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CHAPTER 1

Introduction

In this chapter, we collect definitions and theorems to be used throughout the
entire thesis.

The following symbols will be standard:

R the set of real numbers,

Z the set of all integers,

N the set of all positive integers,

Ny = N U {0},

[z] the integer part of z, i.e. the largest integer less than or equal to z,

a <,, bmeansthat a + m < b, where m is a positive integer.

The expansion

b1 bl bl bS
Qo P = Qo —=
b a1+ as+ as—+ ...

a; +
bs

ap + ———
2 a3+...

is call a continued fraction.
The quantities a; and b; may be taken to beintegers, reals or functions. It is more

convenient to use the notation

[Go; bi,a1;ba,a9;...; by, ap; ]

for the above continued fraction. The elements by, by, bs, ... are called its partial nu-

merators; ay, as, as, ... its partial denominators.



When all b; = 1 we use [ag, a1, as...] for [ag; 1, a1; 1, as;...; 1, ay; ...]. We assume that

all partial denominators are not equal to zero.

The finite continued fraction |ag; by, ai; by, ag; ...; by, ay,] is called the n'* conver-
gent of the continued fraction [ag; by, ai; be, ag; ...; b, ayn; ...].

Definep o =0, p1=1,qg2=1, ¢g1=0,

Pn = ApPp_1 + bpPn_o and Gn = UnQn-1 + bpGn_o for all n > 0.

DPn
Then — isthe n™ convergent of [ag; by, ai;basas;...; b, an;...].
dn
In R, it is known that any real number can be represented as a continued fraction

of the form

[ag, ai, as, ...]

where ag € Z and a; € N, for all © > 1. This is called a simple continued fraction and

the a; are called its partial quotients.

Definition 1.1. The Fibonacci sequence is the sequence (f,) where
fo=1, f1=1 and
fon=fo-1+ fno forn>2.

In 1977 J.L. Davison[4] proved that:

[to, t1,t2; 3y 0 by, .| Where o = %g’ ty =0, t; =

Theorem 1.2. ZM
n=1

1, t, =22 _(n § 2) and (f,,) is the Fibonacci sequence.

In the same year W.W. Adams and J.L. Davison|[1] generalized the above theorem

to:

Theorem 1.3. Let z > 0 be any irrational real number and C' > 1 an integer. Let

Pn
[ag, ay, as, as, ...] be the continued fraction for 7! and — its n'® convergent.
Qn



=1
Then (C—QZ&mﬂ:[mmm@wq
an _ C’Qn72
where (t,,) is the sequence defined by ty = aoC, t, = oo 1 for all n > 1.
1+v5

Theorem 1.2 is a special case where C' = 2 and x = of Theorem 1.3, as

2

we now show.

=

Le‘cC’zQamdx:H2

Then 7! =[0,1,1,1,1,1,...J, g = 0 and a; = 1 for all 7 > 1.

Since g = 1,1 = 1 and ¢, = @1+ Gno for n > 2, (g,) = (fn), (n>0).
By Theorem 1.3,
gn gt 9]

=0 &= = =1
O Fr 20 — 1 21
2Qn ad. 2(1n—2
and for all n > 2, t, = ———
2‘1n—1 L 1
2fn i 2fn—2
4 2f'n—] 4 1

2fn—1+fn—2 — 2f7z—2
2fn71 = 1

2fn—2(2fn—1 _ 1)
2fn71 — ]_

— 2fn72‘

In 1986 D. Bowman[2] generalized W.W. Adams and J.L. Davison’s Theorem
by using Euler-Minding Theorem and Lemma 2.5(in Chapter II) about Zeckendorff
representation of natural numbers.

We now show that Adams-Davison’s result is a special case of that of Bowman.

Define Y,, for any integer n as follows: let Yy and Y; be any real numbers such



that Yo+ Yia >0 and V.o =Y,11 + Y, for n € Z.

D. Bowman proved the following theorem:

> 1
Z(_)Yon-i—Y,l[nofl}
—~\C 11 1
Theorem 1.4. == — OY-1 4 Vil OML O 1 where C' > 1
i(i)Yln—f—YO[nal}
n=1 C

is a real number and o = %‘F’ .

Let Yo = 0, Yy = 1. Then Yy +Yia > 0 and Y_; = 1.By Bowman’s

theorem, we have

o4
Nno]
L 1 Z}@
ToRT TR O L T sy
> =R
r=ls C

=1
(G T
;C[ ]

The continued fraction for @ = %5 is [1,1,1,1,1,...].
Sinceq.1=0=Yy,¢o=1=Yyand ¢, =qu_1 + @2 forn>1, ¢, =Y,11.

Now the result of Theorem 1.3 is

\ 1 ARd 1
-1 T St VY
( ); Clra] OF AT tot byt

CQn 8 C’Qn—2

where tgo= C  andforalln>1, ¢, = Cani— 1

CYn+l _ C’Yn—l
v 1

C’Yn“l’Ynfl — CYnfl

Yo — 1




CYn-1(CY — 1)
CYn — 1

= C¥1,
In [5] D.E. Daykin generalized of the so-called Zeckendorfl’s theorem about unique

representation of natural numbers by sums of integer form the Fibonacci sequence.
We briefly recall his results.

Definition 1.5. Let h, k be natural numbers such that h < k < h + 1. The (h, k)™
Fibonacci sequence (vy,) is defined by

Uy, = T for 1 < n <k,

Up = Un—1 + Un_p for k<n<h+k,

Up = Up—1 + Upg + (K—h) forn>h+Ek.
The Fibonacci sequence (f,,) is the (2,2)"™ Fibonacci sequence.
Well-known is the following theorem of Zeckendorff.

Theorem 1.6. For each natural number /N there is one and only one system of

natural numbers 21, 75, ..., 74 such that
N =~fy, + fi, +.o4 [y,
where 1 <y <5 iy <y ... <9 iq and (fy) is the Fibonacci sequence:

D.E. Daykin’s generalization of Theorem 1.6 is the following:

Theorem 1.7. If (v,) is an (h, k)" Fibonacci sequence, h < k < h+1, then for each
natural number N there is one, and only one system of natural numbers i1, 79, ..., ig

such that

N = vil + Uiz + ...+ Uid (11)



where 1 <4 <p iy <p ... <p ig.

Our derivation in Chapter II makes use of continued fractions whose partial de-
nominators are all equal to 1. Such continued fractions converge as confirmed by the
following theorem:

Theorem 1.8(Worpitzky’s Theorem).[8] Let for all n > 1, |b,| < i. Then

Z .

[0; 01,1509, 1;...;bp, 1, ...] converges.

In this thesis we apply Bowman’s method to find explicit continued fractions using

the generalized Fibonacci sequence.

In Chapter II, we describe the P-and Q-systems which will be used in Lemma 2.5

and Bowman’s method.

In Chapter III,we derive main theorem.



CHAPTER 11

Bowman’s generalization

In this chapter we discuss Bowman’s method and the representation systems of

integers called the P-and Q-systems.
2.1 P-and Q-systems

Let 1 =v; < vy < w3 < ... be a finite or an infinite sequence of integers. Every

N € N can be represented uniquely in the form([6])
N = Zdﬂ}l : d; ZO, d;v; + ... + dyvg < Vi41, 1> 1,
i=1

where v, is the largest sequence member < N.(If the sequence is finite and v; is its
last term, we assume here and throughout that v;1; = 00.) A special case is the
following :

Let ag, ai,as, ... be a finite or an infinite sequence of positive integers, and let

p-1=1, po=ao, Pn=apPn-1+DPn—2 (n>1),

qd—1 = 07 do = 17 Qn = ApQn-1 + Qn—2 (n > 1)

Then every N € N can be expressed uniquely in the form



N = Zsipi, OSS,1§&0—1,0§S¢SQi+1 (220),

1=€q

Si=aix1 = Si-1 = 0 (i >1+e€),

and also in the form

N = Zthl, 0§t0§a1—1,0§ti§ai+1 (Zzl),
i=€1
ti = a1 = tier = 0 (i >14+e),
where
—1, if ag > 1; 0, if a1 > 1;
€ = (&
0, 1 dp ==l 1, if a =1.

Note that the p;, ¢;(i > 0) are the numerators and the denominators of the conver-
gents of the simple continued fraction of ¢ = [ag, a1, as, ...], respectively. The counting
system based on the p; and ¢; are called the P9 — system and Q©) — system respec-
tively, or simply the P — system and () — system.

The representation of N in terms of ¢; also includes the case of N = 0.

Lemma 2.1. Let n > 0. Then every N >0 has a unique representation in the form

N = Zti%, where
i=0
(1) 0§t0§a1—1,
(2) 0<ti <aipr, (i2>1)

(3) ti = Qi1 = ti—1 = 0, (Z > 1)

The representation of each N € Ny as in Lemma 2.1 is called the Zeckendorff



representation of N.
We will show how to find examples of P-and Q-system for the positive integer 7

in the following example.

1++5

Example 2.2. Let a = . [1,1,1,1,...]. The numerators and denomina-

tors of the convergents of o are pg = 1, p1 = 2, po = 3, p3 = 5, py = 8,... and
Gw=1 =1 ¢=2, ¢g=3, ¢4=05, ¢gs=28,.... Then

T = S3p3 + Sapa + S1p1 + Sopo where s3 =1, 51 =1 and sy = so =0 in P(a)—system
and 7 = t4qq + t3q3 + toga + t1qy + toqo where ty =1, to =1 and t3 =%t =t; =0 in

Q@-system.

2.2 Bowman’s method

D. Bowman proved Theorem 1.4 in [2] which is a generalization of W.W. Adams
and J.L. Davison’s Theorem. In this section we discuss his method, to be applied in
Chapter III.

D. Bowman used Euler-Minding Theorem. We give a proof of this theorem using

the following lemma.

Ap
Lemma 2.3. Let 5o P > 1, denote the p'* convergents of the continued fraction
P

[ao;bl,al;bg,&g;...] and A,1 = 1,140 = Qo, B,1 = 0 and B[) = 1.
Then for all p > 1,

A, = ayAy 1 + DA, o and B, = a,B,1 + b,B, 5.



Ap

Theorem 2.4(Euler-Minding Theorem). If — =1

B

p

where (Cy) is sequence of nonzero real numbers, then

A, = 1+ > Cy, Cyy...Cy

n>1,1<V1 <5...<o Vi <p

B, = 1+ > Oy, Chs,...C,.

n>12<V1<3...<2Vo<p

Al Cl

Proof. For p = 1: E:1+T:1+Cl'

10

C, G, C5 G,
1+ 1+ 14+... 1

and

In this case, the sum A; consists of only one term, that is n =1 and V; = 1 and the

sum of Bj is the empty sum. Thus

A = 140, = 1+ A A% Yo

n>1,1<V1 <5...<2V,, <1

and

B =1 = 1+ Y7 € Cv,..Cy,. .

n>1,2<V1<5...<2 V<1

Now, assume that the statement is true for 1 < m < p.
By Lemma 2.3, A, = A, 4 + C,A, » and

Bp F p—1 + Cpo_Q.

Thus

Ap = (1 + Z CvlcVQ...CVn)

n>1,1<V1<2...<2V,, <p—1

+C, (1 + > CVIC’VQ...CVW>

n>1,1<V1<2...<2V, <p—2
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= 14+ Z CvlcVQ...CVn

n>1,1<V1<2...<2V,, <p—1

+ C, + > Cy,Cy...Cy, C,.

n>1,1<V1<2...<2V, <p—2

Since > Cy,Chy...Cvis+ Cp + > Cy,Cy...Cy, C,y =

n>1,1<V1 <2...<2V, <p—1 n>1,1<V1 <a...<2V,, <p—2

> Cy, O

n>1,1<V1<2...<2 Vi <p

Ap = F ¢ Z CvlcVQ...CVn.

n>1,1<V1<2...<2V <p

Similarly,

Bp = <1 -+ Z CV10V2~--CVn>

n>1,2<V1 <z...<oV,, <p—1

+C, (1 + o CVIC’VQ...CVH>

n>1,2<V1<o... <oV <p—2

= N > Cv: Cv..Chy,

n>1,2<V1 <. <oV <p—1

+ Cy + > Cy, Cv¥lCy. C,,.

n>1,2<V1<2...<2Vp<p—2

=1 4 > oL 1O O

n>1,2<V1<3...<2Vr <p

Let = [1,Cn, 1;Chi1, 15 s Cran1, 1] where n and

Am(Cna Cn+1> o Cn-i—m—l)
Bm(O’rw Cn—i—h ceey Cn+m—1)

m are positive integers.

Since, for p > 1,
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Cy Cy C5 G, C
[ — =1
+1—|— +14+... 1 +
Cy
1+
Cp
14 ..—
g
C
=N\

A, 1(C5.Cs, ..., C,)
B, 1(C3,C3,.... C,)

Apfl(CQ, Cg, Nty Cp) & Cprfl(CQ, Cg, ceny Cp)
A, 1(Cs,Cs, ..., Cy) ’

Bp<01702,...,cp) == pﬁl(CQ,Cg,...,Cp) .

Now, let p — oo and we have
Cy Cy (s Ax(C1, Cy, ...)
A

w(Cs,Cs, ...)

2.1
I+ 1+ 1+ (2.1)

The continued fraction (2.1) converges by Worpitzky’s theorem provided e.g. that

|Ci| < 3 for all 4.

In Bowman’s proof, he concluded wihtout a proof the following result from P-and
Q-systems of A.S. Fraenkel, J. Levitt and M. Shimshoni[6].

We will prove it using T.C. Brown’s theorem from [3].

Lemma 2.5. Let the Fibonacci representation of an integer N > 1 be written as

where 1 < i1 <g 19 <9 ... <9 1.
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Define e(N) = 0 if N =0,

e(N) = fiy-1+ fi,-1+ ...+ fi,—1, where N has the representation (2.2).

145

Then e(N) = [(N+1)a™'] (N >0), where a = 5

Let 8 be an irrational number such that 0 < 3 < 1. The characteristic sequence

associated with (3 is the sequence

9(5) = 919293---,

where g, = [(n+1)8] =Bl (n>1).

Remark 2.6. g(() is a sequence of 0’s and 1’s, and [k5] = ¢1 + g2 + ... + Ggr_1,

k> 2.

Now, let [0, ay, as, ag, ...] be the simple continued fraction for 3, let ? =[0,aq,az, ..., a,),
n>1,and X,, = g192...94,, 1 > 1.
Then X, is the initial segment of g(3) of length g,.

Definep 1 =1, pp=0, ¢y =0 and ¢gg = 1.

By Lemma 23, Prn = QpPn-1 +pn—2a gn = @npQn-1 4+ gn—2 (n Z 1)

From the definition of X, we have that for each n > 2,
Xn - Xngan—Qa
where Xy = 0 and X; = 0“7'1. (Here X", denotes X, 1X, 1..X, 1, with a,

repetitions. If a; = 1, then X; = 1.)

Theorem 2.7.[3] Let N be a positive integer whose Zeckendorff representation is
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N =1t,qn + ... + t1q1 + toqo. Then the initial segment of g(3) of length N is

G1G293---gn = Xt XX,
Lemma 2.8.[3] For each n > 0, the number of 1’s in X, is pj.
We use Theorem 2.7 and Lemma 2.8 to prove Theorem 2.9.

Theorem 2.9.[3] Let  be an irrational number such that 0 < § < 1 and N > 0
have Zeckendroff representation as N = ¢,,q,, + ... + t1q1 + t0qo-

Then [(N + 1)5] = tupa + ...+ t1p1 + topo-

Proof. By Remark 2.6, (N +1)5] = g1 + g2 + ... + gn.

Let Wy be the initial segment of g([3) of length N, i.e. Wy = ¢192...9n-

Note that g1 + g2 + ... + g is equal the number of 1’s in Wy.

By Theorem 2.7, Wy = Xt X{EX(0.

By Lemma 2.8, the number of 1’s in each X, is p;, the number of 1’s in Wy is
tnPn + ... + t1p1 + LoDo-

Hence [(N + 1)3] = tp,pn + ... + t1p1 + topo- O

We show that Lemma 2.5 is the special case of Theorem 2.9.

-1
145
2

Let B=a ! = . Then ot =1[0,1,1,1,...](= |ao, a1, az, ...]). Define

p-1=1,po=0, g1 =0 and gy = 1.
By Theorem 2.3, p,, = pp—1+ Pn—2 and ¢, = g1+ Gn—2 (n > 1). Note that (g,)
is Fibonacci sequence (f,,) and (p,) = (fn_1).

Write N in Q-system form: N = t,,¢,, + ... + t1q1 + toqo Where each t; satisfies the
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conditions in Lemma 2.1.
Thus N = f;, + fi, + ... + fi,, where 1 <11 <5y <9 ... <3 ip.
By Theorem 2.20, [(N + 1)04_1] =foy-1+ fio-1+ .+ fi,—1,

which is the result of Lemma 2.5.

Next, we illustrate the method of Bowman by using it to prove Theorem 1.4.
Proof of Theorem 1.4 Let (f,) be Fibonacci sequence and f,, defined for negative n

by fn+2 - fn+1 + fn

Define Y,, for any integer n as follows: let Yy and Y] be any real numbers such

14++5
2

that Yo+ Yia >0 and ¥, o =Y,.1 + Y, for n € Z, where o =

Let the Fibonacci representation of an integer N > 1 be

N =—f—+ = ... [,

where 1 < 41 <3 iy <9 ... <9 ip.
Define e(N) =0 if N =0,
e(N) = fi,-1+ fi,—-1+...+ fi,—1, where N has the representation above.
By Lemma 2.5, ¢(N) = [(N+1)a~'] (N >0).

Set C,, = a’"-2b/»1in (2.1), with 0 < a,b < 1, not both 1, to get

af-1qfo alogli Aoo(afflaf()?afoaﬁ, )

1 + + == .

1+ 1+ .. Ax(aloal alralz,...)

By Theorem 2.4, we have
fiy—2t ot fin—2pfiy—1+ A fip—
af-1q70 alogh L+ Z A a bt '
1 + + _ n>1, 1<i1<g...<2in,
1+ 14+ ... 14 Z afi171+~--+fin—lbfi1+-~-+fin

n>1, 1<i1<g...<gin

Denote the numerator by F'(a,b) and the denominator by G(a,b).
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Then
F(byab) = 1 + > afo-rtetln-platethin — G(a,b) (2.3)
n>1, 1<i; <g...<zin
and so
F(a,b) a’-1afo aloal
Foar) -t T i (24)
From this, it follows that
F (b, ab) a’oah a'taf?
Flabat?) ~ bear Ty

so we find that
F(a,b) = F(b,ab) + bF (ab, ab?), (2.5)
with 0 < a,b < 1, and not both 1.
Notice that if in(2.3) the exponent of b is k, then the exponent of a will be e(k) ,
k ranging over the integers > 0.

Hence,

F(b,ab) =1 + Zae(n)bn o Zaem)bn.

n>1 n>0

Thus,

Fla,b) = 3 amepe,

n>0
Using Lemma 2.5, we have

Fla,b) = Zan—[(n—&-l)a*l]b[(n—i—l)a*l]’ (2.6)
n>0
and
F(b,ab) = Y alttDelp (2.7)
n>0

Let a = C*and b = CPin (2.6) and (2.7) to get

F(CA CB) = ZCA(n—l)HB—A)[na*]’ (2.8)
n>1

and
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F(CB,CA+B> — ZCB(H*UJFA[”OTI]. (29)
n>1
Set A = Yp—Yyand B = —Yjin (2.9) to get
1 Yo(n+1)+(Y1—Y0)[na*1}
F(C™0,cM) = Y (5) o> 1, (2.10) or
n>1
set A = —Yy and B = —Y) in (2.9) to get
1 Y1 (n4+1)+Yo[na1]
F(C™n, o) = — 1. 2.11
ey = 3 () 1> (2.11)
%
From (2.4), we see that
F(CYO’CH) OYolf-1+Yifo coYofo+Yifi OYofi+Yifa
= L 0<C<1.
F(CY1,CYot 1) / 1+ 1+ 1+.. 7
It is easy to show by induction that Y,, = Y, f, o + Yi f._1, for integer n; hence,
F(CY, CY) Ch. g% "C%
= 0<C<1
F(CY1,CYot 1) P I+ 1+ 14..°
Replacing C' with its reciprocal variable,
F(C™Y, C—1) C=ee (Y3
= C>1
F(C—,C~Yo—11) i I+ 1+ 1+..° ’
cho—1 ghghc=¥ cnicvC—¥
= R Vit o C>1,
cYo—hn 1
=h C>1.
r CYo4 Chy C%2 4+ .00
Hence,
F(C™Y Cc7)C—Yo 1 1 1
C>1.

— Y_
SOt oy vy on gL

F(C,C-Yo1)C—Nn
Substituting in (2.10) and (2.11) and simplifying yields the theorem.



CHAPTER III

Explicit continued fractions

In this chapter, we apply the generalized Fibonacci representation in the Bowman’s

method to derive corresponding explicit continued fractions.

3.1 Explicit continued fractions whose partial numerators

are 1

Let v, be (1,1)™ Fibonacci sequence:
vy =1 and v, =U,_1 +Up_1 = 20,_1 where n > 2.

Set vo = 27! Thenwv, = 2wy.

n—1

Hence vy = 2 forall n>0.

By Theorem 1.7, the (1;1)"™ Fibonacci representation of an integer N > 1 is

N:/Uil + 'UZ'2 4+ ... + vid

where 1 <17 < ig <13 < ... < 14.

Theorem 3.1.Let a be a real number such that 0 < a < 1. Then

1 1 1

+ a2+ a2+ a2+ ..
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3
G/E o a9,2n—2
J1—2 Jm —2
t =D |y |1+ 3 G AP )
— 02 — a”
_ a—% 1—a n=1 m2>1,1<j1<2j2<2...<2Jm<n—2
a3 o a9_2n—1
. 3(2j171+_._+2]‘m*1)
S e D Dl C el By 2 a
n=1 m>1,1<j1<272<2...<2jm<n—2
aHn—2 .
Proof. Let C,, = a’1a’ = a®»' = ¢*?" " where a is a real number such that
0< a < 1.

Substitute C,, into (2.1) to get

a3’U() a31}1 a3’u2 Cl 02 C3
1 & QF_ —== W\
+ 1+ 1+ 1+.. +1—|— 1+ 1+ ..
AOO(Clv 027 )
J Aoo(027 C3a )

i1 —2 9in—2
1+ E &3 2 +...43-2'n

n>1, 1<i1<212<2...<2in

a/3'2i1 42_;'_._._;'_3.21'"72

[

TL>1, 2<Z]<312<3...<2’Ln

(]

n>1, 1<41<212<2...<2in,

a3-2i1—1+...+3-2in—1

]

n>1, 1<i1 <212<2...<2in

F(a)
¥ Gl (3.1)
Let A = Z @321 4202
d>1, 1<i1<ig<...<ig
By Theorem 1.7,
o?
A = s @1 2l azk =
> —

d>1, 1<i1<i2<...<ig keN
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Now,

9i1—24 9. 9ig—2 yin—2
F(CL) — 1+ § CL32 +3:2 +...4-3-2'n

n>1, 1<iy <2in<a...<2in
= 1+ A - B

where B is a sum of the same form as in F'(a) but extends over n > 1, 1 <1y < iy <

. < 1, such that there exists a pair 44,1 = i + 1 for some k. To evaluate B, we
split the sum into subsums corresponding to all pairs of consecutive values of each
possible consecutive indices, namely, B = Bjs + By3 + B34 + ..., where B, 41
denoted the subsum taken over all possible consecutive indices 5, 51 With value
pair (m,m + 1).

For value-pair (1,2), possible indices are i; = 1 < i5 = 2 and the subsum is

9(0i] —2 4 9ig—2 ig—2
Bis = Z 3212428272 9% 2)

d>2,1=1i1 <2=i2<i3<...<iq

_ 2 : a3(%+2i2_2+2i3_2+"‘+21‘r2)

d>22=i9<13<...<iq
_ Z a3(5+212*1+2j3+...+2jd)
d>2,1=j2<j3<...<jd

- E 33202 T2 (298 L 427ar))

d>2,1=72<j3<...<jaq

= E a’*.

k=2+20+42'Np
o0
_ 2 :as(%+20+215)
1=0

—1 0
3271420

1—a3?
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For value-pair (2,3), possible indices are iy = 2 < i3 = 3 and the subsum is

i9—2 9ig—2 ig—2
32,3 _ 2 : a3(2 +2 +..4+2 )
d>3,2=i9<3=13<i4<...<ig
_ j : a3(20+2i372+2i472+._.+2id—2)
d>3,3=i3<i4<...<iq
_ Z a3(20+213+2J’4+1+...+2J'd+1)
d>3,1=53<ja<...<ja
— 2 : @320 +2342% (294 +.. 4294 70))
d>3,1=53<j4<...<jaq
_ } : a3k
k=20421422Nj
o0
0 1 2
32 +2142%)
=0
0 1
a32°+2h)

1 — a3?

For value-pair (3,4), possible indices are i3 =3 < iy =4 ori; =1<i3=3<i4 =14

and the subsum is

B34 = Z @B 4207
d>4,3=i3<4=14<i5<..<ig
+ Z a3(2’il—2+2i3—2+2i4—2+.“+2id72)
d>4,1=11 <3=i3<4=14<i5<...<iq
_ (1 ¥ 2: a3(2j1*2+...+21m*2) 2 : a3(2i3*2+2i4*2+...+2¢d_2)
m>1,1<51<2...<2im <23 d>4,3=i3<4=14<i5<...<iq
_ (1 + Z a3(211—2+‘..+2fm—2) Z a3(21+2i4—2+2i5—2+...+21‘d72)
m>1,1<71<2...<2im <23 d>4,4=i4<i5<...<iq
_ (1 + Z a3(29’1*2+...+21m*2) Z a3(21+2J’4+1+2j5+2+...+2jd+2)
m>1,1<j1 <2...<2jm <23 d>4,1=j4<j5<...<jg
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—(1+ 2: a3(29’1*2+...+21m*2) a3(21+2J’4+1+23(2J5*1+...+2fd—1)
m>1,1<51<2...<2im <23 d>4 1_j4<j5< .<Jd
Jj1—2 Jm —2
— |1+ } : a3(2 +...42Im—2) 2 : a3k
m>1,1<j1<2...<2jm <23 k=21422123N

=1+ E g3 A2 ) 321 +22+2%)

m>1,1<j1<2...<2im<23 =0

1 2
432" +2%)

1 —a3?
m>1,1<j1<2...<2im<23

)
)
i
)

For value-pair (4,5), possible indicesare iy =4 < i =5ori; =1 < iy =4 < i5=5

orip=2 < i4=4 < 15 =5 and the subsum is

(914 =21 5i5—2 | 9ig—2 ig—2
By = 2: 3222 2162 4-21d7)

d>5,4=i4<5=15<i6<...<iqg

+ Z a/3(2i1_2+2i4_2+2i5_2+“‘+2id72)

d>5,1=i1 <d=iy <5=i5<ig<...<ig

+ Z a/3(2i1—2+2i472+22‘5~2+.”+2'L’d—2)
d>5,2=11 <4=14<5=i5<i6<...<ig
_ (1 + j : a3(2j172+.“+2jm72) j : a3(2i472+2i572+._.+21d72)
m>1,1<j1<2...<2jm <24 d>5,4=i4<5=1i5<is<...<iq
_ (1 + } : a3(2f'1—2+...+21m—2) 2 : a3(22+2i5—2+2i6—2+...+2id*2)
m>1,1<j1<2...<2jm <24 d>5,6=15<i6<...<iq
_ <1+ § : a3(271*2+...+21m*2) 2 : a3(22+2j5+2+2j6+3+...+2jd+3)
m>1,1<1 <21 <aim <24 d>5,1=js <jo <... <jd
_ (1 + 2 : a3(2j1_2+“'+2m_2) 2 : a3(22+21'5+2+24(2J'6—1+...+2J'd*1)
m>1,1<j1 <z...<2jm <24 d>5,1=j5<j6<...<ja
j1—2 Jm —2
— (1 + E (13(2 +...42Im—2) E a3k
m>1,1<j1<2...<2jm <24 k=22+423424Ng
00
J1—2 Jm —2 2,93, 04
— <1 + § : a3(2 +...42Im—2) E :a3(2 +234-241)
m>1,1<j1<2...<2jm <24 =0
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2 3
a3(2 +23)

_ 3(2]’1—2_,'_.“_'_2,7'7”—2) s
= <1 + Z a ) ——w

m>1,1<j1<2...<2jm <24

The computations of other B,,,,+1 are carried out in a similar manner and we

arrive at

3
a§ o0 a3(2n—2+2n—1) o -
— _ 3(27172 4. 4-2im—2)
F(a) =14 % E <——1—a3‘2n 1 E a

m>1,1<j1<2...<2jm<2n

B as 00 o> %’ 3(2012 4. 42im—2)
=1+ Sl 77 16 'Y ¢ '

m>1,1<j1<s...<2jm<n—2

Let A" = Z BT 2
d>1, 1<i1<i9<...<ig
oz
r_ 3k
By Theorem 1.7, A" = Z o RO

keN

As for the denominator, we have
Gla) = 1+ Z P R A N D L | + A - B
Y
n>1, 1<1<212<3...<21n,
where B’ is a sum of the same form as in G(a) but extends over n > 1, 1 < iy <
19 < ... < 1, such that there exists a pair 7,1 = i1 + 1 for some k. To evaluate

B’, we split the sum into subsums corresponding to all pairs of consecutive values of

each possible consecutive indices, namely, B’ = Bj, + By3; +0By, + ..., where
B’ denotes the subsum taken over all possible consecutive indices iy, i1 with

m,m-+1

value pair (m,m + 1).

Using the same computation as for F'(a), we get

0,3

1—a3

1

1 —a3?

1
Gla) = 1+ _ <a3(20+21) — + q32t+2%)
1—a*



Thus

Ch
1 _
* 1+

Ch

1 —
JrH—

By (3.1),

Hence

+ (1 + Z a3(2j1‘1+...+2jm—1)> a

m>1,1<j1<2...<2jm <23

+ (1 + Z a3(2a‘11+m+2jm1)> .

m>1,1<j1<2...<2jm <24

+ )

o

a3 i a9,2n—1
e ) Sy ol SR

3
I
e

CZ 03 CLSUO a3U1 a3v2

I+ 1+ 1+ 14 1+

Qv a3vo a1 a3v1 a=v2

24

3(22423) 1
1—a3?
3(23+2%) 1
1 — g32°

J1—1 jm —1
§ CL3(2 +...42im ))

m>1,1<j1<2...<2jm<n—2

q~v2 a3U2 a V3

Tl 2 7 N a=v 4 ..
Cy  C av° 1 1
—_— — 1 _'_ .
1+ ]. + a—U1_|_ a—v2+ a—"v3 +
F(a) a® 1 1
G(a) + a—v1+ a—v2+ a—v3 +
1 F<a) 1 1 1
_1 I
2 G(a) X g ot @ TQn 23 a4
| 1 1 1
= a 2 +

a4+ o+ P+

00 3(2n—142m) 3(291 -1 4. y2im—1)
1—a3 . on+1 L+ Z | a

m=1,1<j1<2...<2jm<2n

)
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3
az > 9-2n—2 _ _
a J1—2 Jm —2
1 4 — § W 1 4 § CL3(2 +...42Im—2)
— 5 — a
! l—a> 5 m>1,1<j1 <2jo<...<2jm<n—2
3 o0 n—1
a 9-2 . .
a -1 -1
3(201 14, 420m—1)
It === (o |14 . a
n=1 m2>1,1<j1<2j2<2...<2jm<n—2
) 1 1 1
=a 2+ , asrequired. O

Let v, be the (h, k)" Fibonacci sequence where k > 3:

Uy = N for 1 <n <k,
Up = Un_1 .+ Upep fork<n<h+k,

Uy = Un_1 + Upep + (k—h) forn>h+Ek.

By Theorem 1.7, the (h, k)™ Fibonacci representation of an integer N > 1 is
N:Uil —+ 'U,L'2 —|— ot vid

where 1 < iy <p 1o <p 13 <p ... <k lq-

1
Theorem 3.2. Let a be a real number such that |[a | < 1 Then

1 1 1 1 F(a)
a_l + = a,_l
i U R R B O B B R (e I e R [ D G(CL)
where F(a) = 1 + g b2+ —D k=D H V2 (i -1y (k1)
d>1, 1<i1<pi2<pt3<k..-<kld
h—1
+ E V24— 1) (k=1)F V24 (iy—1) (k—1)
m=2 \d>2, 1<i1<ig=t1+m<piz<p...<kld
h k—1

+ E E E &v2+(il—1)<k—1)+~~-+02+(id—1)(k—1)

1=2 \\mgo=2 n>3 d>n, 1< <io=11+m1<2...<2in—1<tn=tn—1+ma2<pint+1<g...<kld

3

G(CL) =1 + § qV2+i1 (k=) T V240 (—1)

d>1, 1<i1<pi2<gi3<k...<kld



_l’_
T

+

= i

2

3

1

and (v,) is the (h, k)™ Fibonacci sequence such that h = k, k > 3.

Proof. Let C,, = a%+n-0tk-1 (n > 1) where ais a real number such that |a | <

2.

qV2+i1 (k=) T V240 (k—1)

d>2, 1<iy <ig=i1+m<giz<k...<klq

k—1
mo=2 n>3

Substitute C,, into (2.1) to get

a2

14+ —
+1+

Let A

aV2+(k=1)  gV2+2(k-1)

1+ I

2.

Cy Oy Cj
_|___—
I R\ H

Axs(Cy, Cy, ...)
Ao (C3,C3, ...)

(]

-
n>1, 1< <gi2<3...<2in
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qV2+i1 (k=) T T V240 (k—1)

d>n, 1<i1<io=i1+m1<2...<2ln—1<in=tn—1+m2<pint1<p...<gid

=

@V2+ (1 =1 (k=1) T V24 (i 1) (k1)

1S

(]

n>1, 2<i1<212<2...<2in,

1+

]

n>1, 1<i1<212<2...<21p

qV2+G1—1)(k—1) V24 (i — 1) (k1)

QP2+ 1= 1) (k—1) T V24 (i — 1) (k1)

>

n>1, 1<i1<212<2...<2in

F(a)

il5F

2.

d>1, 1<i1 <pia<pi3<p. -<kld

>

+

G(a)

QP2+ 1) (k=) V24 (i —1) (k—1)

qU2+in (k=) T V2t (k—1)

(3.2)

U2+ (i1~ 1) (k—1) T F V24 (i —1) (k—1)

_|_

d>2, 1<iy <ig=t1+(h—1)<piz<p...<piq

2.

d>2, 1<i1<ig=11+2<ki3<k...<jglq

2.

_|_

d>1, 1<i1<pi2<pi3<k...<kld

P2+ —1) (k=) T F V24 (i 1) (k—1)

a2+ (1= 1) (k=1)F V24 (i —1) (k—1)
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4 E P2+ —1)(k=1) T F V24 (i 1) (k—1)
m=2 \d>2, 1<i1<io=t1+m<giz<p...<klq

Now,

F(a) = 1+ E @2+ (i1 = 1) (k=) T V24 (i —1) (k1)

n>1, 1<i1<212<2...<2%n,

= 1+A+ B
where B is a sum of the same form as in F'(a) but extends over n > 1, 1 < i; <
19 <g ... <9 ’L'j,1 <5 ij <k ?:jJrl <p ... <p i, such that iy, = i1 + my (2 <mp < h) and

there exists a pair i; = 4,1 + my (2 < my < k — 1) for some j > 3. Then

h

B = E E QU2+ 61— 1) (k—1) V24 (i —1) (k—1)

m1=2 \ d>3, 1<i1 <ig=i1+m1<iz=iz+(k—1)<pia<p...<ptid

+ Z P2+ (i1 1) (k—1) T F V24 (i 1) (k—1)
d>3, 1<iy<ig=i1+mi1<iz=is+(k—2)<pia<p...<kiq

“+...+ Z av2+(i1—1)(k—1)+.~~+v2+(in—1)(k—l)

d>3, 1<i1<ig=114+m1 <iz=i2+2<,i4<p..-<pklq

+ Z 2+ (i1~ 1) (k—1) T F V24 (in —1) (k—1)
d>4, 1<i1<ig=i1+m1<2i3<is=iz+(k—1)<pis<p...<klq

+ Z 2+ (i1~ 1) (k—1) T F V24 (in —1) (k—1)
d>4, 1<i <ig=i1+m1 <2iz<ia=i3+(k—2)<pis<p...<kiq

+..+ Z QU2+ 1= D) (b =1) T V2 (i~ 1) (k1)

d>4, 1<iq <io=i1+m1 <sis<ia=iz+2<pis<pg...<riq

+ Z QP2+~ 1) (k—1) 024 (i —1) (k—1)
d>5, 1<i1 <ig=i1+m1<9iz<oi4<iz=ig+(k—1)<pis<p...<wid

+ Z G2+ (i1~ 1) (k= 1) V24 (i — 1) (k1)
d>5, 1<iy <is=i14+mq <giz<ais<is=ig+(k=2)<pic<p..-<wiq

+... + Z P2+ 1= 1) (k—1) T F V24 (i —1) (k—1)

d>5; 1<i1 <io=1t14+m1<213<204<i5=14+2<pi6<k..-<kld

h
— § § § U2+ (i1 —1)(k=1) T F V24 (i 1) (k—1)

mi1=2 mo=2 d>3, 1<i1<io=ti1+m1<iz=io+ma<pia<g...<piqg
+ E Q2+ 61— (k—1) T F V24 (i — 1) (k—1)

d>4, 1<i1<ig=i1+m1<2i3<ig4=i3+mo<pis<p...<plqd



28

+
h k—1
= g E E E QU2+~ 1) (k—1) V24 (i —1) (k—1)
mi1=2 mo=2 n>3 d>n
1<iy <io=i14+m1<2...<20n—1<in=tn—1+Mm2<gint1<k...<pld
Thus F(a) = 1 + E V2 (i1 —1) (k= 1) T V24 (i — 1) (k= 1)

d>1, 1<i1<pia<giz<k-...-<kid
h—1

E E V24 (i1 — 1) (k=1) V24 (i —1) (k—1)

m=2 \d>2, 1<i1<ig=i1+m<pizg<p..<piq
k—1

T Z Z Z E Q2+ 61— 1) (k—1) T F V24 (i — 1) (k—1)

h
m1=2 \me=2 \ n>3 \d>n, 1<i1<do=t14+m1<2...<2%n—1<in=tn—1+mM2<pint1<k...<klq

+

Let A = E ql2+in (k- V24 (k1)

d>1, 1<i1<pi2<ki3<fk..-<kid

+ § qU2+ig (1) T Vatin (k1)

d>2, 1<ii1<ig=i1+(h—1)<pi3<pg...<kiq

+ ..+ E P2+ (=) T FV2tin (k—1)

d>2, 1<i1<io=1i1+2<p13<k-..<kld

— § qU2+iq (k=1) T FVotin (k—1)

d>1, 1<i1<pi2<pi3<k...-<kld

h—1
+ E E P2+ (k=) T V2t (k1)

m=2 \d>2, 1<i1<iz=t1+m<piz<g...<pld

Now,

G(CL) =14 E av2+i1(k—1)+-~~+v2+in(k—l)

n>1, 1<i1<212<2...<2%n
= 1+ A + B
where B’ is a sum of the same form as in G(a) but extends over n > 1, 1 < i; <y
iy <o ... <o Z.j,1 <9 ij <k Z.j+1 <p ... <p 1, such that io = i1 +my (2 <m; < h) and

there exists a pair i; = i;_1 + mg (2 < my < k — 1) for some j > 3.
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Similarly,
G(a> =1 + § q2+iy (=) Tt V24in (k1)
d>1, 1<i1<pio<piz<p...<pld
h k—1
+ § § § E qU2+i1 (k=) T FV2gin (k—1)
m1=2 \ ma=2 | n>3 d > n,

1<i1 <lg=11+m1<2...<2%p—1 <in=tn—1+Mo2<pgint1<k...<kld

al? qV2+(k-1) gP2+2(k—1) qV2+3(k—1)

Consider 1 + —

1+ iz 14 1
a~aq¥2 g Vit(k—1) qV2+(k—1) V1 g TV1+2(k—1) g V2+2(k—1) g Vi4+(k—1)
=1 +
a V14 a/_v1+(lcfl)+ a~ V1+2(k-1) —+ ...
a 1 1 1
=1
a vt a_vl+(k71)_.|_ a_U1+2(k41)_'_ a  Yi+3(k-1) + ...
a 1 1 1 F(a)
By (3.2 1 = .
Y ( )’ + a4 q U+k-n4 g lH2k-1) 4 g V8- G(a)
1 1 1 1 F(a)
at = a! . ]
a~vi4 a*”1+(k—1)_|_ a*v1+2(k—1)_|_ q  V1+3(k-1) + ... G(a)
1
Theorem 3.3. Let a be a real number such that | a |[< " Then
1 1 1 F(a)
aﬂzh—vzh+1+1 — a”2h_”2h+1+1_
a~vTl4 gvsnTly gmvan—l 4 G(a)
where F(a) =1 4+ E aU(il+1)h+1+-..+U(id+1)h+l
d>1, 1<i1<pi2<giz<k...-<kld
h—1
+ E G D)h+1 TV L) Rt
m=2 \d>2, 1<i1<ig=i1+m<piz<p...<giqg
h k—1

+ Z Z Z PG+ Dh+1F TG 1) R4l

mi1=2 mo=2 n>3 d>n, 1<i1<ia=t1+m1<2...<20n-1<in=tn—1+ma2<gin+1<k..-<kld

G(a) =1 + § allr+2)h+1TFV6 g +2)ht1

d>1, 1<i1<pia<piz<g...-<kld
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_l’_
T

E G121t TV 12)n+1

d>2, 1<iy <ig=i1+m<giz<k...<klq
k—1

§ § E qlG1+2)h+1TFV6 12y ht1

2 \m2=2 \ n23 \d>n, 1<i1<iz=i1+m1<2...<20n—1<in=tn—1+M2<pin+1<k. -<kid

+

= i

3

1

and (v,) is the (h, k)™ Fibonacci sequence such that k = h + 1, k > 3.

Proof. Let C,, = a"+vr+1 (n > 1) where a is a real number such that |a| <

ol L

Substitute C,, into (2.1) to get

aV2h+1  qUsh+1l  qVdh+1 Cl 02 Cg
S P W ol iy
Ao (Cy, Cy, ..0)
y AOO(027C37"‘)
1+ Z QPG+ D+t V)R
Yy n>1, 1<ii<gig<s...<2in
= Z @V DR V(g )b
n>1, 2<i1<9212<2...<2ip,
1+ Z @ G A DR V(g 1) h
— n>1, 1<i; <giz<a...<zin
- 1+ Z qPlr+2)ht2t VG 2)ht2
n>1, 1<i1<212<2...<21n
F(a) (33)
1 oGla) '
Let A = Z @t Dh 1T TV 1) Rt

d>1, 1<i1 <pia<pi3<p. -<kld

+ E PG+ R+t FV6 R4

d>2, 1<iy <ig=t1+(h—1)<piz<p...<piq

4+ o+ E av(il+1)h+1+~“+v(id+1)h+1

d>2, 1<i1<ig=11+2<pi3<k...<jglq

_ Z av(z‘l+1)h+1+-'~+v(id+1)h+1

d>1, 1<i1<pi2<i3<k...<kld
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+ E av(il+1)h+1+~~~+v(id+1)h+1

m=2 \d>2, 1<i1<io=t1+m<giz<p...<klq

Now,

F(a) = 1+ E ql1+ D1t VG )Rt

n>1, 1<i1<212<2...<2%n

= 1+A+ D
where B is a sum of the same form as in F'(a) but extends over n > 1, 1 < i; <y
19 <g ... <9 ’L'j,1 <5 ij <k ?:jJrl <p ... <p i, such that iy, = i1 + my (2 <mp < h) and

there exists a pair i; = 4,1 + my (2 < my < k — 1) for some j > 3. Then

h

B = § E a”(il+1)h+1+~-+v(id+1)h+1

m1=2 \ d>3, 1<i1 <ig=i1+m1<iz=iz+(k—1)<pia<p...<ptiq

+ Z G+ D)h+1F TG 1) h
d>3, 1<iy<ig=i1+m1<iz=is+(k—2)<pia<p...<kiq

4.+ Z qlGr+Dh+1 T FV6 1R

d>3, 1<i1<ig=114+m1 <iz=i2+2<pi4<p...-<jklq

+ Z qPl1+ R+t FVG R4
d>4, 1<i1<ig=i1+m1<2i3<is=iz+(k—1)<pis<p...<klq

+ Z PG+ R+t V6 R
d>4, 1<i<ig=i1+m1 <giz<ia=iz+(k—2)<pis<p...<kidq

+...+ Z a’GrDhe1 G DR

d>4, 1<i1 <io=i1+m1 <ais<ia=i3+2<pis<p...<niq

+ Z G101 TV 1R
d>5, 1<iy<ig=t1+m1<2i3<2i4<is=ta+(k—1)<pis<p...<pkiq

+ Z QG101 TV 1R
d>5, 1<iy<ig=ti14+m1<2i3<2i4<is=ta+(k=2)<gic<p...<piq

+... + Z @Vl Rt UG DR

d>5; 1<i1 <io=t14+m1<213<204<i5=14+2<pi6<k-.-<kld

h
— E E § av(il+1)h+1+~~~+v(z’d+1)h+1

mi1=2 mo=2 d>3, 1<i1<io=ti1+m1<iz=io+mao<pia<g...<piqg
+ § PG+ Dh+1T TV )R+

d>4, 1<i1<ig=i14+m1<2i3<is4=i3+mao<pis<pg...<jklq
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+
h k—1
— E § E E PG+ Dh+1 TV )R
m1=2 | mo=2 n>3 d>n
1<ii<io=i1+m1<2...<20n—1<tn=tn_1+mM2<pint1<p...<pid
Thus F(a) = 1 + E @®Cat D1 Tt
d>1, 1< <pia<piz<p..-<pid
h—1
+ E av(il+1)h+1+~-'+v(id+1)h+1

m=2 \d>2, 1<i1<ig=i1+m<pizg<p..<piq

k-1

h
+ § E E § a”(il+1)h+1+---+U(id+1)h+1

m1=2 \ mo=2 n>3 d>n, 1<i1 <io=114+m1<2...<20n—1<in=tn—1+me2<pint1<g.-.-<kpld

Let A = E av(il+2)h+1+~~~+v(id+2)h+1

d>1, 1<i1<pi2<ki3<k..-<kid

+ E PG +2)ht1 VG o) Rt

d>2, 1<ii1<ig=i1+(h—1)<pi3<p...<kiq

+ ..+ E qllr+2)h+1F TG g 12)ht1

d>2, 1<i1<io=1i1+2<p13<g-..<kld

— E G142 h+1 V6 o) ht1

d>1, 1<i1<pia<piz3<g...-<kld

h—1
+ E E alGr+2)h+1TFV6  12)ht1

m=2 \d>2, 1<i1<iz=t1+m<piz<g...<pld

Now,

G(CL) N\ N § qPG1+2)ht1t Vg2 h41

n>1, 1<i1<212<2...<2%n
= 1+ A + B
where B’ is a sum of the same form as in G(a) but extends over n > 1, 1 < i; <y
iy <o ... <o Z.j,1 <5 ij <k Z.j+1 <p ... < 1, such that io = i1 + my (2 <m; < h) and

there exists a pair i; = i;_1 + mg (2 < my < k — 1) for some j > 3.
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Similarly,
G(a) =1 + E av(z’1+2)h+1+“~+U(id+2)h+1
d>1, 1<i1<pio<piz<p...<pld
h k—1
+ § § E § qlG1+2)h+1FFV6 o) ht
m1=2 | mg=2 | n>3 d > mn,

1<i1 <lg=114+m1<2...<2%p—1 <in=tn—1+M2<pgint1<k...<kld

av2h+1 av3h+1 av4h+1 av5h+l

Consider 1
OmSIder L T e — 1.

a_'U2h aUQh,+1 a_v?)h av3h+1 a_UZh a_'U4h av4h+1 a_v3h

= 1 +
a=2h |- a—Usn -+ a vah + ..
" V2h V2R +1 a a a
= 1+
a2 A oF Pri—as S N QRUSRE ..
q~V2htv2ng1—1 1 1 1
= 1+ a—vzh—1+ a—U3h—1+ a—v4h—1+ a—v5h—1+“‘
q~v2rtv2nr1=1 1 1 1 F(CL)
By (33), 1+ aonl | grnip gmemly gvnl4 . Gla)
1 1 1 1 F(a)
aUQh_U2h+1+1+ —  qV2h—v2n41tl )
a7t gVl gl gus Ly G(a)
[

3.2 Explicit continued fractions whose partial denominators

are 1

Let v, bethe (1,2)™ Fibonacci sequence:
vy =1, vu=2and v,=0v,_1+V,—2+1 where n > 3.
Set vg = Oand v_; = 0. Then v, = vy +vg+1and v; = vg+v_q+ 1.
and

Up = Up_1 + Up—g + 1 (n>1).



By Theorem 1.7, the (1,2)" Fibonacci representation of an integer N > 1 is
]V:’UZ‘1 + Ui2 + ... + ’Uid

where 1 < < ig <g i3 <g ... <9 14.

Theorem 3.4. Let a be a real number such that | a |< 1. Then
avs F(a)

14— — —
T T Ty T G

a
— Un—1—"Un Viadn+1+Vi4+n+1+
where F(a) = 1—1—1 — E (a 1 (1 + E QUi 1ttt

n=2 d>3,1<j3<2...<2jd

G(CL) — 1+ Z avi1+1+...+vid+1

d>1,1<i1<i2<213<2...<2jq

_ E (avnvn+1 <1 + E ang+n+2+vj4+n+2+~-~+vjd+n+2))

n>2 d>3,1<j3<2...<2ja

and (v,) is the (1,2)"™ Fibonacci sequence.

Proof. Let C,, = a" where a is a real number such that |a| < 1.

Substitute C,, into (2.1) to get

a’t a2 av? Ol 02 03
14— — = 14+——
T oTa Qe
A (C1, Coyil)
\l AL @£ dL D

1+ E an1+-~~+Uin

n>1, 1<1<212<2...<21n,

1+ § ali +...4+vip,

n>1, 2<i1<212<2...<21n,

1+ § a/vil +‘“+Uin

n>1, 1<i1<2i2<3...<2in,
1+ E avz‘1+1+...+vin+1 )

n>1, 1<i1<92i2<2...<21n,

34

~~-+vjd+n+1>)
)
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F(a)
~ Gla) (3.4)
Let A = Z avi1+v¢2+...+vid.
d>1, 1<i1<i2<213<2...<21%q
3 a
y Theorem 1.7, A Za TP
keN
Now,
F(a) = 1+ Z Ui gty

n>1, 1<i1<919<2...<2in,

= 1+A - B
where B is a sum of the same form as in F(a) but extends over n > 1, 1 < iy <
iy <g ... <o 1, such that iy = 7; + 1. To evaluate B, we split the sum into subsums
corresponding to all pair of consecutive values of each possible consecutive indices,
namely, B = Bjs + B3 + B34 + .., where B, ,4+1 denoted the subsum taken
over all possible consecutive indices iy, i with value pair (m,m + 1).

Thus for value-pair(1,2), possible indices are 4; = 1 < i3 = 2 and the subsum is
B 5 _ Z Vi1 TVt tviy

d>2, 1=11<2=12<213<3...<21q
— E avl+v¢2 (avi3+Uz‘4+--~+Uz’d>.

d>2, 2=i2<213<2...<214

Thus for value-pair(2,3); possible indices are iy =2 < iy = 3 and the subsum is
Bo s X Z Vi Hig iy

d>2, 2=i1<3=12<213<2...<21q
— E av2+vi2 (avig +v¢4+...+vid)

d>2, 3=i2<213<2...<21g

Thus for value-pair(3,4), possible indices are i; = 3 < iy = 4 and the subsum is
B, _ Z Vi Hin ety

d>2, 3=11<4=12<213<3...<2iq
— E av3+vi2 (avi3+vi4+...+vid)

d>2, 4=i9<9213<2...<21g
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The computations of other B,, ,,41 are carried out in a similar manner and we

arrive at
Fa) = 1+ A-B
= 1+ E ( avi2—1+vi2(avi3+vi4+m+vid)
n>2 \d>2, n= 7,2<27,3<2 <atq
— E qln-17"n 1+ § avi3+vi4+m+vid
1—
n>2 d>3, n<2i3<a...<2iq
— P I E an3+Ui4+---+Uid
1—
n>2 d>3, n+2<i3<2...<2iq4
=1+ g’n=1tn [ 4 E Uiz +n+1T V5441 F V) 4ntl
n>2 d>3,1<j3<2...<2j4
Let A = E avil+1+v¢2+1+...+vid+1
d>1, 1<i1<i2<213<2...<21g
Now,

G(a) = 14+ E avi1+1+vi2+1+...+vid+1

n>1, 1<y <2is<2...<2in
= 1+ A -
where B’ is a sum of the same form as in G(a) but extends over n > 1, 1 < iy <
ig <g ... <9 i, such that 75 = i; + 1. To evaluate B’, we split the sum into subsums
corresponding to all pair of consecutive values of each possible consecutive indices,
namely, B’ = B}, + By3 + Bj; + ..., where B, ., denoted the subsum taken

over all possible consecutive indices i1, 4o with value pair (m, m + 1).

Similarly,
G(CL) = 1+ E av¢1+1+vi2+1+...+v¢d+1
d>1, 1<i1<i2<9i3<2...<21g
— E qtn TVt [ 1 + E qVis+n+2t Vg 4nt2tFU 4nt2
n>2 d>3,1<j3<2...<2J4
a’t a2 a* F(a)
By (3.4), 1+ — — = : O

1+ 1+ 1+4. G(a)
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Let v, be the (h, k)™ Fibonacci sequence where k > 3:

Uy = N for 1 <n <k,
Up = Un—1 + Un_p for k<n<h+k,

Up = Upo1 + U + (E—h) forn>h+k.

By Theorem 1.7, the (h, k)" Fibonacei representation of an integer N > 1 is

]\[:’Ui1 + (P S Uiy

where 1 < i1 <p 1o <p 13 <p ... <k lq-.

1
Theorem 3.5. Let a be a real number such that | a |< T Then
Y (o Y (- F(a)
W Y e

a

h—1
where F(a) = 1 + T + Z( Z avi1+vi2+...+vid)

m=2 \d>2, 1<i1<ig=t1+m<piz<p...<plq

h k—1

+ Z Z Z Z av¢1+v¢2+...+vid

mi1=2 \ ma=2 n>3 d>n, 1<i1<io=i1+m1<2...<2in—1<in=tn—1+ma2<pint1<g...<kld

G(a) =1 + § avi1+1+vi2+1+---+vid+l

d>1, 1<i1<pia<piz<g...<kld

4 Z avi1+1+vi2+1+...+vid+1>

2 \d>2, 1<i1<ig=i1+m<pi3<p...<giq

k—1
+ ( E E E avi1+1+vi2+1+-~-+vid+l

mo=2 n>3 d>n, 1< <lo=t14+m1<2...<2in—1<tn=tn_-1+Mo<pinti <p...<kld

and (v,) is the (h, k)™ Fibonacci sequence, k >3, h =k — 1 or k.

—_

Proof. Let C,, = a"" where a is a real number such that |a| <

= |

Substitute C,, into (2.1) to get



a’ a%  a% Cy Cy Ch
T — — = =
+1+ 1+ 1+... +1+1+1+...
A (C1,Cy, ..0)
- A (Co, Cs, )

1+ § avil+...+vin

n>1, 1<i1<212<2...<2in

14 E avil-i-...-i-vin

n>1, 2<i1<2i2<2...<920n,

14 § a,vil +...+vin

n>1, 1<61<212<2...<2in

148 E an1+1+m+'Uin+1

n>1, 1<i1<202<2...<2in

Let A = S avi it

d>1, 1<i1 <pig<giz<p...<kid

+ § : aﬂu,-l—i—vi2+...—|—vid

d>2, 1<ii<ig=i1+(h—1)<pi3<pg...<kiq

4 4 E a”i1+vi2+m+vid

d>2, 1<i1<ig=11+2<pi3<fk...<kid

By Theorem 1.7,
h—1
A _ Z ak _|_ 2 : § avi1+vi2+...+vid
keN m=2 \d>2, 1<i1 <izg=i1+m<yi3<p...-<plq

a 1

h—
_ + z : § avil+vi?+”'+vid
1 3/&

m=2 \d>2, 1<i1<iz=i1+m<piz<p...<plq

Now,

F@ =14 Y amimben

n>1, 1<11<212<2...<210n,

= 14+ A+ B

38

where B is a sum of the same form as in F'(a) but extends over n > 1, 1 < i; <
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19 <o ... <y ij—l <9 ij <k ij+1 <o ooor <k lpy such that o =11 + My (2 <mp < h) and

there exists a pair i; =i;,_1 +mo (2 < mg < k — 1) for some j > 3. Then

h

B = E E avi1+vi2+...+vid

m1=2 \ d>3, 1<i1<ig=i1+m1 <izg=io+(k—1)<gia<p...<pkiqg

+ E a¥i Fvig+... iy
d>3, 1<iy<io=i1+mi<iz=tio+(k—2)<pia<g...<kid
4.+ E anl+Ui2+---+Uid

d>3, 1<iy <tg=t1+m1<iz=t2+2<pig4<p...<plq

+ E a'Uz‘1+’Ui2+m+Uid

d>4, 1<ii<ig=i1+mi1<2i3<is=iz+(k—1)<pis<p...<giq

+ § a’L)Z‘1+’UZ‘2+A..+’UZ‘d

d>4, 1<iy<ig=i1+m1 <2i3<i4:i3+(k—2)<ki5<k...<kid

4+ Z avi1+vi2+"'+vid
d>4, 1<i1<io=114+m1<2i3<i4=13+2<pi5<k...<kid
+ Z avi1+vi2+---+vid
d>5, 1<i1 <io=i1+m <2i3<2ta<is=is+(k—1)<pic<p...<kid
+ Z avz‘1+vi2+...+vz‘d
d>5, 1<i1<izg=i1+m1<2i3<2i4<is=ta+(k—2)<pic<p...-<kiq
++ Z avi1+vi2+”'+vid

d>5, 1<i)<io=i1+m1<2i3<2i4<is=1i4+2<pic<fg...-<piq

h
— E E av¢1+vig+...+v¢d

mi1=2 mo=2 d>3, 1<i1<io=i1+m1<iz=io+mo<pia<pg...<plq

+ E an1+Ui2+--~+Uid

d>4, (1<iy <ig=i1 +mg <gig<i4=iz+mo<pis<p. <irlid

+

mi1=2 | mo=2 d>n
1<t <ta=114+m1<2...<2in—-1<tn=tn—1+M2<pgint+1<k..-<kld

h—1
+ E avi1+vi2+...+vid

m=2 \d>2, 1<i1<ig=ti1+m<piz<p...<kld

h k—1
— E E alit +vip+... iy
n>3
a

Thus F =1
us F(a) + -
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h k—1
+ E E E E avi1+vi2+~--+’vid
mi1=2

mo=2 n>3 d>n, 1< <ia=11+m1<2...<20n—1<tn=tn—-1+ma<pgint1<k...<kld

Let A = E avi1+1+vi2+1+m+vid+1
d>1, 1<i1<pia<piz<p...-<pid
+ E avz‘1+1+vi2+1+...+vz‘d+1
d>2, 1<iy <ig=i1+(h—1)<piz<k..<rld
+ + E a7)i1+1+vi2+1+---+vid+1

d>2, 1<i1 <io=i14+2<g13<k...<kd

— § av¢1+1+vi2+1+...+v¢d+1

d>1, 1<i1 <pi2<gi3<k..-<kld

h—1
+ E E a'Ui1+1+'Ui2+1+...+’Uid+1

m=2 \d>2, 1<i1<io=t1+m<piz<pg..<pkld

Now,

G(a) = 1+ E avi1+1+vi2+1+---+vid+1

n>1, 1<i1 <2i9<3...<21n

= 14+ A+ B
where B’ is a sum of the same form as in G'(a) but extends over n > 1, 1 < i1 <y

g <o ... <o ij—l <9 ij <k ij+1 oymm—ore— such that 15 = i1 + my (2 <my < h) and

there exists a pair i; = i,_1 + ma (2 < my < k — 1) for some j > 3.

Similarly,
G(a) =1 + E avi1+1+vi2+1+...+vid+1
d>1, 1<i1<pi2<pi3<k...<kld
h k—1
+ E E E E avi1+1+’l}i2+1+m+vid+1
m1=2 | m2=2 | n>3 d > n,
1<i1<io=i1+m1<2...<20n 1 <in=tn—1+mM2<pint+1<g...-<kid
a’ a%?  a¥ F(a)
By (3.5), 14— — _ | O

1+ 1+ 1+.. G(a)
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