
เศษสวนตอเนื่องอยางชัดแจงที่เกี่ยวของกับลําดับฟโบนักชี

นางสาวมนตฤดี ยอดโพธิ์ทอง

วิทยานิพนธนี้เปนสวนหนึ่งของการศึกษาตามหลักสูตรปริญญาวิทยาศาสตรมหาบัณฑิต
สาขาวิชาคณิตศาสตร       ภาควิชาคณิตศาสตร
คณะวิทยาศาสตร   จุฬาลงกรณมหาวิทยาลัย

ปการศึกษา  2546
ISBN  974-17-5600-3

ลิขสิทธิ์ของจุฬาลงกรณมหาวิทยาลัย



EXPLICIT CONTINUED FRACTIONS RELATED TO

FIBONACCI SEQUENCES

Miss Monrudee Yodphothong

A Thesis Submitted in Partial Fulfillment of the Requirements

for the Degree of Master of Science in Mathematics

Department of Mathematics

Faculty of Science

Chulalongkorn University

Academic Year 2003

ISBN 974-17-5600-3



Thesis Title Explicit continued fractions related to Fibonacci sequences

By Miss Monrudee Yodphothong

Field of Study Mathematics

Thesis Advisor Assistant Professor Ajchara Harnchoowong, Ph.D.

Thesis Co-advisor Associate Professor Vichian Laohakosol, Ph.D.

Accepted by the Faculty of Science, Chulalongkorn University in

Partial Fulfillment of the Requirements for the Master’s Degree

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Dean of the Faculty of Science

(Professor Piamsak Menasveta, Ph.D.)

Thesis Committee

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Chairman

(Assistant Professor Amorn Wasanawichit, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Thesis Advisor

(Assistant Professor Ajchara Harnchoowong, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Thesis Co-advisor

(Associate Professor Vichian Laohakosol, Ph.D.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Member

(Paisan Nakmahachalasint, Ph.D.)



iv

มนตฤดี ยอดโพธิ์ทอง : เศษสวนตอเนื่องอยางชัดแจงที่เกี่ยวของกับลําดับฟโบนักชี
(EXPLICIT CONTINUED FRACTIONS RELATED TO FIBONACCI SEQUENCES)
อ.ที่ปรึกษา : ผศ. ดร. อัจฉรา หาญชูวงศ,  อ.ที่ปรึกษารวม :
รศ. ดร. วิเชียร เลาหโกศล,  42 หนา. ISBN 974-17-5600-3.

ใ น ป  1 9 77  เดวิสันคนพบเศษสวนตอเนื่องสําหรับจํานวนจริงกลุมหนึ่งที่แทนไดดวย
ผลบวกของสวนกลับของกําลังของ 2  โดยที่กําลังมาจากลําดับของภาคจํานวนเต็มของพหุคูณของ
จํานวนทอง ซ่ึงเปนรากของพหุนามลักษณะเฉพาะของลําดับฟโบนักชี  หลังจากนั้นไมนานอาดัมและ
เดวิสันไดขยายผลนี้โดยแทน 2 ดวยจํานวนเต็มที่มากกวา 1   ในป 1986 บาวแมนใชวิธีแตกตางออก
ไปโดยสวนหนึ่งอาศัยการที่จํานวนเต็มบวกสามารถเขียนเปนผลบวกของพจนในลําดับฟโบนักชี ซ่ึงรู
จักกันในนามของการกระจายเซคเคนดอรฟขยายผลของเดวิสันออกไปหารูปแบบเศษสวนตอเนื่อง
อยางชัดแจงของจํานวนที่แทนไดดวยเศษสวนของอนุกรมในรูปแบบขางตน

ในวิทยานิพนธนี้ เราจะศึกษาปญหาของการขยายผลงานของบาวแมนโดยการขยายการ
กระจายเซคเคนดอรฟไปสูการกระจายโดยใชลําดับ (h,k) ฟโบนักชีของเดยคิน โดยที่ลําดับ(2,2) ฟโบ
นักชีคือลําดับฟโบนักชีเดิม เราสามารถหาเศษสวนตอเนื่องอยางชัดแจงสําหรับจํานวนจริงซึ่งอยูในรูป
เศษสวนของอนุกรมของเทอมซึ่งกําลังสามารถกระจายไดในรูปลําดับ(h,k)

ภาควิชา คณิตศาสตร                                    ลายมือช่ือนิสิต…...…………….............
สาขาวิชา คณิตศาสตร                                  ลายมือช่ืออาจารยที่ปรึกษา…………............
ปการศึกษา 2546                                          ลายมือช่ืออาจารยที่ปรึกษารวม...…….............



v

# # 4572436423 : MAJOR MATHEMATICS
KEY WORDS : CONTINUED FRACTIONS / FIBONACCI SEQUENCES

MONRUDEE YODPHOTHONG : EXPLICIT CONTINUED FRACTIONS
RELATED TO FIBONACCI SEQUENCES. THESIS ADVISOR : ASSIST.PROF.
AJCHARA HARNCHOOWONG, Ph.D., THESIS CO-ADVISOR : ASSOC.
PROF. VICHIAN LAOHAKOSOL, Ph.D., 42 pp. ISBN 974-17-5600-3

In 1977, Davison discovered a remarkable class of continued fractions

for real numbers representable as sums of reciprocals of powers of 2; these

powers being taken from the sequence of the integral parts of multiples of the

golden number, a root of the characteristic polynomial of the Fibonacci re-

currence sequence. Soon after, Adams and Davison generalized this result by

replacing 2 with any integer greater than 1. In 1986, Bowman using a different

approach based partly on unique representation of positive integers by sums

of integers belonging to the Fibonacci sequence, known as Zeckendorff expan-

sion, generalized Davison’s result even further by obtaining explicit continued

fractions for numbers representable as quotients of series of the above form.

In this thesis, we deal with the problem of generalizing Bowman’s

results by extending Zeckendorff expansion to expansion via the (h, k)th Fi-

bonacci sequence introduced by Daykin; the (2,2)-class is that of Fibonacci

sequence. Explicit continued fractions are derived for real numbers which are

quotients of series of terms whose powers are representable via (h, k)-class ex-

pansions.

Department Mathematics Student’s signature....................................

Field of study Mathematics Advisor’s signature....................................

Academic year 2003 Co-advisor’s signature...............................



vi

ACKNOWLEDGEMENTS

I would like to express my profound gratitudes and deep appreciation

to Assistant Professor Dr. Ajchara Harnchoowong and Associate Professor Dr.

Vichian Laohakosol, my thesis advisor and co-advisor, respectively, for their

advice and encouragement. Sincere thanks and deep appreciation are also

extended to Assistant Professor Dr. Amorn Wasanawichit, the chairman, and

Dr. Paisan Nakmahachalasint, committee member, for their comments and

suggestions. Also, I thank Ms. Angkana Sripayap and Mr. Somjate Chaiya

who help sending some of the references from abroad and thank all teachers

who have taught me.

In particular, I would like to express my deep gratitude to my parents,

brother and friends for their encouragement throughout my graduate study.



CONTENTS

page

ABSTRACT IN THAI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

ABSTRACT IN ENGLISH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

CHAPTER

I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1

II BOWMAN’S GENERALIZATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1 P-AND Q-SYSTEMS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .7

2.2 BOWMAN’S METHOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

III EXPLICIT CONTINUED FRACTIONS . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1 EXPLICIT CONTINUED FRACTIONS WHOSE PARTIAL

NUMERATORS ARE 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18

3.2 EXPLICIT CONTINUED FRACTIONS WHOSE PARTIAL

DENOMINATORS ARE 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

VITA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42



CHAPTER I

Introduction

In this chapter, we collect definitions and theorems to be used throughout the

entire thesis.

The following symbols will be standard:

R the set of real numbers,

Z the set of all integers,

N the set of all positive integers,

N0 = N ∪ {0},

[x] the integer part of x, i.e. the largest integer less than or equal to x,

a <m b means that a + m ≤ b, where m is a positive integer.

The expansion

a0 +
b1

a1 +
b2

a2 +
b3

a3 + · · ·

= a0 +
b1

a1+

b1

a2+

b3

a3 + ...

is call a continued fraction.

The quantities ai and bi may be taken to be integers, reals or functions. It is more

convenient to use the notation

[a0; b1, a1; b2, a2; ...; bn, an; ...]

for the above continued fraction. The elements b1, b2, b3, ... are called its partial nu-

merators ; a1, a2, a3, ... its partial denominators.
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When all bi = 1 we use [a0, a1, a2...] for [a0; 1, a1; 1, a2; ...; 1, an; ...]. We assume that

all partial denominators are not equal to zero.

The finite continued fraction [a0; b1, a1; b2, a2; ...; bn, an] is called the nth conver-

gent of the continued fraction [a0; b1, a1; b2, a2; ...; bn, an; ...].

Define p−2 = 0 , p−1 = 1 , q−2 = 1 , q−1 = 0,

pn = anpn−1 + bnpn−2 and qn = anqn−1 + bnqn−2 for all n ≥ 0.

Then
pn

qn

is the nth convergent of [a0; b1, a1; b2, a2; ...; bn, an; ...].

In R, it is known that any real number can be represented as a continued fraction

of the form

[a0, a1, a2, ...]

where a0 ∈ Z and ai ∈ N, for all i ≥ 1. This is called a simple continued fraction and

the ai are called its partial quotients.

Definition 1.1. The Fibonacci sequence is the sequence (fn) where

f0 = 1, f1 = 1 and

fn = fn−1 + fn−2 for n ≥ 2.

In 1977 J.L. Davison[4] proved that:

Theorem 1.2.
∞∑

n=1

1

2[nα]
= [t0, t1, t2, t3, ..., tn, ...] where α = 1+

√
5

2
, t0 = 0, t1 =

1, tn = 2fn−2 (n ≥ 2) and (fn) is the Fibonacci sequence.

In the same year W.W. Adams and J.L. Davison[1] generalized the above theorem

to:

Theorem 1.3. Let x > 0 be any irrational real number and C > 1 an integer. Let

[a0, a1, a2, a3, ...] be the continued fraction for x−1 and
pn

qn

its nth convergent.
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Then (C − 1)
∞∑

n=1

1

C [nx]
= [t0, t1, t2, t3, ...]

where (tn) is the sequence defined by t0 = a0C, tn =
Cqn − Cqn−2

Cqn−1 − 1
for all n ≥ 1.

Theorem 1.2 is a special case where C = 2 and x = 1+
√

5
2

of Theorem 1.3, as

we now show.

Let C = 2 and x = 1+
√

5
2

.

Then x−1 = [0, 1, 1, 1, 1, 1, ...], a0 = 0 and ai = 1 for all i ≥ 1.

Since q0 = 1, q1 = 1 and qn = qn−1 + qn−2 for n ≥ 2, (qn) = (fn), (n ≥ 0).

By Theorem 1.3,

t0 = 0, t1 =
2q1 − 2q−1

2q0 − 1
=

2− 1

2− 1
= 1

and for all n ≥ 2, tn =
2qn − 2qn−2

2qn−1 − 1

=
2fn − 2fn−2

2fn−1 − 1

=
2fn−1+fn−2 − 2fn−2

2fn−1 − 1

=
2fn−2(2fn−1 − 1)

2fn−1 − 1

= 2fn−2 .

In 1986 D. Bowman[2] generalized W.W. Adams and J.L. Davison’s Theorem

by using Euler-Minding Theorem and Lemma 2.5(in Chapter II) about Zeckendorff

representation of natural numbers.

We now show that Adams-Davison’s result is a special case of that of Bowman.

Define Yn for any integer n as follows: let Y0 and Y1 be any real numbers such
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that Y0 + Y1α > 0 and Yn+2 = Yn+1 + Yn for n ∈ Z.

D. Bowman proved the following theorem:

Theorem 1.4.

∞∑
n=1

(
1

C
)Y0n+Y−1[nα−1]

∞∑
n=1

(
1

C
)Y1n+Y0[nα−1]

= CY−1 +
1

CY0+

1

CY1+

1

CY2 + ...
where C > 1

is a real number and α = 1+
√

5
2

.

Let Y0 = 0, Y1 = 1. Then Y0 + Y1α ≥ 0 and Y−1 = 1.By Bowman’s

theorem, we have

CY−1 +
1

CY0
+

1

CY1
+

1

CY2 + ...
=

∞∑
n=1

(
1

C
)[nα−1]

∞∑
n=1

(
1

C
)n

= (C − 1)
∞∑

n=1

1

C [nα−1]

The continued fraction for α = 1+
√

5
2

is [1, 1, 1, 1, 1, ...].

Since q−1 = 0 = Y0, q0 = 1 = Y1 and qn = qn−1 + qn−2 for n ≥ 1, qn = Yn+1.

Now the result of Theorem 1.3 is

(C − 1)
∞∑

n=1

1

C [nα−1]
= t0 +

1

t1+

1

t2+

1

t3 + ...

where t0 = C and for all n ≥ 1, tn =
Cqn − Cqn−2

Cqn−1 − 1

=
CYn+1 − CYn−1

CYn − 1

=
CYn+Yn−1 − CYn−1

CYn − 1
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=
CYn−1(CYn − 1)

CYn − 1

= CYn−1 .

In [5] D.E. Daykin generalized of the so-called Zeckendorff’s theorem about unique

representation of natural numbers by sums of integer form the Fibonacci sequence.

We briefly recall his results.

Definition 1.5. Let h, k be natural numbers such that h ≤ k ≤ h + 1. The (h, k)th

Fibonacci sequence (vn) is defined by

vn = n for 1 ≤ n ≤ k,

vn = vn−1 + vn−h for k < n < h + k,

vn = vn−1 + vn−k + (k − h) for n ≥ h + k.

The Fibonacci sequence (fn) is the (2, 2)th Fibonacci sequence.

Well-known is the following theorem of Zeckendorff.

Theorem 1.6. For each natural number N there is one and only one system of

natural numbers i1, i2, ..., id such that

N = fi1 + fi2 + ... + fid

where 1 ≤ i1 <2 i2 <2 ... <2 id and (fn) is the Fibonacci sequence.

D.E. Daykin’s generalization of Theorem 1.6 is the following:

Theorem 1.7. If (vn) is an (h, k)th Fibonacci sequence, h ≤ k ≤ h+1, then for each

natural number N there is one, and only one system of natural numbers i1, i2, ..., id

such that

N = vi1 + vi2 + ... + vid (1.1)
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where 1 ≤ i1 <h i2 <k ... <k id.

Our derivation in Chapter II makes use of continued fractions whose partial de-

nominators are all equal to 1. Such continued fractions converge as confirmed by the

following theorem:

Theorem 1.8(Worpitzky’s Theorem).[8] Let for all n ≥ 1, |bn| ≤ 1
4
. Then

[0; b1, 1; b2, 1; ...; bn, 1, ...] converges.

In this thesis we apply Bowman’s method to find explicit continued fractions using

the generalized Fibonacci sequence.

In Chapter II, we describe the P-and Q-systems which will be used in Lemma 2.5

and Bowman’s method.

In Chapter III,we derive main theorem.



CHAPTER II

Bowman’s generalization

In this chapter we discuss Bowman’s method and the representation systems of

integers called the P-and Q-systems.

2.1 P-and Q-systems

Let 1 = v1 < v2 < v3 < ... be a finite or an infinite sequence of integers. Every

N ∈ N can be represented uniquely in the form([6])

N =
n∑

i=1

divi , di ≥ 0, divi + ... + d1v1 < vi+1, i ≥ 1,

where vn is the largest sequence member ≤ N .(If the sequence is finite and vj is its

last term, we assume here and throughout that vj+1 = ∞.) A special case is the

following :

Let a0, a1, a2, ... be a finite or an infinite sequence of positive integers, and let

p−1 = 1, p0 = a0, pn = anpn−1 + pn−2 (n ≥ 1),

q−1 = 0, q0 = 1, qn = anqn−1 + qn−2 (n ≥ 1).

Then every N ∈ N can be expressed uniquely in the form
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N =
n∑

i=ε0

sipi, 0 ≤ s−1 ≤ a0 − 1, 0 ≤ si ≤ ai+1 (i ≥ 0),

si = ai+1 ⇒ si−1 = 0 (i ≥ 1 + ε0),

and also in the form

N =
n∑

i=ε1

tiqi, 0 ≤ t0 ≤ a1 − 1, 0 ≤ ti ≤ ai+1 (i ≥ 1),

ti = ai+1 ⇒ ti−1 = 0 (i ≥ 1 + ε1),

where

ε0 =


−1, if a0 > 1;

0, if a0 = 1.

ε1 =


0, if a1 > 1;

1, if a1 = 1.

Note that the pi, qi(i ≥ 0) are the numerators and the denominators of the conver-

gents of the simple continued fraction of ζ = [a0, a1, a2, ...], respectively. The counting

system based on the pi and qi are called the P (ζ)− system and Q(ζ)− system respec-

tively, or simply the P − system and Q− system.

The representation of N in terms of qi also includes the case of N = 0.

Lemma 2.1. Let n ≥ 0. Then every N ≥ 0 has a unique representation in the form

N =
n∑

i=0

tiqi, where

(1) 0 ≤ t0 ≤ a1 − 1,

(2) 0 ≤ ti ≤ ai+1, (i ≥ 1)

(3) ti = ai+1 ⇒ ti−1 = 0, (i ≥ 1).

The representation of each N ∈ N0 as in Lemma 2.1 is called the Zeckendorff
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representation of N .

We will show how to find examples of P-and Q-system for the positive integer 7

in the following example.

Example 2.2. Let α =
1 +

√
5

2
= [1, 1, 1, 1, ...]. The numerators and denomina-

tors of the convergents of α are p0 = 1, p1 = 2, p2 = 3, p3 = 5, p4 = 8, ... and

q0 = 1, q1 = 1, q2 = 2, q3 = 3, q4 = 5, q5 = 8, ... . Then

7 = s3p3 + s2p2 + s1p1 + s0p0 where s3 = 1, s1 = 1 and s2 = s0 = 0 in P (α)-system

and 7 = t4q4 + t3q3 + t2q2 + t1q1 + t0q0 where t4 = 1, t2 = 1 and t3 = t1 = t0 = 0 in

Q(α)-system.

2.2 Bowman’s method

D. Bowman proved Theorem 1.4 in [2] which is a generalization of W.W. Adams

and J.L. Davison’s Theorem. In this section we discuss his method, to be applied in

Chapter III.

D. Bowman used Euler-Minding Theorem. We give a proof of this theorem using

the following lemma.

Lemma 2.3. Let
Ap

Bp

, p ≥ 1, denote the pth convergents of the continued fraction

[a0; b1, a1; b2, a2; ...] and A−1 = 1, A0 = a0, B−1 = 0 and B0 = 1.

Then for all p ≥ 1,

Ap = apAp−1 + bpAp−2 and Bp = apBp−1 + bpBp−2.
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Theorem 2.4(Euler-Minding Theorem). If
Ap

Bp

= 1 +
C1

1+

C2

1+

C3

1 + ...

Cp

1

where (Ck) is sequence of nonzero real numbers, then

Ap = 1 +
∑

n≥1,1≤V1<2...<2Vn≤p

CV1CV2 ...CVn and

Bp = 1 +
∑

n≥1,2≤V1<2...<2Vn≤p

CV1CV2 ...CVn .

Proof. For p = 1:
A1

B1

= 1 +
C1

1
= 1 + C1.

In this case, the sum A1 consists of only one term, that is n = 1 and V1 = 1 and the

sum of B1 is the empty sum. Thus

A1 = 1 + C1 = 1 +
∑

n≥1,1≤V1<2...<2Vn≤1

CV1CV2 ...CVn

and

B1 = 1 = 1 +
∑

n≥1,2≤V1<2...<2Vn≤1

CV1CV2 ...CVn .

Now, assume that the statement is true for 1 ≤ m < p.

By Lemma 2.3, Ap = Ap−1 + CpAp−2 and

Bp = Bp−1 + CpBp−2.

Thus

Ap =

(
1 +

∑
n≥1,1≤V1<2...<2Vn≤p−1

CV1CV2 ...CVn

)

+ Cp

(
1 +

∑
n≥1,1≤V1<2...<2Vn≤p−2

CV1CV2 ...CVn

)
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= 1 +
∑

n≥1,1≤V1<2...<2Vn≤p−1

CV1CV2 ...CVn

+ Cp +
∑

n≥1,1≤V1<2...<2Vn≤p−2

CV1CV2 ...CVnCp.

Since
∑

n≥1,1≤V1<2...<2Vn≤p−1

CV1CV2 ...CVn + Cp +
∑

n≥1,1≤V1<2...<2Vn≤p−2

CV1CV2 ...CVnCp =

∑
n≥1,1≤V1<2...<2Vn≤p

CV1CV2 ...CVn ,

Ap = 1 +
∑

n≥1,1≤V1<2...<2Vn≤p

CV1CV2 ...CVn .

Similarly,

Bp =

(
1 +

∑
n≥1,2≤V1<2...<2Vn≤p−1

CV1CV2 ...CVn

)

+ Cp

(
1 +

∑
n≥1,2≤V1<2...<2Vn≤p−2

CV1CV2 ...CVn

)

= 1 +
∑

n≥1,2≤V1<2...<2Vn≤p−1

CV1CV2 ...CVn

+ Cp +
∑

n≥1,2≤V1<2...<2Vn≤p−2

CV1CV2 ...CVnCp.

= 1 +
∑

n≥1,2≤V1<2...<2Vn≤p

CV1CV2 ...CVn .

Let
Am(Cn, Cn+1, ..., Cn+m−1)

Bm(Cn, Cn+1, ..., Cn+m−1)
= [1; Cn, 1; Cn+1, 1; ...; Cn+m−1, 1] where n and

m are positive integers.

Since, for p ≥ 1,
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1 +
C1

1+

C2

1+

C3

1 + ...

Cp

1
= 1 +

C1

1 +
C2

1 + ...
Cp

1

= 1 +
C1

Ap−1(C2, C3, ..., Cp)

Bp−1(C2, C3, ..., Cp)

=
Ap−1(C2, C3, ..., Cp) + C1Bp−1(C2, C3, ..., Cp)

Ap−1(C2, C3, ..., Cp)
,

Bp(C1, C2, ..., Cp) = Ap−1(C2, C3, ..., Cp) .

Now, let p →∞ and we have

1 +
C1

1+

C2

1+

C3

1 + ...
=

A∞(C1, C2, ...)

A∞(C2, C3, ...)
. (2.1)

The continued fraction (2.1) converges by Worpitzky’s theorem provided e.g. that

|Ci| ≤ 1
4

for all i.

In Bowman’s proof, he concluded wihtout a proof the following result from P-and

Q-systems of A.S. Fraenkel, J. Levitt and M. Shimshoni[6].

We will prove it using T.C. Brown’s theorem from [3].

Lemma 2.5. Let the Fibonacci representation of an integer N ≥ 1 be written as

N = fi1 + fi2 + ... + fin , (2.2)

where 1 ≤ i1 <2 i2 <2 ... <2 in.
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Define e(N) = 0 if N = 0,

e(N) = fi1−1 + fi2−1 + ...+ fin−1, where N has the representation (2.2).

Then e(N) = [(N + 1)α−1] (N ≥ 0), where α =
1 +

√
5

2
.

Let β be an irrational number such that 0 < β < 1. The characteristic sequence

associated with β is the sequence

g(β) = g1g2g3...,

where gn = [(n + 1)β]− [nβ] (n ≥ 1).

Remark 2.6. g(β) is a sequence of 0’s and 1’s, and [kβ] = g1 + g2 + ... + gk−1,

k ≥ 2.

Now, let [0, a1, a2, a3, ...] be the simple continued fraction for β, let
pn

qn

= [0, a1, a2, ..., an],

n ≥ 1, and Xn = g1g2...gqn , n ≥ 1.

Then Xn is the initial segment of g(β) of length qn.

Define p−1 = 1, p0 = 0, q−1 = 0 and q0 = 1.

By Lemma 2.3, pn = anpn−1 + pn−2, qn = anqn−1 + qn−2 (n ≥ 1).

From the definition of Xn we have that for each n ≥ 2,

Xn = Xan
n−1Xn−2,

where X0 = 0 and X1 = 0a1−11. (Here Xan
n−1 denotes Xn−1Xn−1...Xn−1, with an

repetitions. If a1 = 1, then X1 = 1.)

Theorem 2.7.[3] Let N be a positive integer whose Zeckendorff representation is
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N = tnqn + ... + t1q1 + t0q0. Then the initial segment of g(β) of length N is

g1g2g3...gN = X tn
n ...X t1

1 X t0
0 .

Lemma 2.8.[3] For each n ≥ 0, the number of 1’s in Xn is pn.

We use Theorem 2.7 and Lemma 2.8 to prove Theorem 2.9.

Theorem 2.9.[3] Let β be an irrational number such that 0 < β < 1 and N ≥ 0

have Zeckendroff representation as N = tnqn + ... + t1q1 + t0q0.

Then [(N + 1)β] = tnpn + ... + t1p1 + t0p0.

Proof. By Remark 2.6, [(N + 1)β] = g1 + g2 + ... + gN .

Let WN be the initial segment of g(β) of length N , i.e. WN = g1g2...gN .

Note that g1 + g2 + ... + gN is equal the number of 1’s in WN .

By Theorem 2.7, WN = X tn
n ...X t1

1 X t0
0 .

By Lemma 2.8, the number of 1’s in each Xi is pi, the number of 1’s in WN is

tnpn + ... + t1p1 + t0p0.

Hence [(N + 1)β] = tnpn + ... + t1p1 + t0p0.

We show that Lemma 2.5 is the special case of Theorem 2.9.

Let β = α−1 =

1 +
√

5

2


−1

. Then α−1 = [0, 1, 1, 1, ...](= [a0, a1, a2, ...]). Define

p−1 = 1, p0 = 0, q−1 = 0 and q0 = 1.

By Theorem 2.3, pn = pn−1 + pn−2 and qn = qn−1 + qn−2 (n ≥ 1). Note that (qn)

is Fibonacci sequence (fn) and (pn) = (fn−1).

Write N in Q-system form: N = tmqm + ...+ t1q1 + t0q0 where each ti satisfies the
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conditions in Lemma 2.1.

Thus N = fi1 + fi2 + ... + fim where 1 ≤ i1 <2 i2 <2 ... <2 im.

By Theorem 2.20, [(N + 1)α−1] = fi1−1 + fi2−1 + .. + fim−1,

which is the result of Lemma 2.5.

Next, we illustrate the method of Bowman by using it to prove Theorem 1.4.

Proof of Theorem 1.4 Let (fn) be Fibonacci sequence and fn defined for negative n

by fn+2 = fn+1 + fn.

Define Yn for any integer n as follows: let Y0 and Y1 be any real numbers such

that Y0 + Y1α > 0 and Yn+2 = Yn+1 + Yn for n ∈ Z, where α =
1 +

√
5

2
.

Let the Fibonacci representation of an integer N ≥ 1 be

N = fi1 + fi2 + ... + fin ,

where 1 ≤ i1 <2 i2 <2 ... <2 in.

Define e(N) = 0 if N = 0,

e(N) = fi1−1 +fi2−1 + ...+fin−1, where N has the representation above.

By Lemma 2.5, e(N) = [(N + 1)α−1] (N ≥ 0).

Set Cn = afn−2bfn−1 in (2.1), with 0 < a, b ≤ 1, not both 1, to get

1 +
af−1af0

1+
+

af0af1

1 + ...
=

A∞(af−1af0 , af0af1 , ...)

A∞(af0af1 , af1af2 , ...)
.

By Theorem 2.4, we have

1 +
af−1af0

1+
+

af0af1

1 + ...
=

1 +
∑

n≥1, 1≤i1<2...<2in

afi1−2+...+fin−2bfi1−1+...+fin−1

1 +
∑

n≥1, 1≤i1<2...<2in

afi1−1+...+fin−1bfi1
+...+fin

.

Denote the numerator by F (a, b) and the denominator by G(a, b).
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Then

F (b, ab) = 1 +
∑

n≥1, 1≤i1<2...<2in

afi1−1+...+fin−1bfi1
+...+fin = G(a, b) (2.3)

and so

F (a, b)

F (b, ab)
= 1 +

af−1af0

1+
+

af0af1

1 + ...
(2.4)

From this, it follows that

F (b, ab)

F (ab, ab2)
= 1 +

af0af1

1+
+

af1af2

1 + ...
,

so we find that

F (a, b) = F (b, ab) + bF (ab, ab2), (2.5)

with 0 < a, b ≤ 1, and not both 1.

Notice that if in(2.3) the exponent of b is k, then the exponent of a will be e(k) ,

k ranging over the integers > 0.

Hence,

F (b, ab) = 1 +
∑
n≥1

ae(n)bn =
∑
n≥0

ae(n)bn.

Thus,

F (a, b) =
∑
n≥0

an−e(n)be(n).

Using Lemma 2.5, we have

F (a, b) =
∑
n≥0

an−[(n+1)α−1]b[(n+1)α−1] , (2.6)

and

F (b, ab) =
∑
n≥0

a[(n+1)α−1]bn . (2.7)

Let a = CA and b = CB in (2.6) and (2.7) to get

F (CA, CB) =
∑
n≥1

CA(n−1)+(B−A)[nα−1], (2.8)

and
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F (CB, CA+B) =
∑
n≥1

CB(n−1)+A[nα−1]. (2.9)

Set A = Y0 − Y1 and B = − Y0 in (2.9) to get

F (C−Y0 , C−Y1) =
∑
n≥1

(
1

C

)Y0(n+1)+(Y1−Y0)[nα−1]

, |C| > 1, (2.10) or

set A = − Y0 and B = − Y1 in (2.9) to get

F (C−Y1 , C−Y0−Y1) =
∑
n≥1

(
1

C

)Y1(n+1)+Y0[nα−1]

, |C| > 1. (2.11)

From (2.4), we see that

F (CY0 , CY1)

F (CY1 , CY0+Y1)
= 1 +

CY0f−1+Y1f0

1+

CY0f0+Y1f1

1+

CY0f1+Y1f2

1 + ...
, 0 < C < 1.

It is easy to show by induction that Yn = Y0fn−2 + Y1fn−1, for integer n; hence,

F (CY0 , CY1)

F (CY1 , CY0+Y1)
= 1 +

CY1

1+

CY2

1+

CY3

1 + ...
, 0 < C < 1.

Replacing C with its reciprocal variable,

F (C−Y0 , C−Y1)

F (C−Y1 , C−Y0−Y1)
= 1 +

C−Y1

1+

C−Y2

1+

C−Y3

1 + ...
, C > 1,

= 1 +
CY0C−Y1

CY0+

CY0CY1C−Y2

CY1+

CY1CY2C−Y3

CY2 + ...
, C > 1,

= 1 +
CY0−Y1

CY0+

1

CY1+

1

CY2 + ...
, C > 1.

Hence,

F (C−Y0 , C−Y1)C−Y0

F (C−Y1 , C−Y0−Y1)C−Y1
= CY−1 +

1

CY0+

1

CY1+

1

CY2 + ...
, C > 1.

Substituting in (2.10) and (2.11) and simplifying yields the theorem. �



CHAPTER III

Explicit continued fractions

In this chapter, we apply the generalized Fibonacci representation in the Bowman’s

method to derive corresponding explicit continued fractions.

3.1 Explicit continued fractions whose partial numerators

are 1

Let vn be (1, 1)th Fibonacci sequence:

v1 = 1 and vn = vn−1 + vn−1 = 2vn−1 where n ≥ 2.

Set v0 = 2−1. Then v1 = 2v0.

Hence vn = 2n−1 for all n ≥ 0.

By Theorem 1.7, the (1, 1)th Fibonacci representation of an integer N ≥ 1 is

N = vi1 + vi2 + ... + vid

where 1 ≤ i1 < i2 < i3 < ... < id.

Theorem 3.1.Let a be a real number such that 0 < a < 1. Then

a−
1
2 +

1

a−20+

1

a−21+

1

a−22 + ...
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= a−
1
2


1 +

a
3
2

1− a
3
2

−
∞∑

n=1

(
a9·2n−2

1− a3·2n

(
1 +

∑
m≥1,1≤j1<2j2<2...<2jm≤n−2

a3(2j1−2+...+2jm−2)

))

1 +
a3

1− a3
−

∞∑
n=1

(
a9·2n−1

1− a3·2n+1

(
1 +

∑
m≥1,1≤j1<2j2<2...<2jm≤n−2

a3(2j1−1+...+2jm−1)

))


.

Proof. Let Cn = avn−1avn = a3vn−1 = a3·2n−2
where a is a real number such that

0 < a < 1.

Substitute Cn into (2.1) to get

1 +
a3v0

1+

a3v1

1+

a3v2

1 + ...
= 1 +

C1

1+

C2

1+

C3

1 + ...

=
A∞(C1, C2, ...)

A∞(C2, C3, ...)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

a3·2i1−2+...+3·2in−2

1+

∑
n≥1, 2≤i1<2i2<2...<2in

a3·2i1−2+...+3·2in−2

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

a3·2i1−2+...+3·2in−2

1+

∑
n≥1, 1≤i1<2i2<2...<2in

a3·2i1−1+...+3·2in−1 .

:=
F (a)

G(a)
(3.1)

Let A =
∑

d≥1, 1≤i1<i2<...<id

a3(2i1−2+...+2id−2).

By Theorem 1.7,

A =
∑

d≥1, 1≤i1<i2<...<id

a
3
2
(2i1−1+...+2id−1) =

∑
k∈N

a
3
2
k =

a
3
2

1− a
3
2

.
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Now,

F (a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

a3·2i1−2+3·2i2−2+...+3·2in−2

= 1 + A − B

where B is a sum of the same form as in F (a) but extends over n ≥ 1, 1 ≤ i1 < i2 <

... < in such that there exists a pair ik+1 = ik + 1 for some k. To evaluate B, we

split the sum into subsums corresponding to all pairs of consecutive values of each

possible consecutive indices, namely, B = B1,2 + B2,3 + B3,4 + ..., where Bm,m+1

denoted the subsum taken over all possible consecutive indices ik, ik+1 with value

pair (m, m + 1).

For value-pair (1,2), possible indices are i1 = 1 < i2 = 2 and the subsum is

B1,2 =
∑

d≥2,1=i1<2=i2<i3<...<id

a3(2i1−2+2i2−2+...+2id−2)

=
∑

d≥2,2=i2<i3<...<id

a3( 1
2
+2i2−2+2i3−2+...+2id−2)

=
∑

d≥2,1=j2≤j3<...<jd

a3( 1
2
+2j2−1+2j3+...+2jd )

=
∑

d≥2,1=j2≤j3<...<jd

a3( 1
2
+2j2−1+21(2j3−1+...+2jd−1))

=
∑

k= 1
2
+20+21N0

a3k.

=
∞∑
l=0

a3( 1
2
+20+21l)

=
a3(2−1+20)

1− a3·21 .
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For value-pair (2,3), possible indices are i2 = 2 < i3 = 3 and the subsum is

B2,3 =
∑

d≥3,2=i2<3=i3<i4<...<id

a3(2i2−2+2i3−2+...+2id−2)

=
∑

d≥3,3=i3<i4<...<id

a3(20+2i3−2+2i4−2+...+2id−2)

=
∑

d≥3,1=j3≤j4<...<jd

a3(20+2j3+2j4+1+...+2jd+1)

=
∑

d≥3,1=j3≤j4<...<jd

a3(20+2j3+22(2j4−1+...+2jd−1))

=
∑

k=20+21+22N0

a3k

=
∞∑
l=0

a3(20+21+22l)

=
a3(20+21)

1− a3·22 .

For value-pair (3,4), possible indices are i3 = 3 < i4 = 4 or i1 = 1 < i3 = 3 < i4 = 4

and the subsum is

B3,4 =
∑

d≥4,3=i3<4=i4<i5<...<id

a3(2i3−2+2i4−2+...+2id−2)

+
∑

d≥4,1=i1<3=i3<4=i4<i5<...<id

a3(2i1−2+2i3−2+2i4−2+...+2id−2)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

)( ∑
d≥4,3=i3<4=i4<i5<...<id

a3(2i3−2+2i4−2+...+2id−2)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

)( ∑
d≥4,4=i4<i5<...<id

a3(21+2i4−2+2i5−2+...+2id−2)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

)( ∑
d≥4,1=j4≤j5<...<jd

a3(21+2j4+1+2j5+2+...+2jd+2)

)
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=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

)( ∑
d≥4,1=j4≤j5<...<jd

a3(21+2j4+1+23(2j5−1+...+2jd−1)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

) ∑
k=21+22+23N0

a3k


=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

)(
∞∑
l=0

a3(21+22+23l)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−2+...+2jm−2)

) a3(21+22)

1− a3·23

 .

For value-pair (4,5), possible indices are i4 = 4 < i5 = 5 or i1 = 1 < i4 = 4 < i5 = 5

or i1 = 2 < i4 = 4 < i5 = 5 and the subsum is

B4,5 =
∑

d≥5,4=i4<5=i5<i6<...<id

a3(2i4−2+2i5−2+2i6−2+...+2id−2)

+
∑

d≥5,1=i1<4=i4<5=i5<i6<...<id

a3(2i1−2+2i4−2+2i5−2+...+2id−2)

+
∑

d≥5,2=i1<4=i4<5=i5<i6<...<id

a3(2i1−2+2i4−2+2i5−2+...+2id−2)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

)( ∑
d≥5,4=i4<5=i5<i6<...<id

a3(2i4−2+2i5−2+...+2id−2)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

)( ∑
d≥5,5=i5<i6<...<id

a3(22+2i5−2+2i6−2+...+2id−2)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

)( ∑
d≥5,1=j5≤j6<...<jd

a3(22+2j5+2+2j6+3+...+2jd+3)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

)( ∑
d≥5,1=j5≤j6<...<jd

a3(22+2j5+2+24(2j6−1+...+2jd−1)

)

=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

) ∑
k=22+23+24N0

a3k


=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

)(
∞∑
l=0

a3(22+23+24l)

)
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=

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−2+...+2jm−2)

) a3(22+23)

1− a3·24

 .

The computations of other Bm,m+1 are carried out in a similar manner and we

arrive at

F (a) = 1 +
a

3
2

1− a
3
2

−
∞∑

n=1

(
a3(2n−2+2n−1)

1− a3·2n

(
1 +

∑
m≥1,1≤j1<2...<2jm<2n

a3(2j1−2+...+2jm−2)

))

= 1 +
a

3
2

1− a
3
2

−
∞∑

n=1

(
a9·2n−2

1− a3·2n

(
1 +

∑
m≥1,1≤j1<2...<2jm≤n−2

a3(2j1−2+...+2jm−2)

))
.

Let A′ =
∑

d≥1, 1≤i1<i2<...<id

a3(2i1−1+...+2id−1).

By Theorem 1.7, A′ =
∑
k∈N

a3k =
a3

1− a3
.

As for the denominator, we have

G(a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

a3·2i1−1+3·2i2−1+...+3·2in−1

= 1 + A′ − B′,

where B′ is a sum of the same form as in G(a) but extends over n ≥ 1, 1 ≤ i1 <

i2 < ... < in such that there exists a pair ik+1 = ik + 1 for some k. To evaluate

B′, we split the sum into subsums corresponding to all pairs of consecutive values of

each possible consecutive indices, namely, B′ = B′
1,2 + B′

2,3 + B′
3,4 + ..., where

B′
m,m+1 denotes the subsum taken over all possible consecutive indices ik, ik+1 with

value pair (m, m + 1).

Using the same computation as for F (a), we get

G(a) = 1 +
a3

1− a3
−

(
a3(20+21)

 1

1− a3·22

+ a3(21+22)

 1

1− a3·23


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+

(
1 +

∑
m≥1,1≤j1<2...<2jm<23

a3(2j1−1+...+2jm−1)

)
a3(22+23)

 1

1− a3·24


+

(
1 +

∑
m≥1,1≤j1<2...<2jm<24

a3(2j1−1+...+2jm−1)

)
a3(23+24)

 1

1− a3·25


+ ...

)

= 1 +
a3

1− a3
−

∞∑
n=1

(
a3(2n−1+2n)

1− a3·2n+1

(
1 +

∑
m≥1,1≤j1<2...<2jm<2n

a3(2j1−1+...+2jm−1)

))

= 1 +
a3

1− a3
−

∞∑
n=1

(
a9·2n−1

1− a3·2n+1

(
1 +

∑
m≥1,1≤j1<2...<2jm≤n−2

a3(2j1−1+...+2jm−1)

))
.

Thus

1 +
C1

1+

C2

1+

C3

1 + ...
= 1 +

a3v0

1+

a3v1

1+

a3v2

1 + ...

= 1 +
a−v1a3v0

a−v1+

a−v1a3v1a−v2

a−v2+

a−v2a3v2a−v3

a−v3 + ...
.

1 +
C1

1+

C2

1+

C3

1 + ...
= 1 +

av0

a−v1+

1

a−v2+

1

a−v3 + ...
.

By (3.1),
F (a)

G(a)
= 1 +

av0

a−v1+

1

a−v2+

1

a−v3 + ...
.

a−
1
2

F (a)

G(a)
= a−v0 +

1

a−v1+

1

a−v2+

1

a−v3 + ...

= a−
1
2 +

1

a−20+

1

a−21+

1

a−22 + ...
.

Hence
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a−
1
2


1 +

a
3
2

1− a
3
2

−
∞∑

n=1

(
a9·2n−2

1− a3·2n

(
1 +

∑
m≥1,1≤j1<2j2<2...<2jm≤n−2

a3(2j1−2+...+2jm−2)

))

1 +
a3

1− a3
−

∞∑
n=1

(
a9·2n−1

1− a3·2n+1

(
1 +

∑
m≥1,1≤j1<2j2<2...<2jm≤n−2

a3(2j1−1+...+2jm−1)

))


= a−
1
2 +

1

a−20+

1

a−21+

1

a−22 + ...
, as required. �

Let vn be the (h, k)th Fibonacci sequence where k ≥ 3:

vn = n for 1 ≤ n ≤ k,

vn = vn−1 + vn−h for k < n < h + k,

vn = vn−1 + vn−k + (k − h) for n ≥ h + k.

By Theorem 1.7, the (h, k)th Fibonacci representation of an integer N ≥ 1 is

N = vi1 + vi2 + ... + vid

where 1 ≤ i1 <h i2 <k i3 <k ... <k id.

Theorem 3.2. Let a be a real number such that | a | ≤
1

4
. Then

a−1 +
1

a−v1+

1

a−v1+(k−1)+

1

a−v1+2(k−1)+

1

a−v1+3(k−1) + ...
= a−1

F (a)

G(a)

where F (a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(id−1)(k−1)

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(id−1)(k−1)

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av2+(i1−1)(k−1)+...+v2+(id−1)(k−1)

 ,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+i1(k−1)+...+v2+id(k−1)



26

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av2+i1(k−1)+...+v2+id(k−1)

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av2+i1(k−1)+...+v2+id(k−1)


and (vn) is the (h, k)th Fibonacci sequence such that h = k, k ≥ 3.

Proof. Let Cn = av2+(n−1)(k−1) (n ≥ 1) where a is a real number such that | a | ≤ 1
4
.

Substitute Cn into (2.1) to get

1 +
av2

1+

av2+(k−1)

1+

av2+2(k−1)

1 + ...
= 1 +

C1

1+

C2

1+

C3

1 + ...

=
A∞(C1, C2, ...)

A∞(C2, C3, ...)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

1+

∑
n≥1, 2≤i1<2i2<2...<2in

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av2+i1(k−1)+...+v2+in(k−1)
.

:=
F (a)

G(a)
(3.2)

Let A =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

=
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)
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+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

)
.

Now,

F (a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

= 1 + A + B

where B is a sum of the same form as in F (a) but extends over n ≥ 1, 1 ≤ i1 <2

i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3. Then

B =
h∑

m1=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−1)<ki4<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−2)<ki4<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+... +
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+2<ki4<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−1)<ki5<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−2)<ki5<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+... +
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+2<ki5<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−1)<ki6<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−2)<ki6<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+... +
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+2<ki6<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+ ...

)

=
h∑

m1=2

(
k−1∑

m2=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+m2<ki4<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+m2<ki5<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)
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+ ...

))

=
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)





Thus F (a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av2+(i1−1)(k−1)+...+v2+(in−1)(k−1)

 .

Let A′ =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

=
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

)
.

Now,

G(a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

av2+i1(k−1)+...+v2+in(k−1)

= 1 + A′ + B′

where B′ is a sum of the same form as in G(a) but extends over n ≥ 1, 1 ≤ i1 <2

i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3.
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Similarly,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av2+i1(k−1)+...+v2+in(k−1)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d ≥ n,

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av2+i1(k−1)+...+v2+in(k−1)



 .

Consider 1 +
av2

1+

av2+(k−1)

1+

av2+2(k−1)

1+

av2+3(k−1)

1 + ...

= 1 +
a−v1av2

a−v1+

a−v1+(k−1)av2+(k−1)a−v1

a−v1+(k−1)+

a−v1+2(k−1)av2+2(k−1)a−v1+(k−1)

a−v1+2(k−1) + ...

= 1 +
a

a−v1+

1

a−v1+(k−1)+

1

a−v1+2(k−1)+

1

a−v1+3(k−1) + ...

By (3.2), 1 +
a

a−v1+

1

a−v1+(k−1)+

1

a−v1+2(k−1)+

1

a−v1+3(k−1) + ...
=

F (a)

G(a)
.

a−1 +
1

a−v1+

1

a−v1+(k−1)+

1

a−v1+2(k−1)+

1

a−v1+3(k−1) + ...
= a−1

F (a)

G(a)
.

Theorem 3.3. Let a be a real number such that | a |≤
1

4
. Then

av2h−v2h+1+1 +
1

a−v2h−1+

1

a−v3h−1+

1

a−v4h−1 + ...
= av2h−v2h+1+1

F (a)

G(a)

where F (a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

 ,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1
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+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av(i1+2)h+1+...+v(id+2)h+1


and (vn) is the (h, k)th Fibonacci sequence such that k = h + 1, k ≥ 3.

Proof. Let Cn = av(n+1)h+1 (n ≥ 1) where a is a real number such that | a | ≤ 1
4
.

Substitute Cn into (2.1) to get

1 +
av2h+1

1+

av3h+1

1+

av4h+1

1 + ...
= 1 +

C1

1+

C2

1+

C3

1 + ...

=
A∞(C1, C2, ...)

A∞(C2, C3, ...)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av(i1+1)h+1+...+v(id+1)h+1

1+

∑
n≥1, 2≤i1<2i2<2...<2in

av(i1+1)h+1+...+v(id+1)h+1

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av(i1+1)h+1+...+v(id+1)h+1

1+

∑
n≥1, 1≤i1<2i2<2...<2in

av(i1+2)h+2+...+v(id+2)h+2

:=
F (a)

G(a)
. (3.3)

Let A =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

=
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1
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+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

)
.

Now,

F (a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

av(i1+1)h+1+...+v(id+1)h+1

= 1 + A + B

where B is a sum of the same form as in F (a) but extends over n ≥ 1, 1 ≤ i1 <2

i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3. Then

B =
h∑

m1=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−1)<ki4<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−2)<ki4<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+... +
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+2<ki4<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−1)<ki5<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−2)<ki5<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+... +
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+2<ki5<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−1)<ki6<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−2)<ki6<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+... +
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+2<ki6<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+ ...

)

=
h∑

m1=2

(
k−1∑

m2=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+m2<ki4<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+m2<ki5<k...<kid

av(i1+1)h+1+...+v(id+1)h+1
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+ ...

))

=
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av(i1+1)h+1+...+v(id+1)h+1





Thus F (a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av(i1+1)h+1+...+v(id+1)h+1

 .

Let A′ =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

=
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

)
.

Now,

G(a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

av(i1+2)h+1+...+v(id+2)h+1

= 1 + A′ + B′

where B′ is a sum of the same form as in G(a) but extends over n ≥ 1, 1 ≤ i1 <2

i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3.
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Similarly,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

av(i1+2)h+1+...+v(id+2)h+1

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d ≥ n,

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

av(i1+2)h+1+...+v(id+2)h+1



 .

Consider 1 +
av2h+1

1+

av3h+1

1+

av4h+1

1+

av5h+1

1 + ...

= 1 +
a−v2hav2h+1

a−v2h+

a−v3hav3h+1a−v2h

a−v3h+

a−v4hav4h+1a−v3h

a−v4h + ...

= 1 +
a−v2h+v2h+1

a−v2h+

a

a−v3h+

a

a−v4h+

a

a−v5h + ...

= 1 +
a−v2h+v2h+1−1

a−v2h−1+

1

a−v3h−1+

1

a−v4h−1+

1

a−v5h−1 + ...
.

By (3.3), 1 +
a−v2h+v2h+1−1

a−v2h−1+

1

a−v3h−1+

1

a−v4h−1+

1

a−v5h−1 + ...
=

F (a)

G(a)
.

av2h−v2h+1+1 +
1

a−v2h−1+

1

a−v3h−1+

1

a−v4h−1+

1

a−v5h−1 + ...
= av2h−v2h+1+1

F (a)

G(a)
.

3.2 Explicit continued fractions whose partial denominators

are 1

Let vn be the (1, 2)th Fibonacci sequence:

v1 = 1, v2 = 2 and vn = vn−1 + vn−2 + 1 where n ≥ 3.

Set v0 = 0 and v−1 = 0. Then v2 = v1 + v0 + 1 and v1 = v0 + v−1 + 1.

and

vn = vn−1 + vn−2 + 1 (n ≥ 1).
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By Theorem 1.7, the (1, 2)th Fibonacci representation of an integer N ≥ 1 is

N = vi1 + vi2 + ... + vid

where 1 ≤ i1 < i2 <2 i3 <2 ... <2 id.

Theorem 3.4. Let a be a real number such that | a |< 1. Then

1 +
av1

1+

av2

1+

av3

1 + ...
=

F (a)

G(a)

where F (a) = 1+
a

1− a
−
∑
n≥2

(
avn−1−vn

(
1 +

∑
d≥3,1≤j3<2...<2jd

avj3+n+1+vj4+n+1+...+vjd+n+1

))
,

G(a) = 1 +
∑

d≥1,1≤i1<i2<2i3<2...<2jd

avi1+1+...+vid+1

−
∑
n≥2

(
avn−vn+1

(
1 +

∑
d≥3,1≤j3<2...<2jd

avj3+n+2+vj4+n+2+...+vjd+n+2

))

and (vn) is the (1, 2)th Fibonacci sequence.

Proof. Let Cn = avn where a is a real number such that | a | < 1.

Substitute Cn into (2.1) to get

1 +
av1

1+

av2

1+

av3

1 + ...
= 1 +

C1

1+

C2

1+

C3

1 + ...

=
A∞(C1, C2, ...)

A∞(C2, C3, ...)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1
+...+vin

1+

∑
n≥1, 2≤i1<2i2<2...<2in

avi1
+...+vin

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1
+...+vin

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1+1+...+vin+1
.
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:=
F (a)

G(a)
(3.4)

Let A =
∑

d≥1, 1≤i1<i2<2i3<2...<2id

avi1
+vi2

+...+vid .

By Theorem 1.7, A =
∑
k∈N

ak =
a

1− a
.

Now,

F (a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

avi1
+vi2

+...+vid

= 1 + A − B

where B is a sum of the same form as in F (a) but extends over n ≥ 1, 1 ≤ i1 <

i2 <2 ... <2 in such that i2 = i1 + 1. To evaluate B, we split the sum into subsums

corresponding to all pair of consecutive values of each possible consecutive indices,

namely, B = B1,2 + B2,3 + B3,4 + ..., where Bm,m+1 denoted the subsum taken

over all possible consecutive indices i1, i2 with value pair (m,m + 1).

Thus for value-pair(1,2), possible indices are i1 = 1 < i2 = 2 and the subsum is

B1,2 =
∑

d≥2, 1=i1<2=i2<2i3<2...<2id

avi1
+vi2

+...+vid

=
∑

d≥2, 2=i2<2i3<2...<2id

av1+vi2 (avi3
+vi4

+...+vid ).

Thus for value-pair(2,3), possible indices are i1 = 2 < i2 = 3 and the subsum is

B2,3 =
∑

d≥2, 2=i1<3=i2<2i3<2...<2id

avi1
+vi2

+...+vid

=
∑

d≥2, 3=i2<2i3<2...<2id

av2+vi2 (avi3
+vi4

+...+vid )

Thus for value-pair(3,4), possible indices are i1 = 3 < i2 = 4 and the subsum is

B3,4 =
∑

d≥2, 3=i1<4=i2<2i3<2...<2id

avi1
+vi2

+...+vid

=
∑

d≥2, 4=i2<2i3<2...<2id

av3+vi2 (avi3
+vi4

+...+vid )
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The computations of other Bm,m+1 are carried out in a similar manner and we

arrive at

F (a) = 1 + A − B

= 1 +
a

1− a
−
∑
n≥2

( ∑
d≥2, n=i2<2i3<2...<2id

avi2−1+vi2 (avi3
+vi4

+...+vid )

)

= 1 +
a

1− a
−
∑
n≥2

(
avn−1−vn

(
1 +

∑
d≥3, n<2i3<2...<2id

avi3
+vi4

+...+vid

))

= 1 +
a

1− a
−
∑
n≥2

(
avn−1−vn

(
1 +

∑
d≥3, n+2≤i3<2...<2id

avi3
+vi4

+...+vid

))

= 1+
a

1− a
−
∑
n≥2

(
avn−1−vn

(
1 +

∑
d≥3,1≤j3<2...<2jd

avj3+n+1+vj4+n+1+...+vjd+n+1

))
.

Let A′ =
∑

d≥1, 1≤i1<i2<2i3<2...<2id

avi1+1+vi2+1+...+vid+1 .

Now,

G(a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

avi1+1+vi2+1+...+vid+1

= 1 + A′ − B′

where B′ is a sum of the same form as in G(a) but extends over n ≥ 1, 1 ≤ i1 <

i2 <2 ... <2 in such that i2 = i1 + 1. To evaluate B′, we split the sum into subsums

corresponding to all pair of consecutive values of each possible consecutive indices,

namely, B′ = B′
1,2 + B′

2,3 + B′
3,4 + ..., where B′

m,m+1 denoted the subsum taken

over all possible consecutive indices i1, i2 with value pair (m,m + 1).

Similarly,

G(a) = 1 +
∑

d≥1, 1≤i1<i2<2i3<2...<2id

avi1+1+vi2+1+...+vid+1

−
∑
n≥2

(
avn−vn+1

(
1 +

∑
d≥3,1≤j3<2...<2jd

avj3+n+2+vj4+n+2+...+vjd+n+2

))
.

By (3.4), 1 +
av1

1+

av2

1+

av3

1 + ...
=

F (a)

G(a)
.
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Let vn be the (h, k)th Fibonacci sequence where k ≥ 3:

vn = n for 1 ≤ n ≤ k,

vn = vn−1 + vn−h for k < n < h + k,

vn = vn−1 + vn−k + (k − h) for n ≥ h + k.

By Theorem 1.7, the (h, k)th Fibonacci representation of an integer N ≥ 1 is

N = vi1 + vi2 + ... + vid

where 1 ≤ i1 <h i2 <k i3 <k ... <k id.

Theorem 3.5. Let a be a real number such that | a |≤
1

4
. Then

1 +
av1

1+

av2

1+

av3

1 + ...
=

F (a)

G(a)

where F (a) = 1 +
a

1− a
+

h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1
+vi2

+...+vid

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

avi1
+vi2

+...+vid

 ,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

)

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

avi1+1+vi2+1+...+vid+1


and (vn) is the (h, k)th Fibonacci sequence, k ≥ 3, h = k − 1 or k.

Proof. Let Cn = avn where a is a real number such that | a | ≤
1

4
.

Substitute Cn into (2.1) to get
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1 +
av1

1+

av2

1+

av3

1 + ...
= 1 +

C1

1+

C2

1+

C3

1 + ...

=
A∞(C1, C2, ...)

A∞(C2, C3, ...)

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1
+...+vin

1+

∑
n≥1, 2≤i1<2i2<2...<2in

avi1
+...+vin

=

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1
+...+vin

1+

∑
n≥1, 1≤i1<2i2<2...<2in

avi1+1+...+vin+1
.

:=
F (a)

G(a)
(3.5)

Let A =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

avi1
+vi2

+...+vid

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

avi1
+vi2

+...+vid .

By Theorem 1.7,

A =
∑
k∈N

ak +
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1
+vi2

+...+vid

)

=
a

1− a
+

h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1
+vi2

+...+vid

)
.

Now,

F (a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

avi1
+vi2

+...+vid

= 1 + A + B

where B is a sum of the same form as in F (a) but extends over n ≥ 1, 1 ≤ i1 <2
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i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3. Then

B =
h∑

m1=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−1)<ki4<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+(k−2)<ki4<k...<kid

avi1
+vi2

+...+vid

+... +
∑

d≥3, 1≤i1<i2=i1+m1<i3=i2+2<ki4<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−1)<ki5<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+(k−2)<ki5<k...<kid

avi1
+vi2

+...+vid

+... +
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+2<ki5<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−1)<ki6<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+(k−2)<ki6<k...<kid

avi1
+vi2

+...+vid

+... +
∑

d≥5, 1≤i1<i2=i1+m1<2i3<2i4<i5=i4+2<ki6<k...<kid

avi1
+vi2

+...+vid

+ ...

)

=
h∑

m1=2

(
k−1∑

m2=2

( ∑
d≥3, 1≤i1<i2=i1+m1<i3=i2+m2<ki4<k...<kid

avi1
+vi2

+...+vid

+
∑

d≥4, 1≤i1<i2=i1+m1<2i3<i4=i3+m2<ki5<k...<kid

avi1
+vi2

+...+vid

+ ...

))

=
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

avi1
+vi2

+...+vid





Thus F (a) = 1 +
a

1− a
+

h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1
+vi2

+...+vid

)
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+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d≥n, 1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

avi1
+vi2

+...+vid

 .

Let A′ =
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

+
∑

d≥2, 1≤i1<i2=i1+(h−1)<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

+ ... +
∑

d≥2, 1≤i1<i2=i1+2<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

=
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

+
h−1∑
m=2

( ∑
d≥2, 1≤i1<i2=i1+m<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

)
.

Now,

G(a) = 1 +
∑

n≥1, 1≤i1<2i2<2...<2in

avi1+1+vi2+1+...+vid+1

= 1 + A′ + B′

where B′ is a sum of the same form as in G(a) but extends over n ≥ 1, 1 ≤ i1 <2

i2 <2 ... <2 ij−1 <2 ij <k ij+1 <k ... <k in such that i2 = i1 + m1 (2 ≤ m1 ≤ h) and

there exists a pair ij = ij−1 + m2 (2 ≤ m2 ≤ k − 1) for some j ≥ 3.

Similarly,

G(a) = 1 +
∑

d≥1, 1≤i1<hi2<ki3<k...<kid

avi1+1+vi2+1+...+vid+1

+
h∑

m1=2

 k−1∑
m2=2

∑
n≥3

 ∑
d ≥ n,

1≤i1<i2=i1+m1<2...<2in−1<in=in−1+m2<kin+1<k...<kid

avi1+1+vi2+1+...+vid+1



 .

By (3.5), 1 +
av1

1+

av2

1+

av3

1 + ...
=

F (a)

G(a)
.
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