. For any cardinal m, @0 �� m iff dfin�.m/ < 2m.

Proof. Let M be a set such that m D jM j.

.(/ Assume dfin�.m/ < 2m. Then dfin�.M/ � P.M /. Thus there exists X � M such

that ! �� X , so ! �� M , i.e., @0 �� m.

.)/ This follows closely to the proof of Theorem 3 in [5]. It is clear that dfin�.m/ � 2m.

Suppose @0 �� m and dfin�.m/ D 2m. We will get a contradiction to Hartogs’ Theorem by

constructing a one-to-one ˛-sequence of dfin�.M / for any ˛.

Let BW dfin�.M/ ! P.M/ be a bijection. Let m0 D B�1.M/ and for any k 2 !, let

mkC1 D B�1.mk/. Since M … dfin�.M/ and B is an injection, the sequence hm0; m1; m2; : : :i!

is a one-to-one !-sequence of dfin�.M/.

Assume there exists a one-to-one ˛-sequence hm0; m1; m2; : : : ; mˇ ; : : :i˛ of dfin�.M /. We

will construct an m˛ by Cantor’s diagonal proof that X � P.X/ for any X , as follows.

Since ˛ � dfin�.M /, by Lemma 4:8, there is a partition … of M such that … � ˛ � fm� j

� < ˛g.

Let H W fm� j � < ˛g ! … be a bijection. Define hW M ! fm� j � < ˛g by h.x/ D m� if

x 2 H.m�/. Let F D B ı h, so F W M ! P.M/ and, as in the usual proof of Cantor’s Theorem,

M˛ WD fx 2 M j x … F.x/g … ran.F /. Note that h is a surjection and so B.m�/ 2 ran.F /
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for all � < ˛. Let m˛ D B�1.M˛/. Then m˛ … fm� j � < ˛g. Hence we have a one-to-one

.˛ C 1/-sequence of dfin�.M/. This completes the proof.

Theorem 4.10. For any cardinal m and any aleph @, if @ � dfin�.m/, then 2@ � 2m.

Proof. Let m be a cardinal number, say m D jM j, @ be an aleph, and let ˛ be the least ordinal such

that j˛j D @. Assume @ � dfin�.m/. Then ˛ � dfin�.M/. By Lemma 4:8, there exists a partition

… of M such that ˛ � …. Let f W ˛ ! … be a bijection. Define a function F W P.˛/ ! P.M/

by F.x/ D
S

f Œx� for all x 2 P.˛/. Since f is an injection, so is F . Hence P.˛/ � P.M /, so

2@ � 2m.

Since @0 �� m for all infinite m is a consequence of AC which is not provable in ZF (see

[8, 12]), Theorem 4:9 tells us that dfin�.m/ < 2m cannot be proved from ZF for an arbitrary

m. A condition that makes the statement provable from ZF is that dfin�.m/ is Dedekind-infinite.

This is Corollary 4:12 which immediately follows from Theorem 4:10, by letting @ D @0, and

Corollary 4:11.

Corollary 4.11. Let m be a cardinal. The following are equivalent.

1. @0 �� m.

2. @0 � 2m.

3. 2@0 � 2m.

4. dfin�.m/ < 2m.

Proof. .1 , 2/ follows from Lemma 4.11 in [7], .2 , 3/ follows from Fact 8.1 in [6], and

.1 , 4/ follows from Theorem 4:9.

Corollary 4.12. For any cardinal m, if @0 � dfin�.m/, then dfin�.m/ < 2m.

Proof. Follows from Theorem 4:10 and Corollary 4:11.

As mentioned earlier, it has been shown in [5] that fin.m/ < 2m for any infinite cardinal m.

This fact also follows from Theorem 4:9 and Corollary 4:11.

Corollary 4.13. For any infinite cardinal m, fin.m/ < 2m.

Proof. Let m be an infinite cardinal, say m D jM j. If @0 �� m, then, by Theorem 4:9, fin.m/ �

dfin�.m/ < 2m.
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Assume @0 —� m. By Corollary 4:11, @0 — 2m, i.e., P.M / is Dedekind-finite. Since M

is infinite, fin.M/ � P.M /. By Corollary 3:1:4, fin.m/ < 2m.

Corollary 4.14. For any cardinal m, ded�.m/ < 2m.

Proof. Let m be a cardinal, say m D jM j. If m is finite, then ded�.m/ D 0 < 2m. Since

ded�.m/ � dfin�.m/ and ded�.M / � P.M/, the proof for the case m is infinite is similar to

proof of the previous corollary.

Corollary 4.15. For any cardinal m � 5, dfin�.m/ < part.m/.

Proof. Let m be a cardinal number such that m � 5. By Theorem 3:2:1(6), 2m � part.m/ and

so if dfin�.m/ < 2m, we’re done. Assume dfin�.m/ 6< 2m. By Corollary 4:11, @0 — 2m. By

Theorem 3:2:1(7), 2m < part.m/, so dfin�.m/ < part.m/.

Cantor’s Theorem, stating that m < 2m for all cardinals m, can be improved for infinite

cardinals as follows.

Theorem 4.16. For any infinite cardinal m, m < inf.m/.

Proof. Let m be an infinite cardinal, say m D jM j. Suppose m D inf.m/. Then there exists

a bijection f W inf.M/ ! M . We will show that there is an injection from ON into M which

contradicts Hartogs’ Theorem. Therefore we can conclude that m < inf.m/ since m � inf.m/.

Define gW ON ! M recursively by

g.˛/ D f .M n fg.ˇ/ j ˇ < ˛g/

for all ˛ 2 ON.

In order to justify the definition of g, we first prove the following claim.

Claim. M n fg.ˇ/ j ˇ < ˛g is infinite for all ˛ 2 ON.

If ˛ is finite, we’re done. Assume ˛ is infinite. Suppose M n fg.ˇ/ j ˇ < ˛g is finite. Note

that jfg.ˇ/ j ˇ < ˛gj � j˛j. By Corollary 2:3:13, m D jM j D jM n fg.ˇ/ j ˇ < ˛gj C jfg.ˇ/ j

ˇ < ˛gj � jM n fg.ˇ/ j ˇ < ˛gj C j˛j D j˛j. Thus m is an aleph and so, by Corollary 4:7,

2m D inf.m/. By the assumption, m D inf.m/ D 2m. This contradicts Cantor’s Theorem. Hence

M n fg.ˇ/ j ˇ < ˛g is infinite.

Now we will prove by transfinite induction that g is one-to-one. Let ˛ 2 ON. Assume that

for all ordinals ˇ and 
 such that 
 < ˇ < ˛, g.ˇ/ ¤ g.
/. Fix ˇ < ˛. Then g.ˇ/ 2 M nfg.
/ j


 < ˇg but g.ˇ/ … M n fg.
/ j 
 < ˛g. Thus M n fg.
/ j 
 < ˇg ¤ M n fg.
/ j 
 < ˛g. Since
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f is an injection, g.ˇ/ D f .M n fg.
/ j 
 < ˇg/ ¤ f .M n fg.
/ j 
 < ˛g/ D g.˛/. Thus g is

one-to-one.



CHAPTER V

CONSISTENCY RESULTS FROM PERMUTATION MODELS

5.1 ZFA

The set theory with atoms, denoted by ZFA, is characterised by the fact that it admits objects

other than sets.

Definition 5.1.1. Atoms or urelements are objects which do not have any elements and which are

distinct from the empty set.

The language of ZFA is LZFA D f2;Ag where 2 is a binary relation symbol and A is a

constant symbol representing a set of atoms. The axioms of ZFA are like the axioms of ZF, except

the following.

Axiom of Empty Set (for ZFA):

9x
�
x … A ^ 8´.´ … x/

�
:

Axiom of Extensionality (for ZFA):

8x8y
�
.x … A ^ y … A/ ! .8´.´ 2 x ” ´ 2 y/ ! x D y/

�
:

Axiom of Atoms:

8x
�
x 2 A $

�
x ¤ ; ^ :9´.´ 2 x/

��
:

Theorem 5.1.2. [9] Con(ZF) implies Con(ZFA C A is infinite/:

Definition 5.1.3. For any set S and ordinal ˛, we define

P0.S/ D S;

P˛C1.S/ D P˛.S/ [ P.P˛.S//;

P˛.S/ D
S

ˇ<˛

Pˇ .S/ .˛ is a limit ordinal/:

Further let

P1.S/ D
S

˛2ON
P˛.S/:

Theorem 5.1.4. [4] If M is a model of ZFA and A is the set of atoms of M, then M D P1.A/.

The class P1.;/ which is a subclass of M is a model of ZF.

Notation. Let OV denote P1.;/. We call OV the kernel or pure part and call members of OV pure

sets.

Note that ON � OV.
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5.2 Permutation models

In this section, A is a fixed but arbitrary set of atoms in a model M of ZFA.

Definition 5.2.1. Let G be a group of permutations of A. A set F of subgroups of G is a normal

filter on G if for all subgroups H and K of G:

(i) G 2 F ,

(ii) if H 2 F and H � K, then K 2 F ,

(iii) if H 2 F and K 2 F , then H \ K 2 F ,

(iv) if � 2 G and H 2 F , then �H��1 2 F ,

(v) for each a 2 A, f� 2 G j �.a/ D ag 2 F .

Throughout this section, G is a group of permutations of A and F is a normal filter on G.

Definition 5.2.2. Let � 2 G. Using the hierarchy of P˛.A/’s, we can define �.x/ for every x in

M as follows:

�.;/ D ;; �.x/ D �Œx� D f�.y/ j y 2 xg:

Remarks.

1. We sometimes write �x for �.x/.

2. It can be proved by induction that � is one-to-one.

Lemma 5.2.3. Let � 2 G. Then, for any x and y in M,

1. �fx; yg D f�x; �yg and �hx; yi D h�x; �yi.

2. if f is a function, then �f is a function and .�f /.�x/ D �.f .x//.

3. �x D x for all x 2 OV.

Proof. Let x and y be any elements in M.

1. Clearly �fx; yg D f�x; �yg. We have

�hx; yi D �ffxg; fx; ygg D f�fxg; �fx; ygg D ff�xg; f�x; �ygg D h�x; �yi:

2. Let f be a function. Then, by 1, �f D fh�x; �.f .x//i j x 2 dom.f /g is a relation. Since �

is one-to-one, �f is a function and hence .�f /.�x/ D �.f .x//.

3. This can be proved straightforwardly by induction on OV.
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Definition 5.2.4. For each x in M, we define a symmetric group of x

symG.x/ D f� 2 G j �x D xg:

Then symG.x/ is a subgroup of G. We say x is symmetric (with respect to F) if symG.x/ 2 F .

Define a permutation model

V D fx j x is symmetric and x � Vg:

Theorem 5.2.5. [9] V is a transitive model of ZFA, OV � V , and A 2 V .

The cardinality of a set M , denoted by m, in the model V , is defined by

m D C.M / \ P˛.A/ \ V ;

where C.M / D fx 2 V j x � M g and ˛ is the least ordinal such that C.M / \ P˛.A/ \ V ¤ ;.

We will work on the theory ZFA C AC (for the consistency, see [9]). Then we have that AC

holds in the kernel OV (see [9]).

By Jech-Sochor Embedding Theorem (see [4]), we can embed a permutation model into

a well-founded model, so every relation between cardinals in a permutation model also holds in

a well-founded model. For example, if fin.m/ < inf.m/ holds in V for some cardinal m in V ,

then, by Jech-Sochor Embedding Theorem, there is a well-founded model W of ZF such that

fin.n/ < inf.n/ holds for some cardinal n in W.

Hence, in order to prove that a relation between some cardinals is consistent with ZF, it is

enough to find a permutation model for the statement.

Definition 5.2.6. A set I of subsets of A is a normal ideal if for all E; F � A:

(i) ; 2 I ,

(ii) if E 2 I and F � E, then F 2 I ,

(iii) if E 2 I and F 2 I , then E [ F 2 I ,

(iv) if � 2 G and E 2 I , then �.E/ 2 I ,

(v) for each a 2 A, fag 2 I .

Remark. fin.A/ is a normal ideal.

Definition 5.2.7. For each S � A, let

fixG.S/ D f� 2 G j �.a/ D a for all a 2 Sg:

Then fixG.S/ is a subgroup of G.
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Theorem 5.2.8. [9] Given a normal ideal I , then

F D fH j H is a subgroup of G such that fixG.E/ � H for some E 2 I g

is a normal filter.

Note that given a normal ideal I , there is a corresponding normal filter F as defined above

and we say V is defined from I if V is the permutation model defined from such F .

Definition 5.2.9. For each x and each E 2 I , we say that E is a support of x if fixG.E/ �

symG.x/:

Remarks.

1. x is symmetric iff there exists E 2 I such that E is a support of x. As a result, we have that

x 2 V iff x has a support and x � V :

2. For each x and each E; F 2 I , if E is a support of x and E � F , then F is also a support

of x.

5.3 Some consistency results

5.3.1 The basic Fraenkel model

Definition 5.3.1.1. Let A be a countable infinite set and G be the group of all permutations of A.

Let VF0
be the permutation model defined from the normal ideal fin.A/. We call VF0

the basic

Fraenkel model.

The following two lemmas are from [6].

Lemma 5.3.1.2. In VF0
, for any S � A with support E, S is either finite or co-finite, i.e., A n S

is finite. Furthermore, if S is finite, then S � E, and if S is co-finite, then .A n S/ � E.

Lemma 5.3.1.3. Let m D jAj. Then VF0
⊨ @0 — 2m.

All proofs below in this subsection are done in VF0
. Throughout this subsection, let m D

jAj unless otherwise stated.

Corollary 5.3.1.4. A is weakly Dedekind-finite.

Proof. Follows from Lemma 5:3:1:3 and Corollary 4:11.
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Theorem 5.3.1.5. In VF0
we have the following.

1. dfin�.m/ D dfin.m/ D 2m.

2. fin.m/ D inf.m/ D ded.m/ D ded�.m/.

3. 0 D dinf.m/ D dinf�.m/.

4. 0 < m < fin.m/.

Proof. By Lemma 5:3:1:3, @0 — 2m. By Corollary 4:11, @0 —� m, i.e., ! ™� A. Thus ! ™� S

for all S � A, so P.A/ � dfin�.A/ and inf.A/ � ded�.A/. Since dfin�.A/ � dfin.A/ � P.A/

and ded�.A/ � ded.A/ � inf.A/, dfin�.A/ D dfin.A/ D P.A/, so ; D dinf.A/ D dinf�.A/ and

ded�.A/ D ded.A/ D inf.A/.

It remains to show that fin.m/ D inf.m/. Define f W fin.A/ ! inf.A/ by f .S/ D A n S

for all S 2 fin.A/. Obviously f is one-to-one. Now let S 2 inf.A/. Since S has a support, by

Lemma 5:3:1:2, S is cofinite. Thus A n S 2 fin.A/ and f .A n S/ D A n .A n S/ D S . Hence f

is onto, and so fin.m/ D inf.m/.

By Lemma 5:3:1:3, ! ™ P.A/, so ! ™ fin.A/. Since the map a 7! fag is one-to-one

and maps A onto a proper subset of fin.A/ where fin.A/ is Dedekind-finite, by Theorem 3:1:3,

A � fin.A/, i.e., 0 < m < fin.m/.

Remark. From the above theorem, we can conclude that

VF0
⊨ 0 D dinf.m/ D dinf�.m/ < m

< fin.m/ D inf.m/ D ded.m/ D ded�.m/

< dfin�.m/ D dfin.m/ D 2m:

Corollary 5.3.1.6. VF0
⊨ 2m D 2 � fin.m/.

Proof. By Theorem 5:3:1:5, VF0
⊨ fin.m/ D inf.m/ and so 2m D inf.m/ C fin.m/ D 2 �

fin.m/.

Theorem 5.3.1.7. VF0
⊨ 9n

�
0 < ded�.n/ D ded.n/ < dinf.n/ D 2n

�
:

Proof. Let n D @0 C m where m D jAj. By Lemma 5:3:1:3, @0 — 2m. Thus @0 — inf.m/ and,

by Corollary 4:11, @0 —� m, i.e., ! ™� A. Then A 2 ded�.! [ A/ where j! [ Aj D n, and so

0 < ded�.n/.

Let S 2 ded.! [ A/. Then S is infinite and Dedekind-finite. Since ! ™ S and every

infinite subset of ! is equinumerous to !, S \ ! is finite and so S \ A is infinite. Since ! ™� A,
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! ™� S \ A. Hence S D .S \ !/ [ .S \ A/ is a finite union of weakly Dedekind-finite sets

which is weakly Dedekind-infinite by Theorem 4:2. Then S 2 ded�.! [ A/. Thus ded.! [ A/ �

ded�.! [ A/, and so ded.! [ A/ D ded�.! [ A/. Hence ded.n/ D ded�.n/.

Next claim that ded.n/ D @0 � inf.m/.

Since the map S 7! hS \ !; S \ Ai from ded.! [ A/ onto fin.!/ � inf.A/ is a bijection,

ded.! [ A/ � fin.!/ � inf.A/. By Lemma 4:6, ! � fin.!/. Thus we have ded.n/ D @0 � fin.m/.

Since AC holds in OV, 2@0 is an aleph. Since @0 < 2@0 and inf.m/ is Dedekind-finite, by

Theorem 3:1:7, @0 � inf.m/ < 2@0 � inf.m/ � 2@0 � 2m D 2@0Cm D 2n. Hence ded.n/ < 2n. It

remains to show that dinf.n/ D 2n.

Let S 2 dinf.! [ A/. Since A is Dedekind-finite, so is S \ A. Since S is the disjoint union

of S \ ! and S \ A where S is Dedekind-infinite, S \ ! is infinite. Thus S \ ! 2 inf.!/. Hence

dinf.! [ A/ � inf.!/ � P.A/ by the map S 7! hS \ !; S \ Ai, so dinf.n/ D inf.@0/ � 2m. By

Corollary 4:7, dinf.n/ D 2@0 � 2m D 2@0Cm D 2n.

5.3.2 The second Fraenkel model

Definition 5.3.2.1. Let A be a set consists of countably many mutually disjoint 2-element sets,

i.e.,

A D
S

fPn j n 2 !g;

where Pn is a 2-element set for n 2 ! and all Pn’s are mutually disjoint. Let G be the group of

all those permutations of A which preserve the pairs Pn, i.e., �.Pn/ D Pn for all n 2 !. Let VF2

be the permutation model defined from the normal ideal fin.A/. We call VF2
the second Fraenkel

model.

Theorem 5.3.2.2. [9]

1. For each n 2 !, Pn belongs to VF2
.

2. The set fPn j n 2 !g belongs to VF2
. In particular, fPn j n 2 !g is countable in VF2

.

3. There is no choice function on fPn j n 2 !g.

Throughout this subsection, all proofs are done in VF2
and let m D jAj.

By modifying the proof of Theorem 5:3:2:2 (3) in [9], we have the following theorem.

Theorem 5.3.2.3. VF2
⊨ @0 — m.

Proof. Suppose there exists f 2 VF2
such that f W ! ! A is one-to-one. Let E be a support of

f . Without loss of generality, we may assume that E D fa0; b0; : : : ; ak; bkg for some k 2 !
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(this can be done since, if E is a support of f , then so is
S

fPn j n 2 ! and Pn \ E ¤ ;g since

E �
S

fPn j n 2 ! and Pn \ E ¤ ;g).

Since f Œ!� is infinite and E is finite, there exists a 2 f Œ!� n E. Then a 2 Pl for some

l 2 !. Let b 2 Pl n fag and � 2 fixG.E/ be such that �.a/ D b. Since a 2 f Œ!�, a D f .m/ for

some m 2 !. Since m 2 OV, �.m/ D m and so, by Lemma 5:2:3(2), .�f /.m/ D .�f /.�m/ D

�.f .m// D �.a/ D b ¤ a D f .m/. Hence �.f / ¤ f . This contradicts the fact that E is a

support of f . Hence there is no such f in VF2
, so ! ™ A, i.e., @0 — m.

Theorem 5.3.2.4. VF2
⊨ @0 � 2m.

Proof. Note that A D
S

fPn j n 2 !g where all Pn’s are pairwise disjoint 2-element sets.

Define f W ! ! fPn j n 2 !g by n 7! Pn. Clearly, f is one-to-one. Next we will show

that f 2 VF2
. Since ! and fPn j n 2 !g are in VF2

where VF2
is transitive and satisfies

the Axiom of Paring, f � VF2
. It remains to show that f is symmetric. Let � 2 G. Then

.�f /.n/ D .�f /.�n/ D �.f .n// D �.Pn/ D Pn D f .n/ for all n 2 !. Thus �.f / D f , so

symG.f / D G where G belongs to any normal filter. Then f is symmetric. Hence f belongs to

VF2
. Since fPn j n 2 !g � P.A/, we can conclude that VF2

⊨ @0 � 2m.

Corollary 5.3.2.5. VF2
⊨ @0 �� m and VF2

⊨ dfin�.m/ < 2m.

Proof. Follows from Theorem 5:3:2:4 and Corollary 4:11.

Lemma 5.3.2.6. For any subset S of A in VF2
,

S D
S

n2N

fcng [
S

m2M

Pm

for some subsets M and N of ! such that N is finite and M \ N D ; where cn 2 Pn for all

n 2 N .

Proof. It is easy to see that for any S � A, S D
S

n2N

fcng [
S

m2M

Pm for some N � ! and

M � ! n N where cn 2 Pn for all n 2 N .

Since VF2
⊨ @0 — m by Theorem 5:3:2:3 and N � A by the map n 7! cn, N must be

finite.

Theorem 5.3.2.7. In VF2
we have the following.

1. m < fin.m/ D dfin�.m/ < dfin.m/ D 2m.

2. ded.m/ D inf.m/ D dinf�.m/.

3. 0 D dinf.m/ D ded�.m/.



26

Proof. By Theorem 5:3:2:3, VF2
⊨ @0 — m. Then for any subset S of A, ! ™ S .

Thus dfin.A/ D P.A/ and ; D dinf.A/, i.e., VF2
⊨ dfin.m/ D 2m and VF2

⊨ 0 D dinf.m/.

Since every subset of A is Dedekind-finite, inf.A/ D ded.A/.

Note that a 7! fag maps A onto a proper subset of fin.A/. If fin.A/ � A, then, by

Theorem 3:1:3, ! � fin.A/ � A, i.e., @0 � m, a contradiction. Hence fin.A/ 6� A and so

m < fin.m/.

Now we will show that inf.A/ D dinf�.A/. Since dinf�.A/ � inf.A/, it remains to show

that inf.A/ � dinf�.A/.

Let S 2 inf.A/. By Lemma 5:3:2:6, S D
S

n2N

fcng [
S

m2M

Pm for some finite N � !

and some infinite M � ! n N where cn 2 Pn for all n 2 N . Thus jN [ M j D @0. Define

gW S ! N [ M by g.a/ D k if a 2 Pk . It is easy to see that g is onto. Thus @0 �� jS j, so

S 2 dinf�.A/. Hence dinf�.A/ D inf.A/ and so dfin�.A/ D fin.A/ and ded�.A/ D ;.

Since fin.m/ < 2m, VF2
⊨ fin.m/ D dfin�.m/ < dfin.m/ D 2m.

5.3.3 The ordered Mostowski model

Definition 5.3.3.1. Let A be a countable infinite set with a linear order <M on A such that A

is densely ordered and does not have a smallest or greatest element, i.e., A is isomorphic to the

set of rationals Q. Let G be the group of all order-preserving permutations of A. Let VM be

the permutation model defined from the normal ideal fin.A/. We call VM the ordered Mostowski

model.

Lemma 5.3.3.2. [4] <M belongs to VM . Then for any atoms a1 and a2, we can decide in VM

whether a1 <M a2 or a2 <M a1.

All proofs in this subsection are done in VM and let m D jAj.

The next lemma is modified from Lemma 7.12 in [4].

Lemma 5.3.3.3. Let E 2 fin.A/, say jEj D n for some n 2 !. Then there are exactly 22nC1

subsets of A with support E where 2n of them are finite.

Proof. Let S � A be such that E is a support of S . Assume E D fa1; a2; : : : ; ang where

a1 <M a2 <M : : : <M an. Let

I0 D fa 2 A j a <M a1g;

Ik D fa 2 A j ak <M a <M akC1g for 1 � k < n; and

In D fa 2 A j an <M ag:
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We will show that for all k � n, either Ik \ S D ; or Ik � S . Let 1 � k < n. Suppose

Ik \ S ¤ ;, say s0 2 Ik \ S . Then ak <M s0 <M akC1. Let s 2 Ik . Then ak <M s <M akC1.

Let � 2 fixG.E/ such that �.s0/ D s. Thus s D �.s0/ 2 �.S/ D S , so Ik � S . The cases k D 0

and k D n are similar.

Let N D fi j ai 2 Sg and K D fj j Ij � Sg. Then

S D
S

i2N

faig [
S

j 2K

Ij :

Since N � f1; 2; : : : ; ng and K � f0; 1; 2; : : : ; ng, there are 2n and 2nC1 possible forms of N

and K, respectively. It follows that there are 2nC.nC1/ D 22nC1 possible forms of S where, when

K D ;, 2n of them are finite.

Theorem 5.3.3.4. [6] VM ⊨ @0 — 2m

Lemma 5.3.3.5. For any cardinals m and n, if m �� n, then 2m � 2n.

Proof. Let m and n be cardinals, say m D jM j and n D jN j. Assume m �� n, i.e., there is

f W N ! M which is onto. Define gWP.M/ ! P.N / by

g.X/ D f �1ŒX� for all X � M:

Since f is onto, g is one-to-one. Hence 2m � 2n.

Corollary 5.3.3.6. VM ⊨ 2fin.m/ D 22m
.

Proof. Follows from Theorem 5:3:3:4(3) and Lemma 5:3:3:5.

Theorem 5.3.3.7. In VM we have the following.

1. dfin�.m/ D dfin.m/ D 2m.

2. inf.m/ D ded.m/ D ded�.m/.

3. 0 D dinf.m/ D dinf�.m/.

Proof. Since VM ⊨ @0 — 2m, the proof is similar to the proof of Theorem 5:3:1:5.

Theorem 5.3.3.8. VM ⊨ 0 < m < fin.m/ < inf.m/ < 2m.

Proof. Since VM ⊨ @0 — 2m and inf.A/ � P.A/, by Corollary 3:1:4, VM ⊨ inf.m/ < 2m. By

Theorem 5:3:3:4, 0 < m < fin.m/.

Now we will show that VM ⊨ fin.m/ < inf.m/. Since A is infinite, by Theorem 3:2:1 (5),

fin.m/ � inf.m/.
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Suppose there exists f 2 VM such that f W inf.A/ ! fin.A/ is one-to-one. Let E 2 fin.A/

be a support of f , say jEj D n. By Lemma 5:3:3:3, there are 22nC1 subsets of A with a support

E and there are 2n of them which are finite. Thus the remaining 22nC1 � 2n are infinite subsets of

A with support E. Since there are 2n subsets of E and 22nC1 � 2n > 2n D jP.E/j, there exists

an infinite subset S of A with support E such that f .S/ › E.

Let a 2 f .S/ n E. Since f .S/ and E are finite, there is � 2 fixG.E/ such that �.a/ 2

An.f .S/[E/. Since �.a/ 2 �.f .S//, �.f .S// ¤ f .S/. Since E is a support of S , �.S/ D S ,

so .�f /.S/ D .�f /.�S/ D �.f .S// ¤ f .S/. This contradicts the fact that �.f / D f . Hence

there is no such f in VM , so VM ⊨ fin.m/ < inf.m/.

Remark. From the above theorems, we can conclude that

VM ⊨ 0 D dinf.m/ D dinf�.m/ < m

< fin.m/

< inf.m/ D ded.m/ D ded�.m/

< dfin�.m/ D dfin.m/ D 2m:



CHAPTER VI

CONCLUSIONS

In this chapter, we summarize all results that we have shown in Chapters IV and V.

The following are new results that can be proved from ZF.

1. For any set A, if there exists a surjection from a proper subset of A onto A, then A is weakly

Dedekind-infinite (Theorem 4:1).

2. A weakly Dedekind-finite union of weakly Dedekind-finite sets is weakly Dedekind-finite

(Theorem 4:2).

3. If m and n are weakly Dedekind-finite cardinals, then so are m C n and m � n (Corollary 4:3).

4. Let m be a cardinal and n 2 !. If m is (weakly) Dedekind-finite, then so is mn. This state-

ment also holds if we replace “(weakly) Dedekind-finite” by “(weakly) Dedekind-infinite”

for the case n ¤ 0 (Corollary 4:4).

For results concerning cardinal relations, we have shown that for any infinite cardinal m,

5. @0 �� m $ dfin�.m/ < 2m (Theorem 4:9).

6. @ � dfin�.m/ ! 2@ � 2m for any aleph @ (Theorem 4:10).

7. @0 � dfin�.m/ ! dfin�.m/ < 2m (Corollary 4:12).

8. ded�.m/ < 2m (Corollary 4:14).

9. m � 5 ! dfin�.m/ < part.m/ (Corollary 4:15).

10. m < inf.m/ (Theorem 4:16).

Next, we will list new consistency results concerning cardinal relations.

First, note that, in ZF, for any infinite cardinal m,

(a) 0 < m � fin.m/ � dfin�.m/ � dfin.m/ � 2m.

(b) 0 � ded�.m/ � ded.m/ � inf.m/ � 2m.

(c) 0 � dinf.m/ � dinf�.m/ � inf.m/ � 2m.

(d) 0 < m � fin.m/ � inf.m/ � 2m.

(e) ded�.m/ � dfin�.m/ and ded.m/ � dfin.m/.
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The following statements are consistent with ZF, provided that ZF is consistent.

1. 9m
�
0 < m D fin.m/ D dfin�.m/ D dfin.m/ < 2m

�
(see Corollary 4:7).

2. 9m
�
0 < m < fin.m/ < dfin�.m/ D dfin.m/ D 2m

�
(see Theorem 5:3:1:5).

3. 9m
�
0 < m < fin.m/ D dfin�.m/ < dfin.m/ D 2m

�
(see Theorem 5:3:2:7).

4. 9m
�
0 D ded�.m/ D ded.m/ < inf.m/ D 2m

�
(see Corollary 4:7).

5. 9m
�
0 < ded�.m/ D ded.m/ D inf.m/ < 2m

�
(see Theorem 5:3:1:5).

6. 9m
�
0 D ded�.m/ < ded.m/ D inf.m/ < 2m

�
(see Theorem 5:3:2:7).

7. 9m
�
0 < dinf.m/ D dinf�.m/ D inf.m/ D 2m

�
(see Corollary 4:7).

8. 9m
�
0 D dinf.m/ D dinf�.m/ < inf.m/ < 2m

�
(see Theorem 5:3:1:5).

9. 9m
�
0 D dinf.m/ < dinf�.m/ D inf.m/ < 2m

�
(see Theorem 5:3:2:7).

10. 9m
�
0 < m D fin.m/ < inf.m/ D 2m

�
(see Corollary 4:7).

11. 9m
�
0 < m < fin.m/ D inf.m/ < 2m

�
(see Theorem 5:3:1:5).

12. 9m
�
0 < m < fin.m/ < inf.m/ < 2m

�
(see Theorem 5:3:3:8).

13. 9m
�
0 < ded�.m/ D ded.m/ < dfin�.m/ D dfin.m/

�
(see Theorem 5:3:1:5).

The consistency results from (1)–(12) tell us that the relation � between each pair of cardi-

nals in (a)–(d) cannot be replaced by neither D nor <.

For (13), it is consistent with ZF that there is a cardinal m such that ded�.m/ < dfin�.m/

and ded.m/ < dfin.m/. Furthermore, the relations are not trivial since ded�.m/ and ded.m/ are

not 0. Hence we cannot show in ZF that “for all infinite cardinal n, ded�.n/ D dfin�.n/” or “for

all infinite cardinal n, ded.n/ D dfin.n/”. However, we do not know whether it can be proved

from ZF that “for all infinite cardinals n, ded�.n/ < dfin�.n/” or “for all infinite cardinals n,

ded.n/ < dfin.n/” or not.

We summarize the results we got by listing all the possible relationships between m, fin.m/,

dfin�.m/, dinf.m/, dinf�.m/, ded�.m/, ded.m/, inf.m/, 2m, and part.m/, where m is some infinite

cardinal, in the following table.
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One has to read the table from the left to the right and upwards.

fin
.m

/

dfi
n�

.m
/

dfi
n.
m

/

di
nf

.m
/

di
nf

�
.m

/

de
d�

.m
/

de
d.
m

/

in
f.
m

/

2
m pa
rt

.m
/

m D < D < D < > < > < > < > < < < <

fin.m/ D < D < > < > < > D < > D < D < < <

dfin�.m/ D < > < > < > > > < D < <

dfin.m/ > < > < > > > < D <

dinf.m/ D < > D < > < D < D <

dinf�.m/ D < > D < D < D <

ded�.m/ D < D < < <

ded.m/ D < <

inf.m/ D <
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