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CHAPTER 1

INTRODUCTION

Copulas are one of tools for modelling dependence between random variables
regardless of their marginal distributions. Since dependence structure between random
variables can be captured by copulas, copula theory has become one of widely studied
subjects in probability theory and statistics.

In 1992, Darsow, Nguyen and Olsen introduced a binary operation on bivariate
copulas, called x-product. In the same year, Mikusinski, Sherwood and Taylor studied
a speacial class of bivariate copulas called shuffles of Min. A shuffle of Min is
constructed by cutting and rearranging the probability mass of the Min copula M.
Mikusinski et al.[4] showed that the copula of continuous random variables X, Y is a
shuffle of Min if and only if Y = f(X) almost surely for some piecewise continuous
invertible function f. They also showed that any 2-copulas can be approximated
pointwise, and hence uniformly, by shuffles of Min.

In 2009, a generalization of bivariate shuffles of Min was introduced by Durante,
Sarkoci and Sempi. They defined how to shuffle the mass distribution of a 2-copula
and called the resulting copula a shuffie of copula.

In 2012, it is shown by Ruankong, Santiwipanont and Sumetkijakan that every
shuffle of a 2-copula C' is the *-product of a shuffle of Min and C' and vice versa.

In 2010, Mikusinski and Taylor studied various approximations of multivariate
copulas, one of which is multivariate shuffle-of-Min approximations.

In this thesis, after a brief introduction to copulas in Chapter 2 and a review of
Durante and Ferndndez-Sanchez’s generalization of shuffles of Min [2] in Chapter 3, we

introduce a definition of multivariate shuffles of copulas motivated by Mikusinski and



Taylor’s multivariate shuffles of Min [5] and prove some of its properties including its
relationship with the x-product in Chapter 4. In Chapter 5, we define a new product
operation of d-copulas and investigate a connection between d-shuffles of copulas and

d-shuffles of Min via the product.



CHAPTER I1

PRELIMINARIES

2.1 Basic measure theory

In this section, we will recall necessary basic measure theory for this thesis.
Definition 1. A collection M of subsets of a set X is called a o-algebra on X if
(i) XeM;

(ii) if A € M, then A° € M; and
(iii) if Ay, Ay, ... € M, then GAi e M.
i=1
(X, M) is called a measurable space if M is a o-algebra on X.

Definition 2. Let (X, M) be a measurable space. A measure on M is a function

pw: M — [0, 00] such that
(i) u(@) =0 and

(ii) p is countably additive, viz., for any countable collection of disjoint sets {A;}2,

mn M,
H <UAZ> = Z#(Ai)-
i=1 i=1
Moreover,  is called a probability measure if
(iii) p(X)=1.

If 4 is a measure on M then the triple (X, M, u) is called a measure space.

Moreover, it is called a probability space if 1 is a probability measure.



Definition 3. Let X be a topological space. Then the Borel o-algebra on X is the
o-algebra generated by the collection of all open sets on X, and denoted by B(X). Any

element of B(X) is called a Borel set.

Let A denote Lebesgue measure on R and A? denote d-dimensional Lebesgue
measure on R?%. Let I denote the unit interval [0, 1], and so I? is the unit d-dimensional
hypercube(shortly, d-hypercube) (d > 2).

Next, we recall absolutely continuous measure, d-fold stochastic measure, push-

forward measure and p-decomposition, respectively.

Definition 4. Let (1%, B(I?), u) be a measure space. Then p is absolutely continuous

with respect to A if AY(E) = 0 implies u(E) = 0 for all E € B(I?).

Definition 5. Let (I¢, B(I%), ) be a measure space. Then p is a d-fold stochastic
measure if

p(IF 1 x B x 147%) = \(E),

forany E € B(I) and k=1,...,d.
In particular, p is a two-fold stochastic measure (known as doubly stochastic

measure) if and only if
(B xT) = p(Ix E) = ME),
for any E € B(I).

Remark 6. If y is a d-fold stochastic measure, then each hyperplane has measure

zero with respect to i, and hence can be ignored.

Definition 7. Let (1%, B(I%), 1) be a measure space and T: 1¢ — 1% be a measurable

transformation. T is measure-preserving if for all E € B(I?%), u(T-Y(E)) = p(E).

Definition 8. Let (I, B(I%), 1) be a measure space and let f: 19 — 1% be a measurable

function. A push-forward of i under f is the function f#u: B(I%) — [0, 00) defined



f#u(E) = u(f~(E)),

for any E € B(I%).

Proposition 9. Let (I¢, B(I¢), 1) be a measure space and let f: 14 — 1% be a measurable
function. Then a push-forward f#u is a measure on B(I4).

Furthermore, if v s a probability measure then so is f#u.
Proof 1. (f#)(8) = u(f~(2)) = u(@) = 0, since 1 is a measure.

2. For any countable collection of disjoint sets {F,}°°, in B(I4),

(F#tn) ([’j@)) i (f‘l (G(E)))

= Z,u(f_l(En)) (u is measure)

3. If u is a probability measure, then we have p(I%) = 1. Then
(f#p)I7) = p(f71 1) = (1) =1,
which is the desired assertion. ]

Definition 10. Let (X, B(X), u) be a probability space and { E;} be a finite or countably
infinite collection of measurable subsets of X. Then {E;} is a near-decomposition

of X if it satisfies
1. w(E; N Ej) =0 whenever i # j.
2.3 u(E) = p(X).

We can also refer to such a decomposition as a p-decomposition.



m—1

Example 11. Let m € N. Then {(Z, pT)}p:o

s a near-decomposition of I.

Solution. 1. Let i,5 € {0,1,...,m — 1} be such that i # j. Then

(542 (245 ner-e

m— . o).
) po 152 near-decomposition of I. O

Set Z,, = {0,1,...,m — 1}. In [5], Mikusiniski and Taylor setup a standard
near-decomposition of I defined by

W (i a1 (i it ]
mt e \m’ om m’ m )’

where ¢ = (iy,...,i4) ranges over Z¢. In this thesis, we shall denote the d-tuple

(’il,...,id) by 7.

Example 12. Let m € N. Then {]Ifm}iezgn is a p-decomposition on 1% when p is a

d-fold stochastic measure.
Solution. Let u be a d-fold stochastic measure,

1. Let i # ji for some k. Then

M(Hi,imﬂil,j)zu(((%,ilrzl) (]1 ‘71+1)) x

y Z_djld;: ]d Jd+
)<
)

X

)

T 1 1
((2_1721—1‘ )m(]l Ji+ ) .
m  m
id tq+ 1 A ]d ]d+1
m  m




2. Since p is a measure,

et (55 (352)

1€ZY, 1€TY,

() (552)

i€Z,

_ kJ<F;u+J]X x{@f”+1)
sezd m m m m

=K (Hd) )

where we have used Remark 6 in the last equality.
Hence, {I7, ;};e7a is a p-decomposition on I7, O

Next, we recall the definition of d-fold stochastic matrix and its relationship with
d-fold stochastic measure.

Let < be the lexicographic ordering on Z¢; that is

(al,...,ad) < (bl,...,bd)

if there is [ € {1,...,d} such that a; < b, and a = by for k=1,...,1 — 1. Set

pi = I, ),
where ¢ € Z2.

Definition 13. Let Q = [Qs;eza be a matriz. Q is called d-fold stochastic matriz
of

1
> Qi=—

1=p

forallk=1,...,d and p € Z,,.

Theorem 14. If p is a d-fold stochastic measure, then [ji5);eza is a d-fold stochastic

matriz, where p; = p (12, ;).



Proof. Since p is a d-fold stochastic measure, by Remark 6,

11 11+ 1 1 e+ 1
i — D X X\ — X
S () ()

ik=p ig=p

() (g2

i)
+
—_
N—
X
X
N
3|
~.
ISH
S|+
—_
N—
N——

Vn;ék
1 1 1
A 7y R R (e Vil
m’ m m’- m m
80 [f45]ieza is a d-fold stochastic matrix. O

2.2 Copulas

Let © = (xq,...,74) and y = (y1,...,yq) be any points in I¢ for which z;, <

for all k. Define the closed d-hypercube [z, y] by

[, y] = [21,41] X -+ X [24, Ya)-
And we set,
Aéﬁmb)f(xl,...,a:d) = f(z1,. , Tho1,0, Tps1, -y q) — f(21, 0oy Tp1, Gy Thsts - - -5 ),

A](“ajb)u([(), 1] X ... x[0,24]) = ([0, 21] X ... X [0, 1] X [a, b] X [0, z41] X . .. X [0, 24]),

where f is a function and p is a measure. A d-copula (d > 2) is the joint distribution

function of d uniform [0, 1] random variables. One can also define as follows:

Definition 15. A d-dimensional copula (or shortly, a d-copula) is a function

C: 1¢ — 1 satisfying the following conditions:

(C1) C(xy,...,24) =0, whenever x;, =0 for some k.

(C2) C(xy,...,xq) = x, whenever x; =1 for all i # k.
(C3) C is d-increasing, viz., for each d-hypercube [a,b] C 1,

VC([G, bD A(ad by) " A%ﬂ«l,bl) C(x]_, Ce ,.Z'd) > 0.



Remark 16. A probability measure associated with d-copula C' is the unique measure

pc: B(1?) — T defined for d-hypercubes [0,x1] x -+ x [0, 24] C 1¢ by
MC([nyl] Xoeee X [Oa xd]) = C(xlv <o ,Zlfd).

Let % denote the set of all d-copulas on I¢. Two useful d-copulas are M? and I1¢

where

Mz, ... xq) = min{xzy, ... 24},

04z, ... 2q) = 21 - - - 2,
for all @1,...,24 € I. It is easy to prove that M? and I1¢ are d-copulas. In [5], a
random vector (X1, ..., X,) has the copula M? if and only if each X; is almost surely
a monotone increasing function of every other X, and a random vector (Xi, ..., Xq)

has the copula I1? if and only if they are independent. We shall also denote M2, 112

by M, II, respectively. Another useful 2-copula is W where
W (xy,x9) = max{x; + x2 — 1,0},

for all x;,29 € I. It is easy to prove that W is 2-copula. In [3], a random vector
(X1, X2) has the copula W if and only if each of X; and X, is almost surely a

decreasing function of the other one.

Definition 17. The support of a d-copula C is the complement of the union of all

open subsets E of 14 with Vo(E) = 0; that is

supp(C') = [U{E is open : Vo (E) = 0}]0.

Example 18. 1. supp(M?) is uniformly distributed along the main diagonal (the

line segment 1 = - -+ = xq) in1%. In particular, supp(M?) = {(z,...,z) : x € I}.
2. supp(I1¢) =19,

3. supp(W) is uniformly distributed along the diagonal from (0,1) to (1,0) (the

line segment xo = 1 — x1). In particular, supp(W) = {(x,1 —z) : x € [}.
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Definition 19. A d-copula C' is said to be absolutely continuous if ¢ is absolutely

continuous with respect to \°.

Next, we shall show that a probability measure associated with d-copula C' is a

d-fold stochastic measure.

Theorem 20. Let (14, B(I%), i) be a probability space. Then p is a d-fold stochastic

measure if and only if there exists a d-copula C such that i = pc.

Proof. Assume that p is a d-fold stochastic measure. Define
C(z1, ... xq) = p([0, 2] X -+ x [0, 24)),

for all z1,...,24 € L.

(C1) By Remark 6, C(x1,...,2zq) = p([0,21] X - - x [0, 24]) = 0 whenever z;, = 0 for

some k.

(C2) Since p is a d-fold stochastic measure, for all k =1,...,d,

k—1 terms d—k terms
— ——
C1,.... 1,z 1, ..., 1) = p(@F x [0, 23] x I%7F) = X([0, z1]) = 4.

(C3) For any [a,b] C 19,

Ve(la, b)) = A((iad,bd) . A%«n,ln) C(xy,...,2q)
= AL AL ([0, X - % [0, 2)
= p(lar; ba] < -+ X [ag, ba))

> 0, since p is a measure.

Thus, C' is a d-copula.
Conversely, let C' be a d-copula. Claim that pueo is a d-fold stochastic measure.

Consider, for any k=1, ...,d,

k—1 terms d—k terms
— ——
Mc(]lk_l X [O,ZL’k] X ]Id_k) = G(l, R (7 A 1) = Tk = )\([O,ZL‘]J),

which is the desired assertion. O



And, we have an essential lemma for later use.

Lemma 21. For f: 19 — 1 and ai, by, € I, aj, < by, define fi,: 1971 — 1 by

ettt ey, oo ta) = Alfak,bk)f(tl, -
If f is d-increasing, then fy is (d — 1)-increasing.
Proof. Since f is d-increasing, for any [a, b] C 19,

0< Vf([a’vb])

d 1
= ADagbg) " Dagony ft1 -5 ta)

7tk—1>tk7tk+1a s

11

7td>-

_ d k+1 k—1 1 k

- A(ad:bd) o A(ak+1,bk+l) A(akﬂ,bkq) A(al:bl) [A(ambk)f(tl’ cos bty ey thgs o ta)
— d k+1 k—1 1

- A(“dvbd) o A(akﬂ,bkﬂ) A(ak—lzbk—l) A(al,bl) [fk(tl’ e

= ka([alabl] Xoeee X [ak—hbkz—l] X [ak+1,bk+1] Xoee

Thus, fr is (d — 1)-increasing.

. ,tk_l,tk+1, e ,td)]

X [aq, ba])

Remark 22. By Lemma 21, given a d-copula C, for all k=1,...,d,

k
A(ak7bk)c<xla vy L1, Thoy Thet 15 - - -

is (d — 1)-increasing.

For each k=1,...,d, by using Lemma 21 repeatedly,

d k+1 k—1 1
A(ad,bd) T A(ak+labk+1) A(ak—hbk—ﬂ o A(al:bl) C(‘rl’
s an increasing function of xy, and hence
d k41 k—1 1
a’“[A(ad»bcl) T A(ak+17bk+1) A(akflvbkfl) o A(alvbl) C($1, :

almost everywhere.

,l‘d)

co s Th—1, Thy Tht15 - - -

ey Th—1y Lhy Lh415 - -

.,ZEd)] 20
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2.3 Bivariate shuffles of Min

Mikusiniski, Sherwood and Taylor [4] had defined a special class of 2-copulas, called

shuffles of Min.

Definition 23 (Mikusinski, Sherwood and Taylor [4]). A 2-copula C' is a shuffle of
Min if there is a natural number n, two partitions 0 = sg < s1 < ... < s, = 1 and
O=ty<ty <...<t,=1o0fL, and a permutation o of {1,2,...,n} such that each
[Sk—1, k] X [to(k)-1, Lory] 95 a square in which C' distributes a mass sy — S—1 uniformly

spread along one of the diagonals.

Remark 24. For any two uniformly distributed random wvariables X and Y, the
2-copula of X andY is a shuffie of Min if and only if there exists a bijective piece-wise

continuous function f: 1 — 1 such that X = f(Y).

An important application of shuffles of Min is that any 2-copula can be approximated

by certain shuffles of Min in the uniform norm given by || f|| = sup | f(z)| for f € span®,.

zel?

Theorem 25 (Mikusinski, Sherwood and Taylor [4]). Shuffles of Min are dense in

> with respect to the uniform norm.

2.4 Bivariate shuffles of copulas

A shuffle of 2-copula C' is a 2-copula whose mass distribution is obtained from
shuffling vertical strips of the mass of C'. Durante, Sarkoci and Sempi [3] defined
shuffles of 2-copulas starting from a measure-preserving bijective transformation 7': I — I

and a map Sp: I? — I? defined by
ST(”? U) = (T(U), U)v

for all u,v € 1.

Let T denote the set of all measure-preserving bijections of the measure space
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(L, B(I), A).
Remark 26. Since T € T, for all Ey, Ey € B(I),
N (Sr(Erx Ey)) = NX((T(Ey) X Ey)) = MT(E1)) X A(Ea) = ME1) X N(Ez) = N (Ey X Es),
so St is a measure preserving on the space (I?, B(I?), \?).

Definition 27 (Durante, Sarkoci and Sempi [3]). A 2-copula D is a shuffle of
2-copula C' if there exists T € T such that up = St#pc.

In this case, D is also called the T-shuffle of C' and denoted by Cr.
And they have an interesting proposition.
Proposition 28. If a 2-copula C' is absolutely continuous, then so are all its shuffles.

Proof. Let a 2-copula C be an absolutely continuous copula and let T € T. Let E
be a Borel set of I? with A2(E) = 0. Then \?(S;:'(E)) = A(E) = 0. So, by the
absolute continuity of C, Sr#uc(E) = pc(Sy'(E)) = 0. Thus Sr#uc is absolutely

continuous, as asserted. O

2.5 The *-product

The *-product is a binary operation of 2-copulas. So we recall its definition, some
properties and a theorem relating the x-product and measures.
Let 0, denote the partial derivative with respect to the k* coordinate and let
th

i, ....i, denote the partial derivative with respect to the iff', ... %" coordinates, respectively.

.....

Definition 29 (Darsow, Nguyen and Olsen [1]). Let A, B € 6. The *-product of

A and B is the function A* B: 12 — 1 defined by, for z,y € 1,
1
Ax B(x,y) = / O A(z,t)01 B(t,y) dt.
0

Theorem 30. The x-product is a binary operation on 6,.
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Proof. Let A, B € 65. Since (C1) is obvious, we only prove (C2) and (C3).
(C2) For all z,y €1,
1 1
Ax B(x,1) = / Op Az, )01 B(t, 1) dt = / W A(z,t)(1)dt = A(z,1) ==
0 0
1 1
Ax B(1,y) = / DA, DO B(t, y) di — / (VO B(t,y) dt = B(Ly) = y.
0 0
(C3) For any [a,b] C I?,
VA*B([CL, b]) = Ax B(bl, bQ) — Ax B(bl, CLQ) — Ax B(Cll, bg) -+ A x B(al, CLQ)
1 1
= / 82A(b1, t)f)lB(t, bg) dt — / E)QA(bl, t)alB(t, CLQ) dt
0
1
/ 0 A(al, )81 (t b2 dt —|—/ 82 Cll, )81 (t CLQ) dt

/ 82 bl, (Cll, )]61 [B(t, bg) — B(t, ag)] dt

> 0, by Remark 22.

Hence, A x B is a 2-copula. O]

Proposition 31. Let C' € 6,. Then

MxC=C=CxM,
I+«C =11=C=x*II,

and WxW = M.

Proof. For any z,y € 1,

M« C(x,y) = /0 M (x,t)0,C(t,y)dt = /0$(1)810(t,y) dt = C(zx,y),

C o M(z,y) = /O 0uC (e O () di /0 " 0,C(@, 1) (1) dt = Cla, y),

and

I C(x,y) = /0 O Il(x, )0, C(t,y) dt = /0 ()0 C(t,y)dt = xy = 1(x,y).
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1 1
C *T(z,y) = / 0,C (e, )OI, y) dt = / ,C(z, D)(y) dt = zy = T(x, ).
0 0
and
1
W W, y) :/ oW (2, )W (£, ) it
0
1

:/ (L)oyW (t,y) dt
= W(lay) - W(l - ZL’,y)
=y —max{—x +y,0}

=y +min{z —y,0} = min{z,y} = M(z,y),
which is the desired assertion. O

Theorem 32 (Ruankong, Santiwipanont and Sumetkijakan [7]). If 4 and v are doubly

stochastic measures on 12, then

J (I %) :/0 %Mu . [O,t])%y([(),t] X J)dt

is a doubly stochastic measure. Moreover, if A and B are 2-copulas, then piaxp = pia * pug.



CHAPTER I11

A GENERALIZATION OF SHUFFLES OF MIN

In this chapter, we recall a method for constructing multivariate shuffles of copulas
as introduced by Durante and Ferndndez-Sanchez [2]. This can be considered as a

generalization of shuffles of Min.

Definition 33. Given N C N, let ' ..., 7% be systems of closed and non-empty

intervals of I, where each % = {J*¥ = [a¥ bF] : n € N} is a near-decomposition
of I such that N(J}) = XN(J2) = ... = XN(JY) for every n € N. A system ¢ =

(ZF)4_, satisfying the above properties is called a shuffling structure (shortly,
J -structure). The set of all _# -structures based on an index set N is indicated by
Jn, while T = |} Tv.

NCN

Remark 34. Since for each k, #* = {J% = [a*,05] : n € N} is a near-decomposition
of L, |J (U xeexJi)=T

Definition 35. Let N C N. Let (pin)nen be a system of probability measure on
(I, B(I)). Let a system # = (_#*){_, be an Z -structure. Let pu: B(I*) — [0, 00)

be the set-function defined, for every E € B(1?), by

.....
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where @, : JL x -+ x JT — 1% is given by

T —ak 1g—al
gpn(xlw"axd): )\(J1> yrt )\(Jl) .

The set-function p is called a shuffling set-function correlated with the 7 -structure

(FF)E_, and to (pn)nen. It is indicated by the symbol = ((_F*){1, (tn)nen)-

Proposition 36. Let i = ((_Z*){_,, (1tn)nen) be a shuffling set-function. Then p is

a probability measure.

Proof. 1. Since p,,

-----

.....

DHE)=Y" Y (B0 (g X X )
=1 =1 (nq,...,ng)EN?

_ Z JTI— <DEiﬁ(Jilx...ngd))

= > AT pn( L x e x TD)
= NI I = DA =1

Hence, 1 is a probability measure on (1%, B(1%)). O
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Proposition 37. Let u = < 4_,, (un)n6N> be a shuffling set-function. If every

W 18 d-fold stochastic, then p is d-fold stochastic.

Proof. Assume that each pu, is d-fold stochastic. Claim that p is d-fold stochastic.

Suppose that ¢ = 1 (the other cases are analogous). Let z; € I. First, we want to

show p({z1} x I%°1) = 0. Consider,

p{od x I = 30 ({2} X I 0 (g, X x )

Cases 1. If z; ¢ J, , then

p{ad <17 = 3 g (X T2, X x ) =0,

Cases 2. If z; € J} , then

,u({m} X Hd_l) = Z Hny,..., nd({xl} X JTQLQ Ko X Jgd>
(n1,...,ng)ENC
— Zﬂn ,,,,, n{z} x J2xx JY (By (M1))
= AT tnlpn{za} x J2x o x ) (By (M2))

S ({55} )
= 3" MDA ({ 5 (c_f%(;}l }) (By assumption)

neN

=D AJ0) =

neN

Since p({z;} x 1471) = 0, without loss of generality, we can suppose that

T ¢ U {al bl}. Let Ny ={n € N :J C[0,2,] and z; ¢ J!}. Let 7 € N be such
nenN
that 1 € J} = [a},bl]. By (M1) and (M2),

'I’L’?’L

p([0,21] X T =" NI (0n ([0, 2] x TN N () X T2 x -+ % )

neN
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= D Alenly x oo x T1)

neNy

+ A3 pa(ea(([0,21) N TR X J7 x -+ x JE))
0,

= 3 )+ A (oo <)

_ %; ATY) + A(THA ({o 5 (_J%CS%D (By assumption)
— Z MJH + (2 —al)

= [0, az]) + Az, 21]) = A([0, 1))
Hence, p is d-fold stochastic. O]

A d-copula C'is a shuffling copula (shortly, #-copula) if ;i can be represented
as a shuffling set-function that is a d-fold stochastic. It is indicated by the symbol

C= < k 17 n nEN> < k 1 ,U/n n€N> where Hn = HCy, -

First example, I want to show an easy example.

Example 38. Let J{ = [0,3], J3 =[3,1], Jt =[35,1], J3 =[0,3], N={1,2}, d=2
and C' € 6. Let pcr : B(I?) — [0,00) be the set-function defined for every Borel set

F C I,

NC’(F) = Z :U’m,m(Fm (Jn1 X Jn2>>

(n1,m2)EN?
Solution. For every u,v € I, let £ = [0,u] x [0, v],
C"(u,v) = por([0, u] x [0,0]) = per(E)

= Z Iu“nl7n2(E m (Jlel X JSQ))

(n1,n2)EN?2
= (BN (J) x JP)) + ma(EN(J) x J3))
+ 1 (BN (Jy X 7)) + prap(E 0 (Jy X J3))

= (BN () % J7)) + pap(EN (T % J5)) (By (M1))



Case 1. Ifu € J}

Case 2. Ifu € J}

Case 3. Ifu € J}

C'(u

= M) (e (BN (T x JH)))

F AT (02 ((E N (JE x J))))
_%mwﬂmmmﬁdeMﬂﬁm
+;M@«mmm£deMﬂﬁD)

=[0,%] and v € J} = [0, 3], then
C'(u,v) =040 =0, by Remark 6.

=[0,1] and v € J = [1,1], then

:%mqaqum@v—ﬂ)

1

= [}, 1) and v € J3 = 0,3, then

=0 g ([0 52 o 2))
_ %MQ([O, 2u — 1] x [0, 20])

1
= 5C’2(2u —1,2v).

Case 4. Ifu € J; = [3,1] and v € J} = [, 1], then

C'(

29

20

(By (M2))

(By Remark 6)

(By Remark 6)

1 —3 1 —3
u,U):_/H(HX|:07v12‘|)+_:u2<{07u12}XH)
2 3 2 2

:%m@xmjv—uy+émmﬁu—ﬂxm
1 1

= 50,20 = 1]) + ([0, 2u — 1))
1 1

=52v—1)+(2u—1)



Thus,
0 ,ifuel0,1],vel0,3];

/ 101(2u,2v—1) |, ifue(0,1],0e[i 1)
C'(u,v)

$Co(2u—1,2v) |, ifuel;,1],vel0,1];

u+v—1 ifue (3, 1],ve (], 1],

\

where C and Cs are given copulas. Since we want to shuffle of Min, setting

Ci=M =05, so
(
0 , ifu €0, %],v € [0, %],

TM(2u,2v—1) , ifuel0,i],vel],1];
MT,azf(u?U) =

1
2

IM(2u—1,2v) | ifueli 1],vel0,3];

u+ov—1 ifue[3,1],0e[5,1],
\
)

0 , ifuel0,4],ve0,3];
tmin{2u,2v — 1}, ifue[0,1],v e [3,1];
tmin{2u — 1,20} , ifue[3,1],v €0, 3];
u+v—1 Vifue(3,1),ve (3,1,
0 ,ifuel0,1],ve0,3];

min{u,v — 3} , ifue0,1],v e}, 1];

N\

min{u — %,v} L ifu e [%,1],11 € [0,%];

u+v—1 ifuels,1],v e} 1],

.

(

v— ,ifue[O,%],ve[O,%];
min{u+%,v}—% ,iqu[O,%],vE[%,l];

min{u — 5,0} +v—v , ifuelz1],vel0,3];

(u—3)+v—1 Cifu€ 31,0 €31,

\
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)
min{u+%,v}—min{%,v} , if u e o, %],UE [0, %]’

min{u + %, v} — min{3, v} ,ifue0,4],0e [} 1];
min{u — £, v} + min{1,v} —min{3,v} , ifue [5,1],v€[0,3];

min{u — 1, v} + min{1,v} —min{i,v} , ifue[5,1],v €[}, 1],
\

r
min{u + 1, v} — min{3, v} , ifue[0,1];
kmin{u— 2,0} +min{l,v} —min{3,v} , ifuel} 1],

’

M(O,U)%—M(u—l—%,v)—M(%,v) ,ifue [O,%];

| M(u—4,0)+M(1,v) = M(3,0)  ifue[d1]

1 1
= M (max{u — 5,0},1}) + M (min{u + 2 1},v) — M(é,v),

that is shuffle of Min at point % m

Remark 39. An ¢ -copula C is obtained by the following processes:

.....

J -structure).
2. given a system of d-copula (Cp)nen, fill a transformation of uc, in JEx---x J<.
Proposition 40 (Durante and Fernandez-Sénchez [2]). Let C' = ((_Z*)i_,, (Cp)nen)

be an ¥ -copula. Then, for any point (uy, ..., uq) € 14,

Clur,...,ua) = > A(J)Cy (“;&5“, . “;&g) . (1)

neN

Remark 41. Since Z)\(Jé) =1, by (1), Z-copula C can be interpreted as a

neN
generalization of ordinal sums.



CHAPTER IV

MULTIVARIATE SHUFFLES OF COPULAS

In the first section, we recall Mikusinski and Taylor’s approach to multivariate
shuffles of Min. A definition of shuffles of d-copulas is given in the second section.
And in the last section, we will focus on 2-copulas and obtain a relationship between

shuffles of Min and shuffies of 2-copulas via the *-product.

4.1 Multivariate shuffles of Min

In [5], Mikusinski and Taylor studied various approximations of d-copulas, one of
which is shuffles of M¢. They showed that every d-copula can be approximated in the
uniform norm by shuffles of M9, In this section, we shall summarize their definition
of shuffle of M? and how they can approximate any d-copula.

Now, let m € Nand Q := [Q;];eza be a d-fold stochastic matrix which, by Theorem
14, can be constructed from a d-fold stochastic measure. Then, for each ¢ € Z¢ and

k=1,...,d, let ¢f be cumulative of @; for which j < ¢ and i), = ji; that is,
¢ = {Q;:j €I j <iand jp =i}

In the k' dimension, fix p € Z,,, they subdivide (2, 2t) into J¥, where ¢ € ¢,
and i, = p, so that each JF has length Q; and J% precedes Jg whenever a < 3 in the

lexicographic order; that is,

p p
= (Erah ak+ Q).
m m

where i € Z¢, k = 1,...,d and p € Z,,. Note that, for each k = 1,...,d, p € Z,,,

{JF:4 € and i = p} is a near-decomposition of (£ ’%1) In fact,

m’
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1. Let ¢ # 1 be such that i, = [, = p. Notice that lexicographic order is totally

ordered, so WLOG, let 2 < I. Then

o o
A(mem—A((@—uqff—uqfwi)n(—uq;a—'wqfwl))
m m m m

— p P . P P .
=\ E+ZQJ,m+ZQ] N m+ZQ1,m+ZQJ

J<i J<i J<i J<i
Jk=p Jk=p Jk=p Jk=p
= \@) =0, since g Q; < g Q;.
j<i j<l
Jk=DP Jk=DP

2. Since A is measure, by Remark 6,
k - k p p+1
> ON(E) A(UJ)—)\((m m))
=D =P

Next, they define a measure-preserving transformation ¢ : I — I by letting ¢ map

J} onto JF:

1y — 11

Op(t) =t + —— 4 gf — ¢} for t € J},

and defined ¢: I¢ — I¢ by

Oty ... ta) = (P1(t1), ..., Palta)).

Notice that ¢ is one-to-one and onto (except finite hyperplanes). Since each
finite hyperplane has measure zero with respect to probability measure generated
by d-copulas, we can ignore them.

In [5], they defined the shuffle of M? by
Mg(‘rla R ,de) = MMd(¢_1<[07x1] X X [07 fL’d])),
for all x1,..., 24 € I. M is called the Q-shuffle of M.

Theorem 42. Given a d-fold stochastic matriz Q = [Qi];eza, the function Mg

defined above is a d-copula.



25
Proof. For every Borel set £ C I,

pagg (I B x %) = o (67 () x B x T))

= (I x 61 (B) x 1)

= Ao, ' (E)) (ppa is a d-fold stochastic)
= \E). (¢ is measure-preserving)
Thus, @ Mg is a d-fold stochastic measure. By Theorem 20, Mg is a d-copula. O]

Theorem 43. Let Mg be the Q-shuffle of M? and let Q = [Qilicza be a d-fold
stochastic matrix associated with a d-copula A. Then Mg converges to A uniformly

as m — Q.

Proof. By Theorem 14, () can be constructed from a d-fold stochastic measure pi4.

Qi:/’LA<<Z_lall+ ) X X (Z_dvld—i_ )) :/’LA(]IZ’LJ,)
m m m m

Since {Jf : i € T¢ and iy = p} is near-decomposition of (2, Z:1) Jk C (& tl)

m’ m

That is,

Now, we set

JZ:lexxjgg (Z_l Zl+ )XX (Z_d u):ﬂ,’dﬂﬂ{

m m m’ m

Furthermore, we have J; = ¢1(J}) X - X ¢a(J}) = ¢(J} x -+ x J}). Then,
¢ (J) = Jf <o x T
By Example 18,

pagg (i) = para (@7 (i) = paga (T x - x Jj) = MJ}) = Qi = pa(ly, ).

Since 14 . is a p-decomposition of 1%,

L= palg) = 3 g () < D pagg () = 1.
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SO Z Fonrd, (IZ,;) = Z pea(I%, ;). 1t follows that for all 4 € Z¢,

Ma(Ly = AL,

Consider, let j € I¢, ; some 3,
sup (MG (5) — A(G)] = Sup |MG(5) — M(3) + M(i) — A(d) + A(s) — A(5)]
= Sl;p[\Mé(j) — M§(8)] + | M(3) — A(8)] + |A®E) — A(5)]]
< sup MG (5) — Ma(i)| + Sup Mg (i) — A(9)] + sup [A(2) — AG)|

d d 2d
—+0+—=——=0asm — oc.
m m o m

IN

Therefore, Mg — A uniformly as m — co. O

4.2 Multivariate shuffles of copula

In this section, by imitating Mikusinski and Taylor’s definition of shuffle of M? in

[5], we introduce a definition of shuffle of d-copulas.

Definition 44. Let C € €y and Q := [Qi];eza a d-fold stochastic matriz. Then we

define the following.
1 ¢F=>{Q;:j5 €%, 5 <iand jy =iy} wherei € I¢ and k=1,2,... d.
k ik g Uk k
m m
3. Forany k=1,2,...,d,
I — 11

on(t) =t + +qf —qi forte J}

and
Ot ... ta) = (d1(th), ..., dalta)),

forallty,... tg €l
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4. Define the d-variate shuffle of copula C' by

Co(m1,...,xa) = pc(d™ ' ([0,21] x -+ x [0,4]))
for any (z1,...,2q) € 14
Cq 1s called the Q)-shuffle of C.
Remark 45. 1. ¢1(t) =t for allt € L.

2. Forallk, ¢r: I — I is measure preserving because it is piecewise linear bijection

with coefficients = 1(slope = 1). It follows that ¢: 1 — 1% is measure preserving.

Theorem 46. Let C € %y and Q be a d-fold stochastic matriz. Then ¢#Huc is a

d-fold stochastic measure and hence Cg is a d-copula.

Proof. First, we shall show that ¢#puc is d-fold stochastic measure. By Theorem 20,

pe is a d-fold stochastic measure. So, for every Borel set £ C I,
d# eI x B x 1577 = pe(¢ ' IM ! x E x 197F))
= po(M*! x ¢ (B) x I'F)
= A (E)) (by assumption)
= /\<E)7
where we used the fact that ¢, is measure preserving transformation. Thus, ¢#uc is

d-fold stochastic.

Next, we shall show that Cg is a d-copula. For every Borel set F' C %

fiog (F) = po(¢™ ' (F)) = ¢p#pc(F).

Hence pc, is a d-fold stochastic measure. Then, by Theorem 20, there exists a

d-copula D, pc, = pp. Therefore, Cq is a d-copula. n

Clearly, Cy is a generalization of ()-shuffle of M in section 4.1.
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Theorem 47. Let C' € ¢ and Q be a d-fold stochastic matriz. If C is absolutely

continuous, then so is the QQ-shuffle of C'.

Proof. Assume that a d-copula C' is absolutely continuous, that is for all E € B(I4),
M(E) = 0 implies that uc(E) = 0. Let E € B(I?) be such that A\Y(E) = 0. Since ¢

is a measure preserving transformation,

By the absolutely continuity of C,
Hoo (E) = pe(6™H(E)) = 0.
Thus, @-shuffle of C' is absolutely continuous. O

Examples 48-53 contains selected examples of bivariate shuffles of copulas. An
example of a shuffle of 3-copula is given in Example 54. Detailed derivations of Cg

and verifications of the equation C' x Mg = Cg are given in the APPENDIX.

Example 48. Let C' € 6 and QQ be the 3 X 3 doubly stochastic matrix associated with

0 0 %

M ; that i1s Q = |0 % 0l. Then
1
3 00

CQ(ZL‘l, [Eg) = C(l’l, ZL‘Q).

Thus, Mg(x1,x2) = M(21,22). It can be shown that

(Cx Mg)(z,y) = Cq(z,y).

Example 49. Let C' € 6 and Q be the 2 X 2 doubly stochastic matrix associated with

20
W that is Q = . Then
0 3

1 1 1
Co(x1,22) = C(xy, min{zs + 3 1} — O(ay, 5) + C(x1, max{xy — 5,0}).
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Thus, M (z1, min{zs+ 1,1} — M (21, 5) + M (z1, max{zs — 3,0}). It can be shown that

(Cx Mg)(z,y) = Cq(z,y).

Example 50. Let C € 65 and QQ be the 2 X 2 doubly stochastic matriz associated with

/

11
I1; that is Q) = Lo
11
1 1
Co(z1,72) =
Thus,
.
MQ(x17x2) =

\

It can be shown that

\

. Then

C(Jfl, $2)

C(l‘l,

1)+ Cloy,ze+ 3) — Cf

C(l’l,&?g — 4_11) + C(.Tl, %) — O(

C(Il, IL‘Q)

M (1, x5)

M(l’l,z—ll)—FM(xl,I'g—f—i)—M(

M(xlny_}l>+M(mla%)_M<

M(il?l, 332)

1
fL‘1,§

1
xlai

(C*x Mg)(z,y) = Cq(z,y).

)
)

1
x17§

1
xlai

Example 51. Let C € 65 and Q) be the 2 X 2 doubly stochastic matriz associated with

2-copula A such that Q) =

CQ(x17$2) = <

¢

\

11
6 . Then
11
3 6
C(:Ul,ﬂlg)
Clay,3) + Clay, za+ 5) — C(

C(l’l,.ﬁﬂg — %) +C(3§'1,%) —C<

C((L’l, .IQ)

1
xl?i

1
L1, 5

)
)
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Thus,

e

M(I’l,.’EQ) ;T € 07% )

(
M(zy,3) + M(zy, 20+ ) — M(z1,3) 525 € (
Mg(w1,72) = 4
(
(

M(zy, w0 — )+ M(x1,2) — M(21,3) ;22 €

M(l’l,CIZQ) ;o € %,1 .
\

It can be shown that

(Cx Mg)(z,y) = Cq(z,y).

Example 52. Let C € 65 and QQ be the 3 X 3 doubly stochastic matriz associated with

05 0
2-copula A such that Q = |0 0 % . Then
% 00
.
C(I‘l,xg) y L2 S (07 %) )

Col1,22) = C(r1,3) +Clzy, 2+ 5) — Ca1,3) s12€ (5,3),

\C(Q?l,l’g—%)‘i‘xl_c(xlv%) ;T2 € (%’1)

Thus,

4

M(l’l,l'g) ;Xo € (0,

)
3)

M($1,CL’2-%)+CL’1-M(ZE1,§) ;IgG(%,l).

Wl

Mg(z1,20) = M(:cl,%)—l—M(:cl,:cg—i—%)—M(ml,g) ;SL'QE(

Wl

\

It can be shown that

(C* Mg)(w,y) = Co(z,y).

Example 53. Let C' € 6 and QQ be the 3 X 3 doubly stochastic matrix associated with



0 5 0
2-copula A such that ) = le 0 % . Then
5 01
(
0(1’1,1'2)
C(l’l, 1—12) + 0(1’171'2 -+ 1_72) — C($1, %)
Co(e1,2) = § C(ay, 25 — 1) + Clay, 2) = O(xy, 2)
C<x17%)+c(xlvx2+%) _C(l‘h%)
Clxy, 20 — 3) + 21 — C(21, 3)
Thus,
4
M(Jfl,.TQ)
M(z1, 35) + M(zy, 25 + 15) — M (21, 3)
Ma(w1,2) = § M(wy, 25 — 1) + M(2y, 1) — M(2y, 2)
M(:El)%)—i_M(xlaxQ_’—%) _M(‘rh%)
\M(l’l,.’ﬂg — %) +$1 — M(l’l, %)
It can be shown that
(C* Mg)(z,y) = Co(x,y).
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Example 54. Let C € 65 and QQ be the 2x2x 2 three-fold stochastic matriz associated

with the 3-copula A(x,y,z) = W(x, My, 2)), z,y,z € L. Then for any x1,x9,x3 € 1,

CQ(IhZL’Q, xg) = C’(xl, mm{xg + 1} mln{x3 + Z 1})

+ C(z1, min{zy —|—

11
22

1}, max{zs — = 0})

1,0}>

1
) C<$17 a) 9

+O([E1, 9

max{rs —
1
+ C(z, max{xy — 2

1 1
+ C(x1, max{xy — 3 0}, max{xs — 3 0}).

C(z1, min{zy +

1
0}, min{zs + 3 1}) — C(zy, max{xs —

1 1
g
2’ }’2)

1 . 1
C(z, 3 min{zs + 2 1})

1 1
20 =
2’ }’2)
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4.3 Cx Mg = Cgp generalized

In the previous section, it was shown that, in 2-dimension, the #-product of C'
and @Q-shuffle of M is a @Q-shuffle of C, where @ := [Q;]icz2, is a doubly stochastic
matrix. So in this section, we shall obtain its generalization for the analogous number

of partitions m.

Theorem 55. Let C' € 63 and Q = [Qil;ezz, a doubly stochastic matriz. Then the

x-product of C' and Q-shuffle of M is a Q-shuffle of C'; that 1s,
C % MQ = CQ

Proof. By Definition 44, for any Borel set £ C I?, ua,(E) = pu(¢~'(E)) and

tic (E) = pe(¢™(E)). We claim that C' « Mg = Cg. It enough to show that

HCxMqg = HCq-

Thus, by theorem 32 and Proposition 31,

pcsmg (I x J) = (e * pg ) (1 % J)

= | et X 0.0 g (0.1 x i

= [ et < 0.1 (67 (0.1 x D)
_ / 1 eI x [0,1) S uas([0,] x 63 (7))
= (pe * par)(I < 3 (J))

= (po * par) (¢ (I x J))

= (owan) (671 % 1))

= 1o(67 (I x 1))

= MCQ(I X ‘]>7

which is the desired assertion. O
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Remark 56. Let Q := [Q;i]icr2, is a doubly stochastic matriz with respect to a 2-copula

A. Then Cqg = Cx Mg — C *x A in uniform norm as m — oo.



CHAPTER V

MULTIVARIATE PRODUCT

Darsow Nguyen and Olsen introduced #-product for bivariate copulas in [1]. In

this chapter, we will define a new product operation in d dimension.

5.1 Univariate shuffling of d-copulas

First, we define a product operation between 2-copulas and d-copulas, which is

important in this thesis. And we have several theorems and properties.

Definition 57. Letk=1,...,d, A € 6 and B € 6;. The ¢-product of A and B

is the function AQ,B: 1% — 1 defined by
1
A%B('Tlv s ;:L‘d) = / alA(ta mk)akB($1, ey X1, €y Tht1s - - - ;:L‘d) dta
0
wherever the above integral exists.
Theorem 58. Let k=1,...,d, A € %3 and B € ¢3. Then AQ.B is a d-copula.
Proof. (C1) It is obvious that A, B(xy,...,x4) = 0 whenever z; = 0 for some [.
(C2) Let zq,...,xz4 € L.

Case 1. Every component is 1, except for x;. Then

k—1 terms d—Fk terms k—1 terms d—k terms

— —— ! ——
A%B(l,...,l,xk,l,...,l):/ A 20 B(T Tt TT) dt
0
1

- / DA, ) (1) dt

0

= A(l, Ik) - A(O, xk)

= Tk-
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Case 2. Every component is 1, except for z;, j # k. WLOG, let j < k. Then

j—1 terms d—j terms
— ——
AQB(I, . 12,1, 1)

j—1 terms k—j—1 terms d—k terms

1
——
:/ At VNOB(T, .. Tay;, 1,...,0,¢.1,... Dt
0

1 j—1 terms k—j—1 terms d—k terms

— —— ——
:/(1)akB(1,...,1,xj, 1,...,1 .61, 1at
0

j—1 terms k—j—1 terms d—k terms

—— —— —

=B1,. . 1 1,...1,1,1,...0)
7j—1 terms k—j—1 terms d—k terms

— —— ——
-B(1.. Lz, T...1,0T...10)

(C3) For any [a,b] C 19,

Vags([a, b))

_ Ad
_A(

ad,

bd)---Al )A%B(:vl,...,xd)

(a1,b1

1
= A?ad,bd) - A(lal,bl) / 61A(t, [L’k)akB(l'l, ey Tg—1, ¢, Lh+1y- - - ,SBd) dt
0

_ /0 A by) — A(t. ap)]

X O[O e A N o Dby B, Tt T -

(akt1:b0k+1) — (@k—1,bk-1)

> 0, by Remark 22.
Hence, AC, B is a d-copula.
Proposition 59. For each k=1,...,d, and C € %,

MQOC(zq, ..., xq) = C(21,...,24),
WQC(xy,...,xq) = Clx1, ., Tp1, 1, Ta1,y - -, Tg)
- C<5€17 ey Th—1, 1-— Ly Tlot1y - - - ,Z‘d),

HO.C (21, ... xq) = 2k C(21, oo Tpo1, 1, Tpgas - -5 Ta),

for all (xq,...,14) € 14

,ZL’d)] dt
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1
M%C(‘rl) B ,l'd) = / alM(t7xk)8kC(x17 B 7wk—17t7xk+17 s ,l’d) dt
0

Tp
= / (1)akc(x17'"7$k717t7$k+17"'73§'d> dt
0

=Cl(x1,...,24),

1
W%C(xb s 7$d) = / 81W(t, l'k)akC(ﬂfl, sy Tl—1, t) Tpt1y- - ,l‘d) dt
0

1
0
:/ Emax{t—i—m—1,0}8k0(x1,...,xk_l,t,xk+1,...,xd)dt
0

1

= (1)8k0<x17"'7xk717t7xk+17'"7:Cd) dt

1—xp
= C(Il, coe s Ll—1, 1,.Tk+1, c. ,LEd)
— C(l‘l, ooy L—1, 1-— Ly Lht1s - - - ,xd)

and

1
H%C(‘xlv s ,l’d) = / a1]'_[('&7 Ik)akC(xlv sy L1, t? Thi1y--- de) dt
0

1
:/ TROLC (21, .. T, b, T, - -, Ta) dl
0

= ka(LUl, ey L1, 1,xk+1, R 7$d>-

Proposition 60. For each k =1,...,d, and C' € %5,

C%Md(l‘h e axd) = C(Md_l(xla vy Th—15 Lt1y - - -

C%Hd(ﬂll, e ,xd) = Hd(dll, e ,;Cd),
for (x1,...,24) € 1

Proof. For (z1,...,14) € 14,

,.Td), ZEk),

1
C%Md(xh s 7xd) = / alc(tv xk)akMd(xla sy T—1, t7 Tht1y .- 7xd) dt
0



37

I
E
=]
-~
8
=
Ei
e
-
8
>
+
=
%
a
-
Q
i,
Q
—~
~
8
Eal
N—
~—~
[u—
S~—
QL
~

= C(min{xy, ..., Tk 1, That, -, Ta}, Tk)

= O(M g, ... Ty, Thgrs - - Ta), 1)

and

C%Hd(‘rla"'a / 81 t xk)ak‘ (xlv" y Th— 1at xk-}—l;"'axd) dt
/ Ot x)(Ty -+ Tpo1Tpgr - - - Tq) dt
=21 Tpo1 T - 2qC (1, xp)

= X1 Tp1Tg41 xd(xk>

]

Next, we will define the () -product between a doubly stochastic measure and a
d-fold stochastic measure. The resulting ,-product is a k-axis shuffle of the d-fold

stochastic measure.

Theorem 61. If i is a doubly stochastic measure on 12 and v is a d-fold stochastic

measure on 1%, then uS}v defined for Borel sets Jy,...,Jq C 1 by

(Jl XJk,1X[O,t]XJk+1X'“XJd) dt

1
pGardixxd) = [ a0 ) 5
0

gives rise to a d-fold stochastic measure on I%.
Furthermore, if A is the 2-copula associated with doubly stochastic measure py and B

is the d-copula associated with d-fold stochastic measure g, then

paB = HaShuB.

d
: E,u([o,t] x Ji) and
—v(Jy X o X Jpg X [0,t] X Jpog X -+ X Jy) exist almost surely. First, we will show

dt

Proof. Since p and v are increasing in ¢
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that Qv is a d-fold stochastic measure on I¢. Assume that p is doubly stochastic

and v is d-fold stochastic. Let Ji,...,J; C I. Claim that
pr (I < Jp x 1970 = A()).
Case 1. If k£ =1, then

P (I 5y x 1971 = pQu (TP x J, x 177F)
_ /Olsi ([0, 1] x J,C);; (IF1 x [0,¢] x I%7%) dt
_ /0 ;i ([0, 4] % Jk);ltA([O,t])dt
_ /0 %“([O,t] x Jo)(1) dt

= ([0, 1] x Ji) = A(Jk) = A(J)-

Case 2. If k£ # 1. WLOG, let k < [,

pQuu (I x Jp x 1970

1
- / di“([o 1] % J) L@ x [0, x T+ x gy x T dt

o at dt
- / 0,0 0,1 S0 x [0,6) x T x g x T e

0 dt ’ dt )
= /1 i)\([o t]) d (]Ik—l X [0 ﬂ % ]Il—k—l % Jl > Hd_l) dt

o dt dt '

vod

:/ (1 )dt v(IF1 % [0,4] x I'F1 %y x T970) dt

= (I x J x %70 = A().
Next, we will show that 145 = paShup. Let A € €5 and B € €. For any [a, b] C 14,

pag.s([a, b])
A(acl ba) A((11 b1) A%B("Eh s wrd)

1
Adad ba) A(m by) / éﬁA(t, xk)8k3($1, ey Ll—1, t, Lht1y--- ,iL‘d) dt
0

:/0 jt(A(t be) — Alt, a))
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d d k+1 k-1 1
% E A(‘ldvbd) o A(ak+17bk+l) A(ak—labk—l) o A(‘111’1) B(xh S Tt Teg, - ’xd) dt

:/0 %MA([OJ] X [ay, bx])

X %,{LB([al,bl] X - X [ak_l,bk_l] X [O,t] X [ak+1,bk+1] X - X [ad,bd])dt

= NA%,U/B({CL? b])

Remark 62. Let B € 65 and C € 4. For any k=1,....,d,
s epie = Ppg.o = pios

p5hfie = fipgme = pd,

Figure 5.1: the support of S in Example 63.

Example 63. Let C € €5 and x,y, z € 1. Let S be a bivariate shuffle of Min supported

1 1 1
ontheumonoflmesll:y:x+§,0§x§§andlgzyzl—x,§<x§1, that is

Sta,y) = M (mindz+ 210 o) —ar (L) 4 (maxde— 2ol y).
2 2 2

See Figure 5.1. Then, for any x,y,z € I,
1
,y,z>+C’ (max{x — 5,0} ,y,z) ,

N | —

SOC(x,y,2)=C <min {x + %, 1} ,y,z) -C <
. 1 1 1
SKC(z,y,2) =C (:r;,mm {y+ 2 1} ,z) -C (:L‘, 5,2) +C (x,max {y — 5,0} ,z) ,
. 1 1 1
SKC(z,y,2) =C <x,y,mln{z—|— 3 1})—0 (x,y, 5) +C (x,y,max{z — 5,0}) :
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Solution. We will show only the equation for SO C' because the other equations are

analogous.

Case 1. For z € [0 l]

Sc?l ZE Y, %

Case 2. For z € [%, 1],

81 (t,z)01C(t,y,z)dt

_/ —M <II11H {t‘i‘l 1} )alc(tayVZ) dt
0 t 2
1 a 1
_/0 8tM< )alC(t,y,z) dt
1 o 1
+/ EM (max{ 3 } ) C(t,y,z)dt
: a ax 2, Y, 2
:1:+2
= / a1 tya )
_c —cof}
2»9; 2 Y2 )

1
[ (min{t+%,1},$> DC(t,y. 2) dt
1
_/O gtM(l )810(t,y,z)dt
+ 12M max t—lO x| 0C(t dt
/oat ( { 2’}’)1 )
=3 . 1
:/ —(mm{t+—,1}) 0C(t,y,z)dt
0 t 2
1
+/1i (max{zﬁ—1 0}) nC(t,y, z)di
0 dt 2’ ) )

1
=3

= (D)0 C(t,y,z)dt — 0+ /1(1)810(1%, y,z)dt

1
0 2

N

1 1
- C(ZE - —,y,Z) + C(].,y7Z> - C<§7y7z)

2
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Hence, for all x,y, z € 1,

1 .
¢ (ot gonz) =€ (Gos) Jifee 03],
SOC(z,y,2) = ) .
( 2ay7z>+01ya C(§7yaz) 3 1fl‘€[%a]—}7
) 1 1
:C<n11n{ 2,1} > ( ,Z)+C<HI&X{$—§,O},y,Z>.
]

Example 64. Let C' € 6; and xq,...,x4 € 1. Let S be the bivariate shuffle of Min

in Example 63. Then, for allk =1,....d,

1
SGC(xy,...,xq) =C <x1, .., Tp_1, Min {xk + 3 1} Tty - ,xd)

1
_C(xla"ka—h§7xk+17"’7xd

1
—i—C(xl,...,xk1,max{$k—5,0},xk+1,...,xd) .

Solution. Case 1. If x), € [O, %}, then

S%O(xb S ,.Td)

1
= / 815(t, wk)akc(mla cey Tt € Tpt1y- - ,l'd) dt
0

! 1
= / 2.M (min {t+ -, 1} 7xk> OkC (1, 1, b, Tpy1, - .-, q) di
o Ot 2

Yo (1
/ =M (_7'Ik) akc(xlv‘"7Ik—17taxk+17"'7xd) dt
TR

! 1
+/ gM (max {t— 5,0} ,xk) OC(T1, . 1, b, g1,y - .o, g) di
0
1
0
= (

ar .flj'k)akC(«Tl, s ,$k_1,t,l‘k+1, cee de) dt

o Ot

1
0
— / a(xk)akC(.Tl, RN ,a:k_l,t,ka, . ,xd) dt
0

$k+% o 1
+/ — (max{t — —,O}) OC(x1, .. Tp_1,t, Tpr1,y ..., Tq) dt
0 ot 2

Ctk+§
:O—O+/ (1)8k0(9c1,...,xk,l,t,wkﬂ,...,xd)dt
1

2

=

=~

1 1
=C Ila---axk—17$k+§7$k+17~-axd -C xl,-'-7$k—17§;$k+1;-~,$d .
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Case 2. If z, € [%, 1}, then

S%C(xlv s ,ZL’d)

1
= / 815(ta xk)akc(xb sy TE—1, t? Tht1y .- axd) dt
0

1
0 1

:/ —M (min{t+—,1},xk> OC(x1, .. 1, t, Tps1,y ..., Tq) dt
o Ot 2

! 1
—/O %M (§’xk) OC(w1, ..., T, t, Tpgr, - -, Tq) dE

1
0 1

+/ —M (max {t— —,O} ,xk) OkC(x1, .. 1, b, a1,y ..., Tq) dt
o Ot 2

"3 1
= / — (min {t + =, 1}) 8k0(x1, ey Tp—1, by Tt 1, - - - ,$d) dt
. di 2

Yd (1
- ' 5 ak0<x1,...,$k_1,t,l'k+1,...,Zlﬁ'd)dt
0

Ld 1
+/ — (max{t——,O}) hC(x1, .. p_1,t, Tpa1,y ..., Tq) dt
o dt 2

zh—1
:/ (1)8k0(.1'1,...,$k,1,t,$k+1,...,l’d) dt — 0
0

1
+ / (1)6}€C<I’1, s rIk—l)tax/H-la s ,ZEd) dt

1

2

1
:C(.’L’l,...,ﬂjk1,$k—§,$k+1,...,l’d +C(l’1,...,.’L‘k,l,l,l’kJrl,...,LEd)

1
_C(xla'"7xk—17§7xk+17"-axd :

Hence, for all xy,...,z4 € 1,

( 1
C ($17---,93k—1,33k+ §>$k+1>--'737d)

1 .
—C (:L‘l,...,l'k_l,§,$k+1,...,$d) , if 2, € [0,%] ,

S%C(,Tl, c. ,.Td) =

1
C 3717---’331@—1’331@_§7$k+17"-7~77d

+C(x1, ..oy, L, Ty, - -, ) ,ifxy, € [%,1],

1
—C xla"'axkfla§7xk+17"'7xd
\
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) 1
=C (xl,...,xk_l,mln {xk+ 5,1} ,xk+1,...,xd>

1
- C $1,...,$k,1,§,$k+1,...,xd

1
+C($1,...,xk_1,max{xk——,0},$k+1,...,xd).

2
H
Theorem 65. Let Xy, ..., Xy be continuous random variables with d-copula
C = Cx,..x, and marginal distributions F, ..., Fy, respectively. If Fy,..., Fy are

=P(Xi <y, Xy S a1, X < Ty -, Xg < gl Xy)

Conditioning on X} = t is conditioning on an event with probability zero. This is not

define, so we make sense by a limiting procedure:

P(Xi <aq,..., X1 <@g, X1 <@g, -0, Xg < gl Xy = 1)

:}ILIH(I)P(Xl S.T,‘l,...,Xk,1 Sxk,l,Xk+1 Skarl;---;Xded’tSXk St—Fh)
—

1i P(Xlgl'l,?tSXkSt—Fh,,ngl'd)
= 11m

h—0 P(tSXkSt—i-h)

1i P(X1le,...,XkSt—'—h,...,XdS.fL'd)—P(Xlle,...,XkSt,...,XdSl’d)
= l1im

h—0 P(ngt—i-h)—P(XkSt)

1, FX1 7777 Xd(i[)l,...,$k,1,t+h,x‘k+1,...,$d>—FXI .... Xd(xl,...,xk,l,t,a:kﬂ,...,xd)
= l1im

h—0 Fx, (t+h) — Fx, ()
i CEx (@), P (D), Py (20) = C(Fxg (1), -, F (0), -, Fxy ()

h—0 FXk(t + h) — FXk(t)

= 6kC(FX1(x1),...,FXk(t),...,FXd(xd)).
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Theorem 66. Let Y, Xy,..., Xy be continuous random variables. If X1,..., Xy are

conditionally independent given Y, then
CyxeCxy . X VX Xa = Cxy o Xas
forallk=1,...,d.
Proof. Since
Ellx <o, Xo<ea Y =1 = Ellx <oy X0 1 <oy X ongn o Xa<aa| Y = B < [V = 1],
by Theorem 65, we have
0 Cyx,.. x,(Fy(t), Fx,(x1),..., Fx,(xq))

= 3kCX1,...,Xk,l,Y,XkH,...,Xd(Fxl ($1)7 cee FXk,l(xk—l), FY(t), ka+1(xk+1), cee FXd («Td)>

X 8le,Xk(Fy(t), FXk (:Z‘k))

Since Fy, Fx,,..., Fx, are continuous on I, for all u,...,uq € I,
810y,X17_,_7Xd(t, U,y ... ,ud)
= OhCxy o X 1Y X1 s Xa (U5 o o Up—1, b Upg, - -, Ug) 01Oy x, (T, U ).
Consider, for any uq,...,uq € I,
CY,Xk%CXl,...,Xk_l,Y,Xk_H,...,Xd(Uh e 7Ud)

1
= / 810Y,Xk (t, $k)akCX17._,’Xk71,Y’Xk+l7.,,7xd(ul, vy Uk—1, t, U1y - - - ,ud) dt
0
1
= / 810)/7X17...7Xd(t, U,y ... ,Ud) dt
0

= CX17.,,7Xd<U1, Ce ,ud).

5.2 Multivariate shufling of d-copulas

Notice that the ¢}-product of a bivariate shuffle of Min and a d-copula C' amount

to ‘k-axis’ shuffling of C'. So shuffling C' in all axes could be defined via C-multiplying
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by shuffles of Min for all k.
Recall that the x-product of a 2-copula C' and a Q-shuffle of M is a ()-shuffle of
C, where @ := [Qs;c2, is a doubly stochastic matrix. In this section, we shall state

and prove an analogous fact in d dimension. Now, for each k = 2,3,...,d, set

k—2 terms d—k terms
— —
AWz, ap) = Az, 1, 12,1, ..., 1),

where A is a d-copula and @ = [Qs);czs is a d-fold stochastic matrix.

Theorem 67. Let C' € 64 and Q = [Qs;eze be a d-fold stochastic matriz. Then

MY QUMY 1 (MP UM D)) ) = Cg (2)

k—2 terms d—k terms

——
Proof. Since Mék)(ml,xk) = Mg(xl, Lo, Lo, 1,00 1),

MMék)([val] X [nyk]) = :uMgg([val] X ]Ik_2 X [O’xk] X Hd_k)
= pra (@71 ([0, 0] X T¥72 < [0, 2] x 197F))
= ppga([0, 1] X T"°2 x ¢, 1[0, 2] x 197F)

= un ([0, 21] x &, 1[0, 7)),

k—2 terms d—k terms
——
since M4(xy,1,..., 1,2, 1,...,1) = M(x1,2;). To prove the equation (2), it suffices

to show that

Fald =D~y ~ Hoo:

By Theorem 61 and Remark 62,

QUGG M 0y (0 2] XX [0, 2a])

= MM(Qd)Q?duM((;_l)@d,l---(Mg)%(Mg)%C))([O’xl] X oo X [O,I‘d])

/ dt”M(d) x [0, z4])

dt“Méf V1@ oy L0 1] XX [0, za] x [0, 2]) dt
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1
d _
= [ Sypaa(10.8 x 950
0
d
X %“Mé‘i’”% (M(B)Q:,( (2)@20))([0,1‘1] X - x [0, xg-1] X [0,t]) dt

= :LLMQQdMMg*”Od_l...(Mg')Q;(Mg)QC))([0’xl] X o+ X [0, 24-1] X 670, z4))

= ILLMéQdfl)Od_l.“(MFQ3)©3(Mé22)%C))([07.7:1] X o x [0,24.1] X 5[0, 24])

(by induction)
= po((0,21] X 63 [0, 2] x -+ x ¢ [0, 7))
= pic (¢ ([0, 21] -+ x [0, 24]))

= picg ([0, 21] x - -+ x [0, z4]),
which is the desired assertion. ]
Theorem 68. For any A, B € 65, C € 6, and integers k # 1 in {1,...,d},
AQ(BYC) = BA(AGC).
Proof. WLOG, assume that k < [. For any (z1,...,z4) € 14,

QO (1, ..., zq)

t a:k)ﬁk [BQC(Z‘M y L 1,t Lhtly -y de)] dt

(B
1
:/ DA,
/ O A(t, zk) Ok {/ " B(s,x)0,C(xy, ..., xk_1,t, ka,...,:El_l,s,xlﬂ,...,md)ds} dt
/ 81 t .Tk |:/ 81 S » L] aklo(xla .,xk_l,t,$k+1,...,xl_1,87$l+1,...,$d)d3:| dt
/ O B(s,x;) {/ O A(t, xk)ﬁka’(xl, e T 1y b Ty e T 1, S, Ty, - e L) dt} ds
0
1 1
= / 8lB(Sa CCl)al [/ alA(ta xk)ako(mla s =1, U Tl -, T, S, L1, ,C(]d) dt:| ds
0 0
1
= / 8lB(Sv CCl)al [A%C<x1a s Lp=1, S, Ti41,5 - - - al‘d)] ds
0

= BQ(A%C)(ZL@, Ce ,.CEd).
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Example 69. Let C € 65 and () be the 2x2x 2 three-fold stochastic matriz associated
with a 3-copula A, where A(z,y,z) = W(x, M(y, 2)) for all (z,y, z) € I3. By Ezample

54, we have

Thus,

Mg(z,y, 2)

1 1 1 1
= M? (x,min {y+ 5,1} ,min{z+ 5,1}) — M3 (m,min{y+§,1},§)
+ M3 ( 2, min +11 max 2—10 — M3 xlmin z—i—ll
) y 27 Y 27 727 27
11 1 1
+ M3 <x,§,§) — M3 (x,§,n1ax{z— 5,0})
1 1 1 1
5,0} ,nlin{z+§,1}> — M3 (:zj,max {y— 5,0},5)
3 1 1
+ M’ r,maxqy — =,0p , max<z— =, 0 .
2 2
Therefore, by property of M3,
ME = M} (z,y,1
Q (x,y) Q(x7y7 )
, 1 1 1
=M|zr,mnqy+ -, 1 - M|z, =)+ M|xzmaxqy — =,07 ],
2 2 2
M(3)(x z) = M3(x,1,2)
Q ) - Q )

=M (x,min{z—i—%,l}) - M (x,%) + M (x,max{z— %,0}) .
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Consider, for each x,y,z €1,

(2)@20('% Y, Z)

/ MG (8, )0aC (1, 2) dt

1
:/ oM (t,min {y—l—%,l}) 820(:13,t,z)dt—/ oM (t, %) 0 C(z,t, z)dt
0 1 1 0
—1—/ oM <t,max {y— 5,0}) D C(z,t,z)dt
0

min{y+5,1}
_ / (1), 1, 2) di — / (1), 1, 2) dt
0

0

max{y—z,0}
+/ (1)0xC(z,t, 2) dt
0

1 1 1
=C (x,min{y—i— ,1},z> - C (x,—,z) +C (x,max{y— —,O} ,z) .
2 2 2
Hence,

MY XM RC) (., 2)

/ 81 t Z 83[ @QC(JZ,y,t)] dt

:/0 M (t,min{z—l— %1}> 5[ MG C (x,y, 1)) dt
iK@M( )@[>%mx%nw
_|_/0181M (t,max{z—%,O}) 03[ M %C (x, y, )] dt

min{z+3,1} >
:/0 (1)05[MS %O (x,y, 1)] dt—/ﬂ (1)05[ MG C (w, y, )] dt

max{z—3,0}
+/ (1)05[ M 0O (x, y, 1)) dt
0
1 1
- MPO,C (x y, min {z +3 1}) ~- MJ0C (:c v, 5)

1
Mg)@gC' <x,y,max {z — 5,0})
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= Co(2,y, 2).

Then, for all x,y,z €1,
MM 0) = Cg,

5.3 A product of d-copulas

In light of Theorem 67 and 68, we shall define a product operation between

d-copulas as follows.

Definition 70. Let A, B € €,;. The Q-product of A and B is the function AOB: 1¢ — 1

defined as

AQOB(z1,...,xq)
= A(d)@d(A(d’l)@d,l .. (A(3)Q)3(A(2)Q72B)) o) (@, 1)
1 1
= / st / 81A(d)(td, l’d) tee 81A(2) (tg, Qfg)ag_ldB(lL‘l, tg, ce ,td) dtQ tee dtd
0 0

.....

Remark 71. By Theorem 67, Mé@C’ = Cgq, where C' is a d-copula.
Theorem 72. Let A, B € 6,. Then AQB is a d-copula.
Proof. Let A, B € 6.

(C1) Obviously, AVB(z1,...,xs) = 0 whenever x; = 0 for some I.
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(C2) Let zy,...,24 € L.

[—1 terms d—I1 terms

A@B( LEl,l,,l)
/ / NAD (tg, 1) 0, AV (11 1) AD (8, 1) AU (44, 1)

- X alA(2)<t27 )ad ! B(l tg, c. 7td) dtg cee dtd

———
/ / ()(tl,xl) (1) (1) 051 B(L ta, ... tg) dty -+ - dty

.....

[—1 terms d—I1 terms

/“\ —
/ 81A() tl xl)ﬁl ( 7...,1,tl,1,...,1)dtl

_ / OAD (1, 2) (1) dty
0

== A(l)(l, (L’Z) = .
(C3) Let [a,b] C 1%

VA@B([GW b])

- A((iadﬁd) ’ A (a1,b1) AQB(‘Tl? v 7xd)
= Adad ba) "A%al,bl)/ / 81A(d)(td,xd)---31A(2)(t2,x2)
0 0

x 0L By, to, ... tg)dty--- dig

.....

! b d d
- / B / —[AD(tg,bg) — AD(tg,a0)] - - —[AP (ta, by) — AP (ts, ar)]
o) at dt

.....

> 0, by Remark 22.

Remark 73. For any A, B € 65, AOB =B x A.
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Proposition 74. Let C € €;. Then
MIQC = C,
[°0C = 11" = CI1“.

Proof. 1. Claim that M9QC = C. By properties of M¢, we have

k—2 terms d—Fk terms
— ——
M(k)($1,$k) = Md<.§C1, 1, ceey 1,$k7 1, ey 1) = M(xl,xk)
Consider, for any (z1,...,zq) € 1%,

MdQQC'(x )

D(tg,xq) - O MP (ty, 19)05 L Clay, ty,. .. ta) dty--- dtg

.....

.....

d 1 terms

-----

/ / td? ‘/L‘d al <t2; xQ)ag_ldO(x17 tQ, ce ,td) dtQ cee dtd

:C(Il,..., d).

2. Claim that I1YOC = II¢. By properties of I1%, we have

k—2 terms d—k terms

—N— —
MW (2, 2) = %2y, 1, ..., 1,28, 1, ..., 1) = 2y
Consider, for any (z1,...,zq) € 1%
00 (xy, . . ., z4)

1
/-
/1
/1

by A 1)) )C(SL’l,l,...,l)IHd<l‘1,...,$d).

NITD (tg, 2q) - - O TIP (tg, 29)0 L Oy, ty, ... ta) dty- -~ dty

.....

o

I

1 0 0 d—1

Ot tdxd) o _(t2$2)82 dC(xla t27 s 7td) dt2 ce dtd
0
J

.....

[e=]

|
w



3. Claim that CQII¢ = I1¢

CON(zy, . .. md)

[
/1
[-

= (131)0(2)(]_, IQ) e C(d)(lwrd) = Hd(‘rla s 7:Ed>'

810 (td,l'd) (910 (tg,l‘g)ad_

.....

O

Otgq--- 0ty

[e=]

o,c (td7 xq) - 0,0 (tz, T9) (1) dty - - - dty

o

1dH(33'1,t2, . >td) dto - - -

p 0d—1

/ 810 (td, IL’d) 810 (tg, lL‘Q)—(ZL‘th cee td) dtg e
0

)

02

dtgy

dty

O

Next, we have 2 examples which shows that CQOM¢? may or may not equal to C,

where C'is a d-copula, respectively. In particular, © is not commutative.
Example 75. Let C(z,y,z) = M(W(z,y),2) for all x,y,z € 1. Then
CP(w,y) = Cla,y,1) = M(W(z,y), 1) = W(z,y),
C(z,2) =Clx,1,2) = M(W(x,1),2) = M(z, 2).
For any (z,y, z) € I3,
COM(x,y, 2 / / 0.C (tg, )810 (tg, )323M (x,t9,t3) dts dts

//31 (t3,2)00 W (ta, )823M3(1' ta, t3) dty dts

/ 01 tg, - |:/ 81M(t3,z)83M3(:17,t2,t3) dt3:| dtg
ot | ),
:/ 01W(t2,y)i |:/ (1)63M3(l‘,t2,t3) dt3:| dtz

1
:/ 01W(t2,y)02M3(1',t2,Z)dt2
0
1
:/ ()8 M (x, b2, 2) dt
1-y

= M3(z,1,2) — M?(2,1 -y, 2).



1 1
Consider at (z,y,z) = (5,2 _>’

131 11 111\ 1 1
COMP (=2 =) =M*(21,>) =M (=, -, - )=>-—-==0
v (2’4’4) (2’ ’4) 2'4°4) 4 4

131 1 3\ 1 11 1
C(i’l’i)_M(W(E’Z)’Z)_M(Z’Z)_Z‘

Hence, COM?3 # C.

but

Example 76. Let C(x,y,z) = II(W(x,y), z) for all z,y,z € 1. Then
0(2)(1:, y) = C(z,y,1) =1I(W(z,y),1) = W(x,y),
C¥(z,2) = Clx,1,2) = I(W (x, 1), 2) = (z, 2).
For any (z,y, z) € I3,
C@M?)([L’ Y,z / / 810( ) t3, )810 (tg, )82 SMS([L’ tg,tg) dtz dtg
= / / 81H<t3,2)81W(t2,y)a§,3M3<l’,t2,t3) dtQ dtg
a 1
/ oW (t29) 5 | [ Ot 20000, 1) s
0 ots | Jo
0 ! 3
81W(t2, Y) o (2)03M*(x,ty,t3) dts| dis
ots | Jo
1
:/ 81W(t2,y)822M3($,t2,1) dtg
0
1
_ / (1)2MP (2, b9, 1) dts
1—y

= z(M?*(2,1,1) — M3(z,1 —y, 1))

=z(zr — M(z,1—1y))

z(x+y—1) ifr>1-y
2(x—2)=20) ife<l—y

= 2W(z,y) = (W (z,y),2).

Hence, COM? = C.

23



Theorem 77. The O-product is associative; that is
AQ(BOC) = (AVB)QC,

where A, B and C' are d-copulas.

Proof. Let (x1,...,24) € 1% Set T®) = (AQB)®). Since

AQOB(z1,...,xq)

1 1
= / / 81A (td, l'd) 81A (tg, l’g)@d_ldB(l'l, tg, Ce ,td) dtg cee
0 0

.....

for each k,
k—2 terms d—k terms
* —
T(k)(l'l,l‘k) A@B $1, ,...,1,$k,1,...,1)
/ / NAD (tg, 1) 0, AF D (4, 1)L AW (ty, 24,) 0, AP
- X 81A(2)(t2, )ad:.7 (.Th tQ, R ,td) dtQ s
d—k terms k—2 terms
1 1 X
- [ [ DD aaY D
0 0
x 05 1 B(x1,t, .. ta) dty - -+ dig
k—2 trems d—k terms
—— —
/ 81 tk,l’k ak (Il,l,...,l,tk,1,...,1)dtk
/ L A® (ty, 21) 02 B®) (21, ty,) diy,
0
so we have
81 (tkv SL’k (915’ / 81 tk, xk)ﬁg (tk, tk) dtk
= / 81A(k) (tk, xk)aizB(k) (t;c, tk) dtk
0
Therefore,

AQ(BOC) (21, . .., 24)

.....

:/ / 81 td,ZL‘d) 8114 (tg,l‘g)ad 1 B@C((L’l,tg,...,td)dtg"'

o4

dtda

)(tkq, 1)

dtq

dty
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1 1
:/ / alA(d)(td,xd)---81A(2)(t2,f)$2)
0 0

x 05 O, thy .. ty) dty - dty] dty- -+ dty

-----

:/ /81 M(ta,q) - 0 AP (ta, 25)
|:/ /8122 tdatd) a%Q (t27t2)

x OF L O, thy .o ty) dty - dty] dty- -+ dty

.....

1 1 1 1
:/ / / / DLAD (14, 2q) - - - L AD (b, )
0 0 0 0

X a%,2B(d) (ty,ta) - ‘812,23(2) (t5, t2)

x O L Oy, thy, ... ) dty - dtldty - dtg

,,,,,

/ /[/ HAD (ta, 14)07, B! (tﬁl,td)dtd]

|:/ 81 tg,l’g 8%2 (t/2,t2) dt2:|

x 04 Clay, th, ... th)dth--- dt,

.....

:/ /acr(d (h20) - T (L, 22)00 Oy, by 1) dth -

-----

AQB can be defined for A, B in the span of ;. As such, © is left distributive.

Theorem 78. Let A, B,C € 6,;. Then
AQ(B + C) = (AVUB) + (AQC).
Proof. For (z1,...,z4) € 14,

AQ(B + C) (a1, .. 24)

1 1
= / s / 81A(d)(td, iL‘d) 8114( )(tg, xz)adwi (B + O)(l’l, tg, e ,td) dtg s dtd
0 0
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,,,,,

:/ / a1A( (ta,xq) -+ 0L AP )(tz,ZBQ)@ "L B(z1,tg, ... tg) dty - diy

.....

= (AVB)(z1,. .., 24) + (AQC) (21, . .., 2a).

But © is not right distributive.

Theorem 79. Let A,B,C € ¢;. Then

(A+ B)OC = Z Xau(Xg-1COpq - - (XR0)).
Xke{A(’“),B(k)}
2<k<d
Proof. Let (x1,...,24) € 19 Set T® = (A4 B)® = A® + B® Consider,

(A+ B)OC(xy,...,x4)

:/ /01 Mty 2q) - - - O T (ty, 22)00 Clan, ta, . ta) dby - - diyg

.....

/ / (AD + BDY (14, 24) -+ Dy (A + BO) (b, 22)00 Ol b ta) db -+ - dt

77777

.....

+ / / 81A( td J}d) 81A( )(t3 1’3)81 (tg, $2)82d_1d0(l‘1, tg, e ,td) dtg ce dtd

_l_...
+

/ / 8114( td SCd)al (td 1, Lq— 1) 81 (tg, $2)8d71d0(£€1, tg, Ce ,td) dtg s dtd

77777

—|—/ / 8lB(d (td ZL’d) 813( )(tg,xg)ad C(Il,tg,...,td) dtg"- dtd

.....

= [A@d s (AQ?QC)(Q:]_, Ce ,l’d)] -+ [A@d cee (A@g(B@QC))(iCl, Ce ,l’d>]
+ [A@d(B(?d—l s (B@QC))(.T]_, .. ,xd)] —+ [B@d S (B@QC)(:U:L, - ,.I’d)]

= Y XX Q- (G00)).

ng{A(k),B(k)}
2<k<d
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Definition 80. Let A € 6, and o be a permutation on {1,2,...,d}. We define the

o-transpose A, of A by
Ag(z1,. ., 24) = A(Toqr), - - -5 To(a))-
Theorem 81. Let A, B be d-copula. Then
(AOUB), = A,VB,.
Proof. Let y,x1,...,xq € I. Set
Agl)(xl,xl) = Ay(z1,...,24), where x; = 1 for all ¢ # 1, 1.

Let o(j) =,

= A(xh Lg(2)y 3 La(j=1)s La(§)s La(j+1)s - - - 7xa(d))
= A(:Cla To(2)y -3 Lo(j—1) L1y To(j4+1)y - - - 7‘Ta(d))
Jj—2 terms d—j terms

—— —
= Az, 1,..., Ly, 1, .. 1)

= A(J) (l’l, .fEl).

Thus,

A("(j))(ﬂfla y) = Ag—l)(iﬁ'hy) = A(j)(xl’ y)-

(e

Finally,
AUQ?BO'(:UD s >$d>

1 1
= / cee / 81Af,d)(td, .Td) cee 81Af,2) (tQ, xg)(?;l*lng(xl, tQ, e ,td) dtQ s dtd
0 0

1 1
_ / / HACD (1. o) - - DA (1039, T(2)
0 0

X an*ldB(:Cl, lo@), - - ,t(,(d)) dtg(g) < dtg(d)

-----



o8

1 1
_ / / HAD (b, Totay) - - A (tozy, Tozy)
0 0

X 83:.1’(13(:&1, to@2), - - to(d)) dto) - - - dtsa)

= A@B(l’l, .TU(Q), e 7'/'U0'(d))

= (AOB),(z1,...,24q)-
]

Theorem 82. If random variables X, Z are conditionally independent given a random

variable Y, then

Cyz0Cxy = Cx 7.

P?“OOf. By Remark 73, CY,ZQ?CX,Y = vay * CY,Z = sz. ]
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APPENDIX

In this appendix, we have several examples for ()-shuffies of C.

Example 83 (48). Let C' € €5 and Q be the 3 x 3 doubly stochastic matrixz associated

1
00 1
with M ; that is Q = |0 % 0l. Then
1
Lo o
Qo2 =0|Qu2=0|Quzz =3
Qon=0|Quy=3|Qen=0
Q0,0 = % Qo =0|Qpo=0

1 ¢F=>{Q;:j €% 5 <t and jy =iy} wherei € I¢ and k=1,2,... d.

q(lo,z) = % q(ll,z) = % q(12,2) =0
q(10,1) = % q(ll 1) = 0 q(12,1) =0
900) =0 | 410y =0 | 420) =0
Qo2 =0 | 42 =0 | Gz =0
9(20,1) =0 q(21,1) =0 9(22,1) = %
9(20,0) =0 q(21,0) = % q(22,0) = %
7 7
2. Jf = (£+Q§a£+Qf+Qi)-
1
J(lo,o) =10, 5) = J(20,0)7
1 2
1 2
Ji1) = (57 5) = Ji;



3. Foranyk=1,...,d,

1 — 1
Ll g Ql forte d}

or(t) =1+

and
Oty ... tq) = (P1(t1), ..., dalta)),

forall ty,... tg €1

Ifte Jog = (0,3), then ¢u(t) =t and ¢o(t) =t + 52 +0 -0 =1.
Ifte iy =(53) then o1(t) =t and go(t) =t + 52 +0 -0 =1t.

IfteJhy = (31), then ¢u(t) =t and ¢5(t) =t + 2 +0 -0 =1.

Therefore, for all ti,ty € 1,

o(t1,ta) = (t1,t2).
Hence,
¢~ (t1,ta) = (1, t2).
4. For any xy, 19 €1,
Co(®1,m2) = peg ([0, 1] x [0, 22])
= ne (971 ([0,21] x [0, z2]))

= ([0, 21] x [0, z3])

= C(x1, 23).

Thus, Mg(x1,x2) = M(x1,22) for all z1,24 € 1. Consider, for each x,y € 1,

1

(Cx Mg)(z,y) = | 0oC(x,t)01 Mg(t,y)dt

1

0,C (2, )0, M (¢, y) dt

I
— — >—

0,0 (z, t)(1) dt

61
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Example 84 (49). Let C' € 65 and Q be the 2 x 2 doubly stochastic matriz associated
1

0
with W; that is () = 2 . Then
0

N

Qo =13 | Quiy=0

Qoo =0 | Quo =13

1 ¢r=>1{Q; 7 €T% j <t and j, =i} wheret € I and k =1,2,...,d.

q(10,1) =0 1) = %

90,0y =0 | 9(1,0) =0

3. Forany k=1,...,d,

1y — 11

or(t) =t + +qf —Qj forte J}

and

¢(t1’ <o 7td) - <¢1(t1)7 sy ¢d(td))7

forallty,... tg €l

IfteJpyy = (0,1), then ¢1(t) =t and ¢o(t) =t +52+0—-0=1t+ 5.
Ifte Jg=(51), then ¢1(t) =t and ¢5(t) =t + %52 +0 -0 =1 — 4.

Thus, for any ty,ts €1,
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Hence,
t17t2+_> atQE (07%)7
1 1
t17t2—§ ,tQE(E,l)
4. For any x1,29 €1,
CQ(x1’m2) - MCQ([Oa‘Tl] X [O,ZL‘Q]) = MC(Qb_l([O?xl] X [0’$2]))
Case 1. 25 € (O, %) Then

Co(1,m) = (¢~ ([0, 21] x [0, 22]))
e ([O,xl] x Emz 4 %D

1 1
:C<I1,$2+§> —C<JI1,§) .
Case 2. 15 € (%,1). Then
1 1 1 1
CQ(xlva) = Mo ¢ [Oaxl] x |0, 5 + Mo ¢ [07x1] X EaxZ
1 1
= Hc <[0,[E1] X |:§7 ]-:|> +/1’C ([0,1’1] X |:0,.T2 - §:|>
1 1
:l’l—C(Jfl,g) +C($1,$2—§> .
Thus, for any x1,xs € 1,
1 1 X
C $1,$2+§ -C T ;$2€(075)7
1 1 )
ZIZ'l—C 33'1,5 +C 513171’2—5 ;1’26(5,1)

1 1 1
=C <x1,min {xz + 37 1}) - C (:vl, 5) +C ($1,max {xz — 5,0}) )

Therefore, for any xq,xo € 1,

1 1 1
Mo(z1,22) = M (xl,min {xg + 3 1}) - M <x1, 5) + M (xl,max {xg — 5,0}) )

Next, we determine C * Mg, let z,y € L.

CQ(a;l, Ty) =



Case 1. y € (0,1). Then Mo(z,y) = M (z,y+ 1) — M (z,1). Consider,

(Cx Mg)(z,y)
= /1 02C (2, )01 Mg(t,y) dt

1 1
- [ ot non (t,y—k%) it~ [ o0.Ctz o (ﬁ) it

0 0

y+3

:/ 2azC(x,t)(l)dt—/2520(93>t)(1)dt

0
1 1
~ofrez)-0=3)
Case 2. y € (%, 1). Then Mg(z,y) =2 —M (95, %) +M (:c,y — %) Consider,
(C* Mg)(,y)
/ 82 J] t)f)lMQ(t y) dt
+/ 020(9c,t)01M(t,y— —)dt
y=3
0
- C 1 +C - =
- ) BV

Hence,

(C  Mo)(w, ) = cfroeg) el weon
x—C(m,%)+C’(m,y—%) e (L)
=0 (eminfysg1}) - (ng) o (mmfy- 10}

= CQ('r?y)'

64
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Example 85 (50). Let C' € 65 and Q be the 2 x 2 doubly stochastic matriz associated

=
=

with 11; that is Q) =

Ry
AT

. Then

Qun =1 | Quy =17

Qoo =1 | Quoy =7

1. gr=>1{Q; 7 €T% j <t and j, =i} wheret €I% and k =1,...,d.

3. Foranyk=1,...,d,

and

Ot ta) = (61(t1),. ..

forallty,... tg €l

IfteJiyg = (0,7), then ¢i(t) =t and ¢o(t) =t + 52 +0 -0 =1.

%: q(11,1)

90,1)

1
Jo0) = (0’ 1) = Jio0):
11
1 _ _ 72
Jo,1) = (1_1’ 5) = J(10)
13
1 _ _ 712
J0) = (57 Z) = Jo,1)>
3
J(11,1) = (17 1) = J(21,1)

1. — 1
Ll —Ql forte d}

, @a(ta)),
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Ifte oy =(13), then or(t) =t and ¢o(t) =t + 52 +0— =t + ]
Ifte Jig=(3%), then or(t) =t and ¢o(t) =t + 5+ +§{ -0 =1t — .
Ifte gy =(31), then ¢1(t) =t and (1) =t + 51 + 1 — [ = 1.
Thus, for any ty,ts €1,
(
(tlatQ) ;t2 S (07 zll) 3

1
(ttaty) ie(d).

gb(tl?t?) = 1
(t17t2_1) atQ € (%7%)7
(tl,tg) ,tQ S (%, ].) .
Hence,
p
(t17t2) 7t2 € (07 i) )
1 . 11
t17t2+4 7t2€(472)7
¢t ta) = 4

k<t1,t2) ,tg S (%, 1) .
4. For any x1,29 € 1,
Co(r1,22) = ey ([0, 21] X [0, 22]) = pe (7 ([0, 21] x [0, z2])).

Case 1. 5 € (O, }L) Then

Co(z1,22) = pe(¢™ ([0, 1] x [0, z4]))
= pc([0, z1] x [0, 22))

= 0(131, xg).

Case 2. 15 € (}l, %) Then

Catos )= e (57 (5% [0.2])) e (67 (1m0 [5.m]))
= pc <[0,x1] X {0, ﬂ) + pe ([O,xl] X B@ + ﬂ)
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Therefore, for any x1,xo € 1,
(

M(Il,ZEQ) ;Lo €

Mg (1, 22) =

(0,3)
M@y, §) + M(zy,as+ 3) = M(e1,3) 522 € (4,3),
M(z1, 20 — 3) + M(21,3) — M(z1,%) 520 € (3,3)

(31)

M({L‘l,$2) ;Lo € %,1 .

\

Next, we determine C * Mg, let z,y € L.

Case 1. y € (0,1). Then Mg(x,y) = M(x,y). Consider,

(C* Mg)(x,y) / 02C (2, )01 Mg(t,y) dt

/32 (. )O M (¢, y) dt

- / 0yC/(,1)(1) dt

= C(z,y).
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Case 2. y € (3,3). Then Mg(z,y) = M(z, ) + M(z,y + 1) — M(z,3). Consider,

(C'x Mg)(z,y)
:/1 820($,t)81MQ(t,y) dt
/1 1 ! 1
= [ a0 v, )t + / 0.0 (e, M 1,y + ) i
/ 0,C (, )0 M (2, —)dt

/82 (z,t)( dt+/ iagC(x,t)(l)dt—/OéﬁgC(x,t)(l)dt

C(z, 1)

1
= C(x, —)+C(xy+ 5

yie

Case 3. y € (3,3). Then Mg(z,y) = M(z,y — %)+ M(z,3) — M(z,1). Consider,

4 4

)

x Mg)
/ C(z,t)01 Mg(t,y)dt
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/az (2, )0, M (ty——dt+/82 (2, )L M (t%)dt
/(92 Ital (t —)

:/ 8y C(z,t)(1 dt+/ 8xC(z,t)(1 dt—/ OrC'(, t)(1) di

0
1
5 C(z, -).

= Oy~ )+ e, 3) = Clas g

4
Case 4. y € (3,1). Then Mq(z,y) = M(z,y). Consider,
(Cx Mg)(x,y) / 02C (2, )01 Mg(t,y) dt

/(92 (x, t) M (t,y)dt

- / 0yC/(x,1)(1) dt

=C(2,y).
Hence,

(

C(x,y) sy € (0,1),
Clz, 1)+ Cz,y+ 1) —Clx,3) sv€(5.3),

(C* Mg)(w,y) =

Cla,y— 1) +Cx,3) - Cz,3) sye(3.2),
C(z,y) e (3,1)

\

== CQ (.’E, y).
Example 86 (51). Let C' € €5 and Q be the 2 x 2 doubly stochastic matrixz associated

with 2-copula A such that () = . Then

Wl D=
D= Wi

Qon=75|Qun=3
Qoo =3 | Quo =5




1 1
3| 9,

=

1
9(0,1)

1
— )
J(O,O) - (07 g) - J(o,o)a
11
1 — )
Jon = (575) = Jioy
12
L )
T = (5’ §) = Jo
2
- )
Jay = (57 1) = Ji

3. Foranyk=1,...,d,

i — i
i — Qi forte J}

and

forallty,... tg €l

Ifte Jig = (0,3), then ¢1(t) =t and ¢o(t) =t + 52 +0 -0 =1t
Ifte Jon = (5:3), then o1(t) =t and do(t) =t + 52 +0— 5 =t
Ift € Jlg = (5:3), then ¢1(t) =t and ¢o(t) =t + %5+ + 5 -0 =1t —
Ifte Jhyy=(3:1), then 1(t) =t and ¢o(t) =t + 15+ + 5 — 5 =t.



Thus, for any ty,ts €1,

(tlatQ) 7t2 € (07%)7
(ti,ta+5) st2€(3.3),
b(t 1) = L2 T § 2 (3 2)
(tlatQ_%) la € (%75)7
(tl,tg) ,tg € (%,1)
\
Hence,
.
(tth) 7t2 S (Oa %)7
(tita+5) st2€(5.3)
¢_1<t17t2): L2 g 2 (3 2)
(tl)tQ_%) 7t2 € (%7%)7
(tr,t2) ity € (3,1).

4. For any xqy,x4 €1,
Cq(a1,79) = pog ([0, 21] X [0, x9]) = (¢ ([0, 2] x [0, z2])).
Case 1. z5 € (0, %) Then

Colx1,22) = pe(¢™ ([0, 1] x [0, z4]))
= pc([0, 1] x [0, 22])

= C(x1, z2).

Colr,22) = pe(61([0,21] X [0, 21)) + (6 ([0, 2] X [ 22]))

3 3
= (021 % 0, 3]) + e(0,21] % [3,22 + )
= C(x1, 1) + C(zy, 20 + 1) — C(xy, 1)

3 6 2
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Case 3. 15 € (%, %) Then

Caln22) = polé™ (10, :] x 0, 51)) + re(6™(10,21) % [5,5)
el ([0,m] x [5,22)
1 1 2
= (0] x 0.5+ pe((0,1] x [, 5)
+hc((0,21] x 5,2~ 3)
1 1 2
= pc([0, ] x [0, 22 = &) + e ([0, 21] %[5, 3))
1 2 1
= C’(ml,xg — 6) + C(Slfl, 5) — C(SL’l, 5)
Case 4. 15 € (%,1). Then
. 1 B 11
Colar,x2) = no(@™ ([0,21] ¥ [0, 3])) + ne(e™ ([0, 21] x |5, 5]))
a9 H(0,1] % L5, 310) + o0 (0,01) % [5,22])
= (0] x 0.5)) + ne((0,1] x [, )
+pcl(0,1] % [, 5]) + el(0,01) % [5,22)
= ([0, 24) % [0,122)
= C(x1, x2).
Thus, for any x1,xe € 1,
C(x1,12) ;xp € (0,3

OQ(xlﬂxQ) =
O(x17x2_%)+0('r17§>_C(‘rh%) ) S

(0,3)
C(z1,3) + Clan, 2+ ) = Clz1, ) 1w € (3.3),
(%)
(3.1)

C(xy,w2) ;10 € (3,1).

\



Therefore, for any x1,xo € 1,
(

M(Il,ZEQ) ;Lo €

Mg (1, 22) =

(0,5)
M(z1,5) + My 20+ §) = M(21,3) 522 € (3,5)
M(z1, 20 — 3) + M(z1,2) — M(z1,%) 520 € (3,2)

(5:1)

M({L‘l,$2) ;X € %,1 .

\

Next, we determine C * Mg, let z,y € L.

Case 1. y € (0,%). Then Mg(x,y) = M(x,y). Consider,

(C* Mg)(x,y) / 02C (2, )01 Mg(t,y) dt

/32 (. )O M (¢, y) dt

- / 0yC/(,1)(1) dt

= C(z,y).

73

Case 2. y € (3,3). Then Mg(z,y) = M(z,5) + M(z,y+ &) — M(z,3). Consider,

(C'x Mg)(z,y)
:/1 820($,t)81MQ(t,y) dt
/1 1 ! 1
= [ 0uCt. oM (s, 5) di + / 0.0 (e, M1y + ) d
/ 0,C (, )0 M (2, —)dt

/82 (z,t)( dt+/ éaQC(g;,t)(ndt—/jaQC(x,t)(l)dt

C(z, 1)

1
= C(x, —)+C(xy+ 5

3 6)

Case 3. y € (3,2). Then Mg(z,y) = M(z,y — %) + M(z,2) — M(x,3). Consider,

6 3

1
— / 05C (z,£)01 Mg (t, y) dt
0
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/az (2, )0, M (ty——dt+/82 (2, )L M (t%)dt

/32 (2, )01 M (t—)

:/DaQC(xt) dt+/ 8xC(z,t)(1 dt—/ OrC'(, t)(1) di

= C(z,y — l) + C(x

Case 4. y € (3,1). Then Mg(z,y) =

6

) _> - C(JZ, _)'

2

M (z,y). Consider,

(Cx Mg)(x,y) / 02C (z, )01 Mg(t,y) dt

Hence,

(Cx Mg)(z,y)

/(92 (x, t) M (t,y)dt

= / 0,C (2, t)(1) dt

=C(z,y).
o) ve(0.d),
Ol )+ Clay + )~ Clad) sye (5,3).
ey~ 1)+ 0,2~ Cla.d) sye (5,3).
| C(@,v) sy € (2,1)
= Col.v).

Example 87 (52). Let C € €5 and Q be the 3 x 3 doubly stochastic matrixz associated

with 2-copula A such that Q = |(

0 0
0 % . Then
L g o
Qo2 =0|Quz =3 | Qp2 =
Qo =0|Quy=0|Qey=3
Qoo =3 | Quo =0 Quo =




1. gr=>1{Q; 7 €T%,j <t and j, =i} wheret € I and k =1,2,...

_ 1 o 1
9(10,2) =3 q(11,2) =0 q(12,2) =3
9(10,1) = % q(11,1) =0 9(1271) =0
90.0) =0 | 9(10) =0 | 9f209) =0

9o =0 | 91 =0 | g1y =0
q(20,0) =0 q(21,0) = % q(22,0) = %

1
1 _ 72
Ji0,0) = (07 §) = J0,0)»
1 2
1 _ _ 712
Ji2) = (g,g) = Ji1)
2
1 _ _ 712
Sy = (g’l) = Ji2)

3. Foranyk=1,...,d,

;
Ly b= Q! forte J)

onlt) =t + =

and
ot ... ta) = (¢1(tr), ..., da(ta)),
forallty, ... tyel.

Ift € Jig = (0,3), then ¢1(t) =t and ¢o(t) =t + 52 +0 -0 =1t.

IfteJly = (3,2), then ¢1(t) =t and ¢o(t) =t + 251 +0—0 =1+ 1.

Ifte Jyy=(31), then ¢1(t) =t and ¢5(t) =t + 52 +0 -0 =1 — 1.

Thus, for any ty,ts €1,

/

(t1,t2)

¢(t17 t2) -

75



Hence,

76

4

(t17t2) 7t2 S (Oa %) )

(bil(tl?t?) = (tl,tg + %) ilo € (%, %) ,

4. For any x1,29 €1,

Case 1.

Case 2.

Case 3.

= (0,21 % 0, 3]) + e(0,21) % [5,22 + 5])
1 2
= C(l’l 5) + C(Qil To + g) - C(l’l, g)

= el(0,22] % [0, 3] + (0, 2 x [5,1)
+no([0,71) X [, — 3)



Thus, for any xq1,xq € 1,

(C(xh%) 22 € (0,3)
Cola1,@2) = 4 C(ay, 1) + Clay, 20 + 1) = Oz, ) sam € (3,2),
\C(ml,xg—%)—i—xl—(?(xl,%) ;10 € (2,1).
Therefore, for any x1,xo € 1,
(M(xl,xQ) ;xs € (0,3),

Mq(21, 2) = M(x1,3) + M(zy, 22+ 5) — M(21,2) ;20€ (3,2),

\

M(ZEI,IQ—%)—FIl—M(ZEl,%) ;51326(%,1).

Next, we determine C * Mg, let z,y € L.
Case 1. y € (0,3). Then Mg(x,y) = M(x,y). Consider,
(C* Mg)(x,y) / 0,C(x,t)01 Mg(t,y) dt

= / OoC (z,t)(1) dt

=C(z,y).

(C+ Mg)(z,y)

1
0

1 1
= [ ot a+ [ o.c@ 0oy + g
0 0

1
- / 0sC(x, )L M(t, g) dt
0

_ / e (1) di + / " e, ) (L) di — / } a0 (1) de
1

= C(x, §) + C(z,y + %) - C(x, g)

5.2). Then Mq(z,y) = M(z,3) + M(x,y+3) — M(z, ). Consider,

7
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Case 3. y € (3,1). Then Mg(z,y) = M(z,y —3) +x — M(xz,2). Consider,

(Cx Mg)(z,y)

/ 02C (z, )01 Mg(t,y) dt

/82 xtf)l ty——dt+/82 It

- / 820(x,t)81M(t,§)dt
:/y_s620(x,t)(1)dt+/1820(x,t)(1)dt—/ 0,C(x,£)(1) dt

1 2
=C(z,y — §) —|—:c—C’(:U,§).

Hence,
(o) e ().
(C* Mg)(z,y) = 4 O(x, D+Cxy+3)—Cx2) ;ye(s.2),
\C’(m,y—%)—i—x—(](x,%) ;yE(%,l)
= Cq(z,y).

Example 88 (53). Let C € €, and Q) be the 3 x 3 doubly stochastic matriz associated

0 10

with 2-copula A such that QQ = 0 . Then

sl

1
1

0

=

L
12

Qo2 =0 | Quay=3| Qe =0
Qon=1 | Qun=0|Qeny=15

Qoo =15 | Quoy=0| Qro =1

1. ¢r=>1{Q; 7 €T%,j <t and j, =i} wheret € I and k =1,2,...,d.

1
9(10,2) =3 q(11,2) =0 q(12,2) =3

1

1 1T 1 1
do1y = 12 | 901 = 0 di21) = 1

%000 =0 | 41,00 =0 | 9fz0) =0
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1
2 2 _ 1 2 _ 1
q(o,o)—o 91,00 = 12 | 92,00 — 12

<~
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2
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vl
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e
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Il
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=
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WIN o =
N——

. Forany k=1,...,d,

b — i
gbk(t):tJr%Jrqf—Q% forte Jt

and

(b(tl? s 7td) = ((bl(tl)v BRI ¢d(td))7

Sl=
W=
~—
o~
>
)
3
-
[y
—
~
SN—
Il
~
=)
S
S
<
1\
—~
~
~—
Il
~
+
—
c.o|\
o
_|_
[a)
|
ol=
Il
~
+
=

Wl



Thus, for any ty,ts €1,

(t1,t2) ita € (0,15)
(tita+3)  stae(53),
Otita) =4 (bt + 1) stae (L,2),
(tita—35) tae (3, 5),
\(tl,t —3) e (5.1).
Hence,
)
(t1,t2) ita € (0,15)
(ti,ta+5) tae (55.3),
¢ (tt) = (t, - L) e (5, 3),
(it +3) st € (5:3)
(ti,ta—3) stae (3,1).

4. For any xqy,x4 €1,

Ca(a1, ) = pog ([0, 21] X [0, 2o]) = pe(¢™H([0, 1] x [0, z2])).

Case 1. 25 € (O, é) Then

Colz1,2) = pe(¢™ ([0, 1] x [0, z4]))
= pc([0, 1] x [0, 22))

= C(Jll, J)Q).

Case 2. 15 € (%, %) Then

Coler,22) = o610, 2] x 0, ~2])) + pre (6 ([0, 1] X [

12

1 2 7

= ([0, x 0, 151) + ke, 2] x 2,22 + 15
1 7 2

= C(a1, E) + C (1,2 + E) — C(x, 5)

127

)

5]))

80



Case 3. z5 € (% 12) Then

Calen, ) = (o™ (10,2:] x 0, 751)) + o0 (0, 74] % [5, 3)

o7 (0,21] x [5,22)
= el(020) % [0, 751) + ([0, 24) % [, 3]
+ao(0, 1) % (5,2 = )
= (0,22 x (0.2 = 1))+ (0] x [2. 1)
— Ca1, 2 — i) +C(an, E) Clay, %).
Case 4. w5 € (L,2). Then
Calr,22) = o™ ([0,21] x 0, 55) + oo™ (0,1 % [55. 3])
+ oo™ (0,20 %[5, 1510) + (67 (0] x [, 7))
= ([0, % 0, 151) + me(0. 2] x [, )
+ (0,24 % (5, 31 + o021 % [13, 72 + 3)
= po((0,21] x 0, 3] + pe([0,7:] x 72 + 3)
~ Clay, %) b Clan, s + %) O, §>-
Case 5. x5 € (%,1). Then
Caln,22) = e (10,:) % [0, 75)) + (6™ (0, 2] x [55, 51)
a0 ([0,1) %[5 1510) + o6 (0,01 x 155, 3)
o7 (0,01] % [5,22)
= (0,23 x [0, 7)) + (0] x 15, 2))
+poll0, ]  [55, 51) + e((0,2:) % 55, 1)
+pc((0,1] x 5,02 - 3)

= pie([0,m1] 10,2 = 3]) + po((0, 2] % [3, 1)

81



1 2
= C(IL‘l,[EQ — g) + T — C(l’l, g)
Thus, for any x1,xe € 1,

(

C(x, 1—12) + C(xy, 29 + %) — C(xy, %) | Ty

Colz1,22) = § C(z1, 25 — 1)+ C(x1, 1) — Cla1,2) a0

0(1‘1,1132 - %) +x — O(l‘l, %)

\

Therefore, for any x1,x4 € 1,

(

M(l’l,mg) L2
M(xl,%)—i—M(xl,xg—l—%)—M(xhg) ;T2
MQ(xla*Q:?) = M([L’l,iﬁg )"‘ M(.Z'l, 12) M(‘Ila %) 3 L2

M(]}l,%)‘i‘M(Z‘l,l‘z—'—%)—M(Jfl,%) )

M(thZ_%)_{_Il_M(‘Th%) )

\

Neat, we determine C * Mg, let z,y € 1.
Case 1. y € (O, 1—12) Then Mg (z,y) = M(z,y). Consider,

(C x Mg)(x,y) / 02C(x, )01 Mg(t,y) dt

/82 (x,t)01 M(t,y)dt

_ / 0y, 1) (1) dt

= C(z,y).

C’(m,%)—i—C(l‘l,xQ—i—%)—C(xh%) 2

m

m

m

m

e Y N e N

C(:Cl,l'g) ) € O,

wie 5|H =

Sl

win

sl

—_

wl=

Sl

wlN
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Case 2. y € (15, 3). Then Mo(z,y) = M(z, 1)+ M(z,y+ -5) — M(z, 2). Consider,
(€ Mq)(x, y)

/ 82 ZL’ t)@lMQ(t y)d

Tyt

1
/ 82 I t 81 ( )dt+/ 820(x,t)81M(t,y+ 12
0

/ 0,0 (2, )M, g)dt
/ 0,C(x, 1)( dt+/ GQC(x,t)(l)dt—/g(%C(m,t)(l)dt

7 2
=C(x, 2)+C(a: Y+ 12) C’(m,g).
Case 3. y € (3,15). Then Mo(z,y) = M(z,y— 1)+ M(z,13) — M(z, 3). Consider,

1

11

dt
12)

/62 (z,t)0, M (ty——dt+/82 (z,t)O M (t,

0,0 AL, §> dt

:/y ‘l‘aZC(x,t)u)dH/lZ 9,0z, )(1)dt—/3820(:1;,t)(1)dt

11 2

7_) - C(ZL’, _>‘

1

Case 4. y € ({5, 2). Then Mg(z,y) = M(z,3) + M(z,y+ 3) — M(x, %). Consider,
(C+ Mg)(z,y)
1
0

1 1
= [ ot a+ [ o.c@ 0oy + g
0 0

1
- / 0sC(x, )L M(t, g) dt
0

_ / e (1) di + / " e, ) (L) di — / } a0 (1) de
1

Hocw@?d).
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Case 5. y € (2,1). Then Mg(z,y) = M(z,y — 3) +x — M(z,2). Consider,

(C* Mg)(z,y)

/ 82 ZL’ t)@lMQ(t y) dt

/32 (x, t)Oh M ty——dt+/82 a:t

- / 0,0 (2, )M, §> dt
0

:/Oy_

1 2

Wl

0,C(x,)(1) dt + /1 0,C (. 1)(1) dt — / 0,C (, 1)(1) dt

3
Hence,
(
Oz, y) 1y € (0,55)
(C* Mo)@.y) = Clw,y — ) +Cle, 1) — Clw,3) 5w € (3.7),
Cla,3) +Clr,y+35) —C(x,3)  ye(f53),
\C(x y——)—}-x—C’(m,%) ;yE(%,l)

= Col(z,y).

Example 89 (54). Let C' € €5 and @ be the 2 X 2 x 2 three-fold stochastic matriz

associated with 3-copula A, where A(z,y,z) = W(x, M(y,2)) for all z,y,z € 1. Then

Qoo = Qa(l0. 51 % 0.5) X [0.5]) = A7 5. 5) = 0.
Quonn = Qall0. 31 x 0.3 x L) = A 2y —ad. 2 hy—0-0=0
Q10 = Qa0 5) % 3.1 X 0. 31) = A1 5) = Al 5.5) = 0-0=0
Qo = Qall0, 51 x [5,1] % [3,1)

Ll g 0t0=



1 1 1 11 111

Q(l,0,0) = QA([a’l] X [07 5] X [07 5]) - A(la 57 5) - A(§7 Ea 5
1 1 1
Q(I,O,l) - QA([§: 1] X [07 5] X [57 1])
1 11 11 111
AL = 1) — A(L, =, =) — A(=, = 1)+ A(=, =, =
(727 ) (7272) (2727 )+ (27272)
1 1
=5 —5-0+0=0,
1 1 1
Q(1,1,0) = QA([é, 1] x [57 1] x [0, 5])
1 11 1 1 111
C A1, 2) = A(L =, =) — A(S,1,5) + A=, =, =
( Y 72) ( 7272) (27 72) (27272>
Ll gi0=0
22 o
1 1 1
— Qa([=,1] x [>,1] x [=,1
Q(Ll’l) QA([27 ]X [27 ]X [27 ])
1 1 11
=A(1,1,1) - A(1,1, =) — A(1, =, 1 A(l, =, =
(11,1) = A(L L, 5) = AL 5, 1)+ A(L 3, 2)
1 1 1 11 111
A LD A, S F A, = 1) — A5, S -
(5 1D+ AG LD +AG, 5.1~ Al 5. 3)
Y PR
B 2 2 2 2 -

Then, we have

Z Qi = Q0,00 T Quo0.1) + Q1,00 + Qo,1,1) =
i1=0
Z Qi = Q(l,0,0) + Q(1,071) + Q(1,1,0) + Q(l,l,l) =
=1
Z Qi = Q0,00 T Quo0,1) + Q100 +Q01) =
i2=0
Z Qi = Q1,0 T+ Qo1 + Qo + Qi) =
in=1
Z Qi = Q0,00 T Q1,0 + Q100 + Qui,10) =
i3=0

1
Z Qi = Qo1 + Qi1 + Qo+ Qa1 =

i3=1

Thus, Q) 1s a 3-fold stochastic matrix.

N — DN | — N | = DN | — DO | —

2



q(lo,o,O) -0
9(10,0,1) = Q0,00 -0
q(10,1,0) = Q0,00 + Q1) =0+0 =0
%o | = Qo0 + Qoo + Qi =0+0+0| =0
q(11,0,0) -0
9(11,0,1) = Q1,00 ~1
9(1171,0> = Q00 +Quon =3+0 =1
9(11,1,1) = Q1,00 + Quon + Q10 = % +0+0| = %
q(zo,o,o) -0
q(20,0,1) = ((0,0,0) -0
q(20,1,0) -0
Goryy | = Q10 -0
q(21,o,0) = Q0,0,0) T Qu,01) =0+0 -0
Q(Ql,o,l) = Q(o,o,o) + Q(0,0,1) + Q(l,o,o) =04+0+ % = %
q(2171,0) = Q10 + Qo1 =0+ 3 —1
Q(21,1,1) = Q01,00 + Qo1 + Q1,10 =0+ % +0 | = %
q?0,0,0) -0
q?o,o,n -0
q?O,l,O) = Q0,00 -0
q?0,1 | = Q0,0,1) -0
Gro0) | = Qo0 + Q10 =0+0 -0
931,0,1) = Q,0,1) T Qu,1,1) = 0+ % _ %
931,1,0) = Q0,0,0) T Q0,1,0) + Q1,00 = 0+ 0+ % = %
951,1 | = Q,0,1) + Q1,1 + Qa01) =0+ % +0| = %
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; ;
2. JF = (£+Q§a£+Q§+Qi>-

‘](10,1,1) =

1

"2

- J(21,0,0) = J(Sl,o,o)a

1
J(ll,o,o) = <§a 1> = J(20,1,1) = ‘](30,1,1)'

3. Forany k=1,....,d,

or(t) =t +

i — 11

+qfF —Ql forte J}

¢<t1’ <o 7td) = <¢1(t1), sy ¢d(td))7

), then

and
forall ty,... tg €.
Ifte g, = (03

Ifte J(ll,O,O)

Thus,

¢(t17 t27 t3) =

(

\

o (t) =1,

¢2(t)=t+%+0—0:t+%,

Golt) =t T 00 =14

(3,1), then

¢i(t) = t,

bolt) =t 4=+ 0—0=1 -,

Bolt) =t 4 2o 40— 0=t .
(ti,ta+ 5,34 3) 5 (t,ta,t3) € (0,1) x (0,3)
(ti,te+ 5,83 —3) 5 (t1,ta,t3) € (0,1) x (0,3)
(ti, b2 — 5,3+ 3) 5 (t1,t2,t3) € (0,1) x (3,1)
(ti, b — 3,63 — %) 5 (ti,ta,t3) € (0,1) x (3,1) x
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Hence,
(ti, e+ 3.t5+3) 5 (t,ta,t3) € (0,1) x (0,3) x (0,1),
Nttt — (ti, o+ 3,65 — 1) 5 (ti,ta,t3) € (0,1) x (0,3) x (3,1),
(ti, 0o — 285+ 3) 5 (ti,ta,t3) € (0,1) x (5,1) x (0,3),
(ti, e — 5,3 —3) 5 (ti,ta,t3) € (0,1) x (3,1) x (3,1).

\

4. For any xq,x9,x3 €1,

Cola1, 2, x3) = oy ([0, 21] X [0, 9] X [0, 25]) = pe (¢ ([0, 1] X [0, 5] X [0, z5])).

Case 1. 25 € (O, %) and x3 € (0, %) Then

CQ($17x2’x3) = :UC(d)_l([Oaxl] X [07552] X [O’x3]))

1 1 1 1
= pc([0, 1] x [57@ + 5] X [§7I3+ 5])
1 1 11
:C(I1,$2+§,$3+5)—C($1,$2+§,§)
1 1 11
—C(x1, 5,03+ 5) + O(

2 2 g g)

Case 2. z; € (0,3) and z3 € (3,1). Then

CQ(HH, T2, 373)

1 1
= p1c(¢7([0, 1] x [0,22] x [0, 5])) + 1 (o7 ([0, 2] % [0, 9] X [5,1’3]))
= e[0,m] x [ + 3] % [, 1)+ se((0,1] x [5, 22 + 2] x [0, — 5]
— Clay, 22+ % 1) = Clan, 20 + % %) — C(a, % 1)+ C(a, % %)
+C<I’1,ZL‘2 + %,1’3 — %) — C(l’l, %,ZL‘g — %)

Case 3. 25 € (%, 1) and T3 € (0, %) Then

CQ(xla T2, l’g)

= o671 (10,20] % [0, 5] % [0.23]) + (9™ (0 1] x 5,22 % [0,25])

= ([0, 1] x [%, 1] % [%, T3 + %]) + 0([0, 2] X [0, 25 — %] « [%,xg L %])
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1 1 1 1 11
- C(‘rla 1,1‘3 + 5) - C(xh 17 5) - C(xla a

1 1 1
+ C(i[fl,.ilfg — 5,33'3 + 5) — C(l‘l,l’g — 5,

Case 4. 15 € (%, 1) and x3 € (%, 1). Then

CQ($17 T2, 903)

= e (0,1) % [0, 5] % [0, 31)) + e ([0,1) x [0, 5] x [, 24))
o9 (10,00 % [g,ma] X 0, 51)) + (6™ ([0,m1] x [, 22 % [3,3])

1 1 1 1
= MC([OvCEl] X [571] X [57 1]) +MC([07'I1] X [5’1] X [va?) - 5])
1 1 1 1

+ pe ([0, 21] X [0, 29 — 5] X [5, 1]) + pe([0, z1] x [0, 29 — 5] x [0, 23 — 5])
= Cla 1,1) = Clon 1, ) = Clay, 21+ Clay, 1. 1
— T, 1, Zy, 72 1'1,2, .ZU1,2,2

Clag 1,5 — ) — Clan, 2 s — =) + O Y
+ C(21, :353—2)_ (351,2,553—2)‘*‘ T1, 22 = 5

11 1 1
— Clar,ws— =, =) + Clar, w3 — =, 75 — =),
(.171,1'2 272)+ (.ﬁUl,I’Q 2,1‘3 2)



Thus, for xq,xq,x3 €1,

Co(xy, 22, x3)
.

C(xl,xg + %,ZE3 + %) -

—C<ZL’1, %wIS + ) + O(xb 29 5)

C(xy,z9 + %, 1) = C(xy, w2 + % %)
—C<£L’1, 29 ) + C(mla 259 _)

1 1 1

+C (21, 20 + 5,73 — 5) — Oy, 3,
o C(J;l?l’x:ﬂ_'_%) _C(xbl?%)
—O<$1, %71'3 + ) + O(fEl, 29 5)
+C(x1,$2 — %,xg + %) -
O(xb 17 1) - C(xla 17 %) -
+C(x17 %7 %) + C(:Ulu 1,%3 - %)

_C<x1a %71'3 - %) + C(xlva Y

—C<£L’1,x2 - %a %) + C(x1,$2 -

C’(xl,xg—l-%,

X3

C(l'l, Ty —

0(1'1, 2,1)

1’1)

1
9513

)

—_
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;[L’QE[O :| 2736[0,;],

jo2 € [0, 5], 23 € [5.1],

=

(X € [%al} VLS [07%]7

' 3)

wa€ [31] . € [41]

=



(

C(xl,min{xg + %’ 1},.173 + %) - C(xl,min{xg + %7 1}7 %)

—O<$1, %7373 + %) + C('xh %7 %) ; L3 € [07 %] )

+C(xy, max{zy — %, 0}, 23+ %) — C(z1, max{zy — %, 0}, %)

C(J}l,miﬂ{l’g + %7 1}7 1) - C(‘Th min{xz + %7 1}7 %)
+C(:E1,min{$2 + %7 1}7£3 - %) - C<x1a 2 ) + C($17 2 5)

—C(21, 3,25 — 5) + C(21, max{z, — 3,0},1) j23 € [3,1]

—C(z1, max{zs — 3,0}, 1) + C(zy, max{z, — 3,0}, 235 — 3)
\

1 1
= C(z1, min{z, —|— 1} min{xz; —|— — 1}) C(z1, min{xs + 3 1}, 5)

1 1
—, min{z3 + 2 1})

+ C(z1, min{z, + , 1}, max{zs — = 0}) C(z, 5

11 1 1
9’ 2) C($1,§, 570}>
1 1

1 1
+ C (21, max{zy — Y 0}, min{zs + Y 1}) — C(zy, max{xy — Y 0}, 5)

+ C(xy, = max{zz —

1 1
+ C(xy, max{zy — Y 0}, max{zs — 3 0}).
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