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CHAPTER I

INTRODUCTION

In statistics, classical panel data refer to two-dimensional data involving mea-

surements over time. Panel data methodology within economics had been largely

developed through economic applications. Economic applications of panel data

methods are not confined to survey or economic problems. For example, Accuracy

and rationality of state General Fund Revenue forecasts: Evidence from panel

data [H. N. Mocan, Sam Azad, 1995], Deterioration of Firm Balance Sheet and

Investment Behavior: Evidence from Panel Data on Thai Firms [S. Rungsomboon,

2005], Dynamics of social health insurance development: Examining the determi-

nants of Chinese basic health insurance coverage with panel data [J. Q. Liu, 2011],

et cetera. Most panel data models assume that the slope coefficients are the same

for all cross sectional units. However, the intercept parameter is allowed to have

some variations over individuals. In general, fixed effects estimation may not esti-

mate the cross sectional regression parameters when there are different regression

parameters. Therefore, it is possible to test if the regression slope coefficients vary

over the cross sectional unit. The test is valid where both time (T ) and the num-

ber of cross sectional units (N) tend to infinity. In 1970, Swamy [26] proposed a

test, where the null hypothesis is to have a constant slope for each cross-sectional

unit, but each unit is allowed to have a different error variance. The asymptotic

distribution of the test is valid when T → ∞ and N is fixed. In 2008, Pesaran and

Yamagata [21] proposed a test which is valid when N, T → ∞. Recently, in 2014,

Juhl and Lugovskyy [16] proposed a test which is valid when N → ∞ and T is

fixed. In Monte Carlo experiments, they showed that their test performs very well

relative to existing tests. In particular, the Juhl and Lugovskyy test was derived

from the conditional Lagrange multiplier test has excellent size and power.
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In applications, there are some situations where the classical panel data model

is not optimal. For example, data from complex survey having multi-dimensional

strata. For example, international tourism data [30], bilateral donors’ aid alloca-

tion [15], etc. Since complex assumptions can be made on the precise structure

of the correlations among errors in this model. In this study, we extend the

heterogeneity hypothesis test to handle three dimensional panel data models. A

multidimensional setup in panel data model was proposed by Matyas [18] and then

Matyas and Balazsi [19] represented parameter estimations of three dimensional

fixed effects panel data models. In general, fixed effects estimation may not esti-

mate the cross sectional regression parameters where there are different regression

parameters. Also, it is possible to test if the regression slope coefficients vary over

the cross sectional unit. In this work, three dimensional panel data represents time

series of two way data. We wish to test if the regression slope coefficients vary over

the two factors in the regression models for fixed time periods by extending the

conditional Lagrange multiplier test for classical panel data model proposed in

Juhl and Lugovskyy to three dimensional panel data. Moreover, we evaluate the

size of the statistic using a simulation experiment based on data generated from a

variety of distributions.

This thesis is organized as follows. In Chapter 2, we provide the basic knowledge

of statistics, matrix calculus, linear regression model and panel data models which

will be used in this thesis. In Chapter 3, we construct a test statistic for slope

heterogeneity for three dimensional panel data model by conditional Lagrange

multiplier. In Chapter 4, an empirical study of the performance of our proposed

test statistic based on simulations and discussions are provided. Conclusions are

provided in Chapter 5.



CHAPTER II

PRELIMINARIES

In this chapter, we provide basic knowledge of statistics, matrix calculus, linear

regression model and panel data models which will be used in this thesis.

2.1 Basic Knowledge of Statistics

In this section, we provide basic knowledge of statistics such as a statistical distri-

bution, principal of data reduction, method of parameter estimators and hypothesis

tests. We also give brief introductions of the conditional likelihood and Lagrange

multiplier test that are the main ideas to construct our test statistic in this thesis.

In addition, we give a review of limit theorems such as Chebychev’s weak law of

large numbers and Linderberg-Feller central limit theorem which will be used in

studying asymptotic properties of our statistic.

2.1.1 Statistical Distribution

Statistical distributions are used to model populations. There are two categories

of statistical distributions. The first category is the discrete distributions where a

random variable X is said to have a discrete distribution if the range of X is count-

able. In many situations, discrete random variables have integer-valued outcomes.

The second category is the continuous distributions where a random variable X

has its range as an interval of possible outcomes. Some well-know continuous dis-

tributions which will be used in this thesis are discussed in Definitions 2.1 - 2.4 as

follows.

Definition 2.1. [8] The uniform distribution is defined by spreading mass uni-

formly over an interval say, [a, b], denoted by U [a, b]. Its probability density func-
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tion is given by

f(x|a, b) =


1

b− a
if x ∈ [a, b]

0 otherwise.

The uniform distribution U [a, b] has expectation and variance given by

E(X) =
b+ a

2
and V ar(X) =

(b− a)2

12
.

Definition 2.2. [8] The normal distribution (sometimes called the Gaussian dis-

tribution) has two parameters, usually denoted by µ and σ2, which are its mean

and variance. The probability density function of the normal distribution with

mean µ and variance σ2 (usually denoted by N(µ, σ2)) is given by

f(x|µ, σ) = 1√
2πσ2

e−(x−µ)2/2σ2

, −∞ < x < ∞.

If a normal distribution has zero mean and variance one, it is called the standard

normal distribution.

Definition 2.3. [8] The multivariate normal distribution (sometimes called the

multivariate Gaussian distribution) of a k-dimensional random vector has two pa-

rameters, usually denoted by µµµ and ΣΣΣ, which are its k-dimensional mean vector

and k × k covariance matrix. The probability density function of the multivariate

normal distribution with mean vector µµµ and covariance matrix ΣΣΣ (usually denoted

by Nk(µµµ,ΣΣΣ)) is given by

f(xxx|µµµ,ΣΣΣ) = (
√
2π)−

1
2
k|ΣΣΣ|−

1
2 e−

1
2
(xxx−µµµ)⊤ΣΣΣ−1(xxx−µµµ).

Definition 2.4. [8] The chi-squared distribution with k degrees of freedom, denoted

by χ2(k), is the sum of the squares of k independent standard normal random
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variables. Its probability density function is given by

f(x|k) = 1

2
k
2Γ(k

2
)
x

k
2
−1e−

x
2 , x ≥ 0.

The chi-square distribution χ2(k) has expectation and variance given by

E(X) = k and V ar(X) = 2k.

Definition 2.5. [8] The t-distribution with k degrees of freedom, denoted by t(k), is

in the form Z√
U/k

where Z is distributed as a standard normal, U is distributed

as a χ2(k), and Z and U are independent. Its probability density function is given

by

f(x|k) =
Γ(

k + 1

2
)

√
kπΓ(

k

2
)

(
1 +

x2

k

)−
k + 1

2
, −∞ < x < ∞.

The t-distribution t(k) has expectation and variance given by

E(X) = 0 for k > 1 and V ar(X) =
k

k − 2
for k > 2.

2.1.2 Principles of Data Reduction

In this part, we study in principles of data reduction. Data reduction is a function

of the data called statistics that may summarize all the information in the sample

about parameters. We introduce two principles which are the sufficient principle

and the likelihood principle.

The Sufficient Principle

If T (X) is a sufficient statistic for θ, then any inference about θ should depend on

the sample X only through the value of T (X). That is, if x and y are two sample

points such that T (x) = T (y), then the inference about θ should be the same
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whether X = x or X = y is observed. The formal definition of a sufficient statistic

is given as follows.

Definition 2.6. [8] A statistic T (X) is a sufficient statistic for θ if the conditional

distribution of the sample X given the value of T (X) does not depend on θ.

We introduce the following theorem to find a sufficient statistic by easier way.

Theorem 2.7 (Factorization theorem). [8] Let f(x|θ) denote the joint probability

density function or probability mass function of a sample X. A statistic T (X) is

a sufficient statistics for θ if and only if there exist functions g(t|θ) and h(x) such

that, for all sample points x and all parameter points θ,

f(x|θ) = g(T (x)|θ)h(x).

We can use the Factorization theorem to find a sufficient statistic by factoring

the joint probability density function or probability mass function of the sample

into two parts, with one part not depend on θ that is the h(x) function. The

another part, the one that depends on θ, usually depends on the sample x only

through some function T (x) and this function is a sufficient statistic for θ.

The Likelihood Principle

In this part, we study an important statistic called the likelihood function that

also can be used to summarize data.

Definition 2.8. [8] Let f(xxx|θ) denote the joint probability density function or

probability mass function of the sample XXX = (X1, X2, ...Xn). Then, given that

XXX = xxx is observed, the function of θ defined by

L(θ|xxx) = f(xxx|θ)

is called the likelihood function.
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The likelihood principle specifies how the likelihood function should be used as

a data reduction device.

Definition 2.9. [8] Likelihood principle is defined as if xxx and yyy are two sample

points such that L(θ|xxx) is proportional to L(θ|yyy), that is, there exists a constant

C(xxx,yyy) such that

L(θ|xxx) = C(xxx,yyy)L(θ|yyy) for all θ,

then the conclusions drawn from xxx and yyy should be identical.

2.1.3 Methods of Parameter Estimators

In this part, we study how to estimate parameters. For example, estimating a

parameter with its sample parallel is usually reasonable. Particularly, the sample

mean is a good estimate for the population mean. In more complicated models, we

need a method of estimating parameters. In this thesis, we introduce two methods

of parameter estimators such as method of moments and maximum likelihood

estimators.

Method of Moments

Let X1, X2, ..., Xn be a sample from a population with probability density function

or probability mass function. Method of moments are found by equating the first

k sample moments to the corresponding k population moments, and solving the

resulting system of simultaneous equations. Define

m1 =
1

n

n∑
i=1

X1
i , µ

′

1 = EX1,

m2 =
1

n

n∑
i=1

X2
i , µ

′

2 = EX2,

...

mk =
1

n

n∑
i=1

Xk
i , µ

′

k = EXk.
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The population moment µ′
j will typically be a function of θ1, ..., θk, say µ

′
j(θ1, ..., θk).

The estimators (θ̃1, ..., θ̃k) of (θ1, ..., θk) are obtained by solving the following system

of equations for (θ̃1, ..., θ̃k) in terms of (m1, ...,mk):

m1 = µ
′

1(θ1, ..., θk),

m2 = µ
′

2(θ1, ..., θk),

...

mk = µ
′

k(θ1, ..., θk).

Maximum Likelihood Estimators

The method of maximum likelihood is one of the most popular techniques for de-

riving estimators. If X1, ..., Xn are independent and identically distributed with

probability density function or probability mass function f(xxx|θ1, ..., θk), the likeli-

hood function is defined by

L(θθθ|xxx) = L(θ1, .., θk|x1, ..., xn)

=
n∏

i=1

f(xi|θ1, .., θk).

Definition 2.10. [8] For each sample point xxx, let θ̂θθ(xxx) be a parameter estimator

at which L(θθθ|xxx) attains its maximum as a function of θθθ, with x held fixed. A

maximum likelihood estimator (MLE) of the parameter θθθ based on a sample X is

θ̂θθ(X).

Conditional Likelihood

In this part, we introduce conditional likelihood function and the conditional max-

imum likelihood estimator of the parameter vector.

Let ϕϕϕ = (θθθ,λλλ), where θθθ is the parameter of interest and λλλ is a vector of nuisance

parameters. If there is a sufficient statistic Sλλλ of λλλ then the nuisance parameters

can be eliminated from the likelihood by conditioning on it. The conditional log-
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likelihood can be obtained

lc(θθθ) = log(fYYY |Sλλλ
(yyy)) = log[fYYY (yyy)]− log[fλλλ(yyy)], (2.1)

where fYYY |Sλλλ
(yyy) is the conditional distribution of the response YYY = [Y1 Y2 · · · Yn]

⊤

given Sλλλ. Then θ̂θθ maximizing lc(θθθ) is the maximum conditional likelihood esti-

mator. If Sλλλ depends on θθθ0 where θθθ0 is the parameter of interest, the conditional

log-likelihood can be obtained,

lc(θθθ,λλλ,θθθ0) = log
(
fYYY |Sλλλ(θθθ0)

)
= log [fYYY (yyy)]− log[fSλλλ(θθθ0)(yyy)]. (2.2)

Then, θ̂θθ is the solution of the equation

[
∂lc(θθθ,λλλ,θθθ0)

∂θθθ

]
θθθ=θθθ0,λλλ=λ̂λλ(θθθ)

= 0, (2.3)

where ∂ denotes for a partial derivative.

Mean Squared Error

We study finite sample measures of the quality of an estimator.

Definition 2.11. [8] The mean squared error (MSE) of an estimator W of a

parameter a is the function of a parameter θ is the function of θ defined by

Eθ(θ̂ − θ)2.

Definition 2.12. [8] The bias of a point estimator θ̂ of a parameter θ a is the

difference between the expected value of θ̂ and θ; that is, Biasθ(θ̂) = Eθ(θ̂) − θ.

An estimator whose bias is identically (in θ) equal to 0 is called an unbiased and

satisfies Eθ(θ̂) = τ(θ) for all θ.

Note that from the two previous definitions, we have

Eθ(θ̂ − θ)2 = V arθθ̂ + (Eθ(θ̂)− θ)2 = V arθθ̂ + (Biasθ(θ̂))
2.
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Therefore, if θ̂ is an unbiased estimator of θ,

Eθ(θ̂ − θ)2 = V arθθ̂.

2.1.4 Hypothesis Testing

In this part, we introduce basic knowledge of hypothesis testing.

Definition 2.13. [8] A hypothesis is a statement about a population parameter.

The goal of a hypothesis testing is to decide, based on a sample from the

population, which of two complementary hypotheses is accepted.

Definition 2.14. [8] The two complementary hypotheses in a hypothesis testing

problem are called the null hypothesis and the alternative hypothesis. They are

denoted by H0 and HA, respectively.

In a hypothesis testing problem, after observing the sample the experimenter

must decide either to accept H0 or to reject H0.

Definition 2.15. [8] A hypothesis testing procedure or hypothesis test is a rule that

specifies:

i. For which sample values the decision is made to accept H0 as true.

ii. For which sample values H0 is rejected and HA is accepted as true.

The subset of the sample space for which H0 will be rejected is called the

rejection region or critical region. The complement of the rejection region is called

the acceptance region.

Definition 2.16. Type I error is rejection H0 when it is true.

Definition 2.17. Type II error is failing to reject H0 when it is false.

Definition 2.18. The size of a test is the probability of falsely rejecting the null

hypothesis. That is, it is the probability of making a Type I error. It is denoted

by α. For a simple hypothesis,

α = P (rejects H0|H0 is true).
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Definition 2.19. The power, 1−β, is the probability of correctly rejecting H0

when it is false where β is the probability of a type II error.

Lagrange Multiplier Test

In this research, we apply a Lagrange multiplier test to our model. Therefore, in

this section, we introduce the Lagrange multiplier test presented by Breusch and

Pagan [6] as follows.

Consider a sample of size N from a distribution which is known apart from a

finite number K of unknown parameters θθθ = (θ1, ..., θK)
⊤ giving a log-likelihood

L(θθθ). The hypothesis to be tested is specified as p < K restrictions on θθθ,

H0 : hj(θθθ) = 0 j = 1, ..., p.

Aitchison and Silver [1,2] approached this problem by setting up the Lagrangean

function

L(θθθ) +

p∑
j=1

λλλjhj(θθθ) (2.4)

and derivative of (2.4) with respect to the unknown parameters θθθ and the Lagrange

multipliers λλλj to yield θ̃θθ and λ̃λλ as the solution of the first order conditions

D̃DD + H̃HHλ̃λλ = 000,

hj(θ̃θθ) = 0 j = 1, ..., p,

where

D̃DD is the (K × 1) vector
[
∂L

∂θi
(θ̃θθ)

]
,

H̃HH is the (K × p) matrix
[
∂hj

∂θi
(θ̃θθ)

]
,
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and

λ̃λλ is a (p× 1) Lagrange multipliers vector.

When the null hypothesis is correct, the restricted estimate θ̃θθ will tend to be

near the unrestricted maximum likelihood estimate so that D̃DD will be close to the

zero vector. Under the regularity condition that the order of differentiation and

integration can be interchanged, Feigin (1976) showed that DDD will be a zero mean

martingale, and under conditions presented in Crowder (1976)

ccc
−1/2
N DDD → N(0, lim

N→∞
ccc
−1/2
N FFFccc

−1/2
N ) as N → ∞,

where FFF = E(−∂2L/∂θθθ∂θθθ⊤) is called Fisher’s information matrix and cccN is some

suitably chosen norming matrix. This leads to the LM test based upon the statistic

LM = D̃DD
⊤
F̃FF

−1
D̃DD = λ̃λλ

⊤
H̃HH

⊤
F̃FF

−1
H̃HHλ̃λλ, (2.5)

where F̃FF is the information matrix when the null hypothesis is true, evaluated

at the restricted estimates θ̃θθ. The term D̃DD
⊤
F̃FF

−1
D̃DD is the “score” statistic (see

Rao [22]) while λ̃λλ
⊤
H̃HH

⊤
F̃FF

−1
H̃HHλ̃λλ is the Lagrangean multiplier statistic (see Byron

[7]), making it clear that the two test statistics are identical so that the choice of

which form to use is based on convenience. Under the usual maximum likelihood

regularity conditions, the LM statistic is asymptotically equivalent to the Wald

and Likelihood Ratio statistics. That is, when H0 is true it is asymptotically

distributed as a chi-square distribution χ2. Alternative, one-side score test
√
LM

is asymptotically distributed as the standard normal distribution when H0 is true.

2.1.5 Convergence of Random Variables

In this part, we will discuss convergence modes and limit theorem of random

variables. We study the behavior of certain sample quantities as the sample size

approach to infinity.
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Convergence in Probability

Definition 2.20. [8] A sequence of random variables Xn (n ≥ 1) converges in

probability to a random variable X, denoted by Xn
p−→ X, if

lim
n→∞

P (|Xn −X| < ϵ) = 1,

for all ϵ > 0.

Theorem 2.21. [8] Suppose that Xn (n ≥ 1) are random variables and c is a

constant such that

E(Xn) → c and V ar(Xn)
p−→ 0,

then

Xn
p−→ c.

Theorem 2.22 (Chebychev’s Weak Law of Large Numbers). [12] Let X1, X2, ...

be a sample of observations with E[Xi] = µi and V ar[Xi] = σ2
i < ∞. Define

σ̄2
n/n = (1/n2)

n∑
i=1

σ2
i → 0 as n → ∞ . Then, for every ϵ > 0,

lim
n→∞

P (X̄n − µ̄n < ϵ) = 1,

that is, X̄n converges in probability to µ̄n.

Convergence in Distribution

Definition 2.23. [8] A sequence of random variables Xn with distribution function

FXn (n ≥ 1) converges in distribution to a random variable X, denoted by Xn
d−→ X,

if

lim
n→∞

FXn(x) = FX(x),
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at all point x where FX(x) is continuous. Here, FXn and FX are the cumulative

distribution functions of random variables Xn and X, respectively.

Theorem 2.24 (Lindeberg-Feller Central Limit Theorem). [12] Suppose that {XXX i},

i = 1, 2, ..., n, are sample of random vectors with E[XXX i] = µµµi and V ar[XXX i] = QQQi,

and all mixed third moments of the multivariate distribution are finite. Let

µ̄µµn =
1

n

n∑
i=1

µµµi, and Q̄QQn =
1

n

n∑
i=1

QQQi.

We assume that

lim
n→∞

Q̄QQn = QQQ,

where Q̄QQ is a finite, positive definite matrix, and that for every i,

lim
n→∞

(nQ̄QQn)
−1QQQi = lim

n→∞

(
n∑

i=1

QQQi

)−1

QQQi = 000.

We allow the means of the random vectors to differ, although in the cases that

we will analyze, they will generally be identical. The second assumption states that

individual components of the sum must be finite and diminish in significance. There

is also an implicit assumption that the sum of matrices is nonsingular. Because

the limiting matrix is nonsingular, the assumption must hold for large enough n,

which is all that concerns us here. With these in place, the result is

√
n(X̄XXn − µ̄µµn)

d−→ N(0,QQQ).

2.1.6 Big O and Little o Notation

A sequence Xn of random vectors is said to be Op(1) if it is stochastically bounded

and op(1) if it converges in probability to zero. The notations gain power when

we consider pairs of sequences. Suppose Xn and Yn are random sequences taking
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values in any normed vector space, then

Xn = Op(Yn) (2.6)

means Xn/||Yn|| is stochastically bounded and

Xn = op(Yn) (2.7)

means Xn/||Yn|| converges in probability to zero.

Definition 2.25. An estimator θ̂n of a parameter θ is a consistent estimator of θ

if and only if

lim
n→∞

P (|θ̂n − θ| < ϵ) = 1.

Definition 2.26. The root − N consistency means that the sampling error is

Op(N
−1/2).

Theorem 2.27. Let xi (i = 1, 2, ..., N) be Op(1), then
N∑
i=1

xi = Op(N).

Properties 2.28. 1. Op(N
a) +Op(N

b) is Op(N
max(a,b)).

2. Op(N
a)×Op(N

b) is Op(N
a+b).

3. Op(N
a) + op(N

b) is Op(N
a) if a ≥ b and is op(N

b) if a < b.

4. Op(N
−1) is op(1).

2.2 Basic Knowledge of Matrix Algebra

In this section, we give basic knowledge of matrix algebra which are rank, inverse,

generalized inverse, positive definite, trace, kronecker product, vec operator and

vector and matrix differential with their properties.
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2.2.1 Rank

Before defining the rank of a matrix, we introduce the concept of linear indepen-

dence and dependence. A set of vectors aaa1, aaa2, ..., aaan is said to be linearly dependent

if scalars c1, c2, ..., cn (not all zero) can be found such that

c1aaa1 + c2aaa2 + · · ·+ cnaaan = 000. (2.8)

If no coefficients c1, c2, ..., cn can be found to satisfy (2.8), the set of vectors

aaa1, aaa2, ..., aaan is said to be linearly independent.

Definition 2.29. [23] The rank of any square or rectangular matrix AAA is defined

as

rank(AAA) = number of linearly independent columns of AAA

= number of linearly independent rows of AAA.

Theorem 2.30. [23] Suppose that a matrix AAA is n × p of rank p, where p < n.

Then AAA has the maximum possible rank and is said to be of full rank.

2.2.2 Inverse

Definition 2.31. [23] A full rank square matrix is said to be nonsingular. A

nonsingular matrix AAA has a unique inverse, denoted by AAA−1, with the property

that

AAAAAA−1 = AAA−1AAA = I,

where I is the identity matrix.

Theorem 2.32. [23] If AAA is nonsingular, then AAA⊤ is nonsingular and its inverse

is defined as

(AAA⊤)−1 = (AAA−1)⊤.
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Theorem 2.33. [23] If AAA and BBB are nonsingular matrices of the same size, then

ABABAB is nonsingular and

(ABABAB)−1 = BBB−1AAA−1.

2.2.3 Generalized Inverse

We consider a general matrix AAA. A solution of a consistent system of equations

AAAx = ccc can be expressed in terms of a generalized inverse of AAA.

Definition 2.34. [23] A generalized inverse of an n × p matrix AAA is any matrix

AAA− that satisfies

AAAAAA−AAA = AAA.

If AAA is invertible, AAA− = AAA−1. A generalized inverse is also called a conditional

inverse.

2.2.4 Positive Definite Matrices

In this part, we introduce the knowledge of positive definite that we use in this

thesis.

Definition 2.35. [23] If the symmetric matrix AAA has the property yyy⊤AAAyyy > 0 for

all possible yyy except yyy = 000, then the quadratic form yyy⊤AAAyyy is said to be positive

definite, and AAA is said to be a positive definite matrix. Similarly, if yyy⊤AAAyyy ≥ 0 for

all yyy and there is at least one yyy ̸= 0 such that yyy⊤AAAyyy = 0, then yyy⊤AAAyyy and AAA are

said to be positive semidefinite.

Theorem 2.36. [23]

1. If AAA is positive definite, then all its diagonal element aii are positive.

2. If AAA is positive semidefinite, then all aii ≥ 0.

Theorem 2.37. [23] Let PPP be a nonsingular matrix
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1. If AAA is positive definite, then PPP⊤AAAPPP is positive definite.

2. If AAA is positive semidefinite, then PPP⊤AAAPPP is positive semidefinite.

Corollary 2.38. [23] A positive definite matrix is nonsingular.

Theorem 2.39. [23] If AAA is positive definite, then AAA−1 is positive definite.

2.2.5 Trace

Definition 2.40. [23] The trace of an n× n matrix AAA = (aij) is a scalar function

defined as the sum of the diagonal elements of AAA; that is, trace(AAA) =
n∑

i=1

aii.

Theorem 2.41 below lists some important properties of trace which will be used

in this thesis.

Theorem 2.41. 1. If AAA and BBB are n× n matrix, then

trace(AAA±BBB) = trace(AAA)± trace(BBB).

2. If AAA is an n× p matrix and BBB is a p× n matrix, then

trace(AAABBB) = trace(BBBAAA).

3. If AAA and BBB are the same size matrix, then

[trace(AAABBB)]2 ≤ [trace(AAA)2][trace(BBB)2].

4. If AAA is any n× n matrix and PPP is any n× n nonsingular matrix, then

trace(PPP−1AAAPPP ) = trace(AAA).

5. If AAA is any n× n matrix and CCC is any n× n orthogonal matrix, then

trace(CCC⊤AAACCC) = trace(AAA).
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6. If AAA is an n× p matrix of rank r and AAA− is a generalized inverse of AAA, then

trace(AAA−AAA) = trace(AAAAAA−) = r.

2.2.6 Kronecker Product

The kronecker product transforms two matrices AAA and BBB into a matrix.

Definition 2.42. [17] If AAA is an m × m matrix, BBB is a p × q matrix, then the

knorecker product of AAA and BBB is defined as the matrix

AAA⊗BBB =


a11BBB a12BBB · · · a1nBBB

a21BBB a22BBB · · · a2nBBB
... ... . . . ...

am1BBB am2BBB · · · amnBBB


which is an mp× nq matrix.

Example 2.43. Let AAA =

1 2 3

4 5 6

 and BBB =

1 2 1

2 1 2

. Then

AAA⊗BBB =

1BBB 2BBB 3BBB

4BBB 5BBB 6BBB

 =


1 2 1 2 4 2 3 6 3

2 1 2 4 2 4 6 3 6

4 8 4 5 10 5 6 12 6

8 4 8 10 5 10 12 6 12

 .

Note that it is not true in general that AAA⊗BBB ̸= BBB ⊗AAA.

Theorem 2.44. [17] If AAA is an m×n matrix, BBB is an r× s matrix, CCC is an n× p

matrix, DDD is an s× t matrix and α is a scalar, then

1. AAA⊗BBB ⊗CCC = (AAA⊗BBB)⊗CCC = AAA⊗ (BBB ⊗CCC),

2. (AAA+BBB)⊗ (CCC +DDD) = AAA⊗CCC +AAA⊗DDD +BBB ⊗CCC +BBB ⊗DDD,

3. (AAA⊗BBB)(CCC ⊗DDD) = (AAACCC ⊗BBBDDD),
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4. α⊗AAA = αAAA = AAAα = AAA⊗ α.

Theorem 2.45. [17] For all AAA and BBB, (AAA⊗BBB)⊤ = AAA⊤ ⊗BBB⊤.

Corollary 2.46. [17] If square matrices AAA and BBB are symmetric, then AAA ⊗BBB is

symmetric.

Theorem 2.47. [17] IfAAA andBBB are square matrices, trace(AAA⊗BBB) = (traceAAA)(traceBBB).

Theorem 2.48. [17] Let AAA and BBB are nonsingular, (AAA⊗BBB)−1 = AAA−1 ⊗BBB−1.

2.2.7 Vec Operator

The vec operator transforms a matrix into a vector by stacking its columns one

below the other.

Definition 2.49. [17] Let AAA be an m× n matrix,

AAA =


... ... ...

a1 a2 · · · an

... ... ...

 ,

where ai; i = 1, 2, ..., n is an m× 1 vector, then vec AAA is the mn× 1 vector,

vec AAA =


a1

a2

...

an

 .

Note that vec AAA = vec BBB does not imply AAA = BBB.

Theorem 2.50. [17] For any column vector a, vec a⊤ = vec a = a.

Theorem 2.51. [17] For any two column vectors a and b, vec ab⊤ = b ⊗ a.

Theorem 2.52. [17] For AAA and BBB are matrices of the same order,

(vec AAA)⊤vec BBB = trace(AAA⊤BBB).
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Theorem 2.53. [17] Let AAA, BBB and CCC be three metrics such that the matrix product

ABCABCABC is defined. Then

vec ABCABCABC = (CCC⊤ ⊗AAA) vec BBB. (2.9)

Theorem 2.54. [17] Let AAA, BBB, CCC and DDD be four matrices such that the matrix

product ABCDABCDABCD is defined and square. Then

trace (ABCDABCDABCD) = (vec DDD⊤)⊤(CCC⊤ ⊗AAA) vec BBB (2.10)

= (vec DDD)⊤(AAA⊗CCC⊤) vec BBB⊤. (2.11)

2.2.8 Vector and Matrix Differentials

In this part, let xxx and yyy be vectors of orders m and n, respectively,

xxx =


x1

x2

...

xm

 , yyy =


y1

y2
...

yn

 ,

where each component yi may be a function of the xj, or y = y(x).

The derivative of the vector yyy with respect to vector xxx is the m× n matrix,

dyyy

dxxx
=



dy1
dx1

dy2
dx1

· · · dyn
dx1

dy1
dx2

dy2
dx2

· · · dyn
dx2... ... . . . ...

dy1
dxm

dy2
dxm

· · · dyn
dxm


.
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The derivative of a scalar c with respect to vector is a vector,

dc

dxxx
=



dc

dx1
dc

dx2...
dc

dxm


.

The derivative of a vector with respect to scalar c is a vector,

dyyy

dc
=

[
dy1
dc

dy2
dc

· · · dyn
dc

]
.

The summary of differentiation results is presented in Facker [11]. We state those

properties as follows. Let AAA be an n×m, BBB be a p× q, xxx be an m× 1, and XXX be

defined comformably. The result shows as following

1.

[Df ]ij =
dfi(xxx)

dxxxj

. (2.12)

2.
dAAAxxx

dxxx
= AAA. (2.13)

3.

D[αf(xxx) + βg(xxx)] = αDf(xxx) + βDg(xxx). (2.14)

4.

D[f(g(xxx))] = f ′(g(xxx))g′(xxx). (2.15)

5.

D[f(xxx)g(xxx)] = (g(xxx)⊤ ⊗ Im)f ′(xxx) + (Ip ⊗ f(xxx))g′(xxx). (2.16)

6.
dxxx⊤AAAxxx

dxxx
= xxx⊤(AAA+AAA⊤). (2.17)
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7.
dvec(xxx⊤AAAxxx)

dvec(AAA) = (xxx⊤ ⊗ xxx⊤). (2.18)

8.
dxxx⊤AAA⊤AAAxxx

dAAA
= 2xxx⊤ ⊗ xxx⊤AAA⊤. (2.19)

9.
dxxx⊤AAAAAA⊤xxx

dAAA
= 2xxx⊤AAA⊗ xxx⊤. (2.20)

10.
dAAAXXXBBB

dXXX
= BBB⊤ ⊗AAA. (2.21)

11.
dAAA−1

dAAA
= −(AAA−⊤ ⊗AAA−1). (2.22)

12.
d ln |AAA|
dAAA

= vec(AAA−⊤)⊤. (2.23)

13.
dtrace(AXAXAX)

dXXX
= vec(AAA⊤)⊤. (2.24)

2.2.9 Random Vectors and Matrices

In this thesis, we are interested in linear models, it is convenient to express the

observed data in form a vector or a matrix. A random vector or a random matrix

is a vector or matrix whose elements are random variables.
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Mean Vectors

The expected value of a p× 1 random vector yyy is defined as the vector of expected

value of the p random variables y1, y2, ..., yp in yyy:

E(yyy) = E


y1

y2
...

yp

 =


E(y1)

E(y2)
...

E(yp)

 =


µ1

µ2

...

µp

 = µµµ, (2.25)

where E(yi) = µi (i = 1, 2, ..., p).

Theorem 2.55. [23] If xxx and yyy are p × 1 random vectors, the expected value of

their sum is the sum of their expected values

E(xxx+ yyy) = E(xxx) + E(yyy). (2.26)

Covariance Matrix

The variances σ2
1, σ

2
2, ..., σ

2
p of y1, y2, ..., yp and the covariances σij for all i ̸= j can

be conveniently displayed in the covariance matrix, which is denoted by ΣΣΣ,

ΣΣΣ = cov(yyy) =


σ11 σ12 · · · σ1p

σ21 σ22 · · · σ2p

... ... ...

σp1 σp2 · · · σpp

 .

Theorem 2.56. [23] If aaa is a p × 1 vector of constants and yyy is a p × 1 random

vector with mean vector µµµ and covariance matrix ΣΣΣ, then

1. E(aaa⊤yyy) = aaa⊤µµµ, and

2. V ar(aaa⊤yyy) = aaa⊤ΣΣΣaaa.
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2.3 Basic Knowledge of Linear Regression Model

In this section, we are interested in multiple linear regression model, we attempt

to predict a dependent variable or response variable y on the basis of an assumed

linear relationship with several independent or predictor variables x1, x2, ..., xK .

2.3.1 The Model

The multiple linear regression model can be expressed as

y = β0 + β1x1 + β2x2 + · · ·+ βKxK + ϵ. (2.27)

To estimate the β’s in (2.27), we will use a sample of N observations on y and the

associated x variables. The model for the ith observation is

yi = β0 + β1xi1 + β2xi2 + · · ·+ βKxiK + ϵi, i = 1, 2, ...., N. (2.28)

To complete the model in (2.27), we make the following additional assumptions:

1. E(ϵi) = 0 for i = 1, 2, ...., N .

2. V ar(ϵi) = σ2 for i = 1, 2, ...., N .

3. Cov(ϵi, ϵj) = 0 for all i ̸= j.

For the N observations, we can be written in matrix form as
y1

y2
...

yN

 =


1 x11 x12 · · · x1K

1 x21 x22 · · · x2K

... ... ... ...

1 xN1 xN2 · · · xNK




β0

β1

...

βK

+


ϵ1

ϵ2
...

ϵN


or

yyy =XβXβXβ + ϵϵϵ. (2.29)
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The proceeding two assumptions on ϵi or yi can be expressed in terms of the model

in (2.29):

1. E(ϵϵϵ) = 0 or E(yyy) =XβXβXβ.

2. Cov(ϵϵϵ) = σ2I or Cov(yyy) = σ2I.

2.3.2 Estimations of βββ and σ2

We study the least squares approach to estimation of the β’s in the model (2.29).

For parameters β0, β1, ..., βK , we seek β̂0, β̂1, ..., β̂K that minimize

N∑
i=1

ϵ̂2i =
N∑
i=1

(yi − ŷi)
2.

=
N∑
i=1

(yi − β̂0 − β̂1xi1 − β̂2xi2 · · · β̂KxiK)
2. (2.30)

To find the values of β̂0, β̂1, ..., β̂K that minimize (2.30), we could differentiate
N∑
i=1

ϵ̂2i

with respect to each β̂j and set results equal to zero. The result is given in the

following theorem.

Theorem 2.57. [23] If yyy =XβXβXβ+ϵϵϵ, where XXX is N × (K+1) of rank (K+1) < N ,

then the value of β̂ββ = (β̂0, β̂1, ..., β̂K)
⊤ that minimizes (2.30) is

β̂ββ = (XXX⊤XXX)−1XXX⊤yyy.

Properties 2.58. [23] If E(yyy) =XβXβXβ, then β̂ββ is an unbiased estimator for βββ.

The method of least square does not yield a function of the yyy and XXX values

in the sample that we can minimize to obtain an estimator of σ2. However, we

can devise an unbiased estimator for σ2 based on the least-square estimator β̂ββ. By

assumption Cov(yyy) = σ2I, σ2 is the same for each yi, (i = 1, 2, ..., n). σ2 is defined

by σ2 = E[yi − E(yi)]
2, and by assumption, E(yi) = xxx⊤

i βββ, we obtain

σ2 = E[yi − xxx⊤
i βββ]

2,
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where xxx⊤
i is the ith row of XXX.

We estimate σ2 by a corresponding average from the sample

s2 =
1

N −K − 1

N∑
i=1

(yi − xxx⊤
i β̂ββ)

2. (2.31)

=
SSE

N −K − 1
, (2.32)

where N is the sample size and K is the number of x’s.

Theorem 2.59. [23] If s2 is defined by (2.31) or (2.32) and if E(yyy) = XβXβXβ and

Cov(yyy) = σ2I, then s2 is an unbiased estimator of σ2.

2.4 Basic Knowledge of Panel Data Model

In this section, we are interested in panel data. Classical panel data refer to two-

dimensional data. The data have both cross-sectional and time-series directions.

We provide multiple observations on each individual in the sample.

In this section, we introduce a linear panel data model. Commonly, the model

used to assess the effects of both time and individual factors is written as

yit = αit + xxx⊤
itβββit + ϵit i = 1, ..., N, t = 1, ..., T,

where N is the number of cross-sectional unit, T is the number of time unit, αit

is an 1× 1 vector of intercept, βββit = (β1it, β2it, ..., βKit)
⊤ is a K × 1 vector of slope

coefficient parameters that vary across i and t, xxxit = (x1it, x2it, ..., xKit) is an 1×K

vector of covariate variables and ϵit is the error term.

In this research, we assume that regression parameters are constant overtime,

but can vary across individuals. The model of interest is written as

yit = αi + xxx⊤
itβββi + ϵit. (2.33)
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Three types of restrictions can be imposed on the model in (2.33):

1. Regression slope coefficients are constant but the intercepts varies over indi-

viduals,

yit = αi + xxx⊤
itβββ + ϵit. (2.34)

2. The intercepts are constant but regression slope coefficients varies over indi-

viduals,

yit = α + xxx⊤
itβββi + ϵit.

3. Both slope and intercept coefficients are constant,

yit = α + xxx⊤
itβββ + ϵit.

There are two types of panel data model as follows.

Definition 2.60. [13] A homogeneous panel data model is a model in which both

intercept and slope coefficients are constant.

Definition 2.61. [13] A heterogeneous panel data model is a model in which both

intercept and slope coefficients vary across individuals.

In this research, we study in model (2.34), the slope heterogeneity in panel data

model, and write in vector form as following:
yyy1

yyy2
...

yyyN

 =


ιιι

000
...

000

α1 +


000

ιιι
...

000

α2 + · · ·+


000

000
...

ιιι

αN +


XXX1

XXX2

...

XXXN

βββ +


ϵϵϵ1

ϵϵϵ2
...

ϵϵϵN

 (2.35)

or

yyyi = αiιιιT +XXX iβββ + ϵϵϵi i = 1, 2, ..., N (2.36)
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where

yyyi =


yyyi1

yyyi2
...

yyyiT

 , XXX i =


xi11 xi12 · · · xi1K

xi21 xi22 · · · xi2K

... ... ...

xiT1 xiT2 · · · xiTK

 ,

βββ⊤ = (β1, β2, ..., βK), , ϵϵϵ⊤i = (ϵi1, ..., ϵiT ),

ιιιT denotes the T × 1 vector of ones and IT denotes the T × T identity matrix.

In this work, we assume that all XXX i are full-rank.

The proceeding three assumptions on ϵit can be expressed in terms of the panel

data model in (2.36):

1. E(ϵϵϵi) = 000 or E(yyyi) = αiιιιT +XXX iβββ.

2. E(ϵϵϵiϵϵϵ
⊤
i ) = σ2

ϵ IT .

3. E(ϵϵϵiϵϵϵ
⊤
j ) = 000 if i ̸= j.

2.4.1 Estimations of ααα, βββ, and σ2
ϵ

We know that the least square estimator of (2.36) is the best linear unbiased esti-

mator (BLUE). To find the regression coefficient estimators in panel data model,

define NNN0 = IT − ιιιTιιι
⊤
T

T
, where properties of NNN0 are listed in the following proposi-

tion.

Proposition 2.62. 1) NNN0ιιιT = 0.

2) NNN⊤
0NNN0 =NNN0.

Proof. 1)

NNN0ιιιT =

(
IT − ιιιTιιι

⊤
T

T

)
ιιιT

= ιιιT − ιιιTιιι
⊤
T ιιιT
T
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= ιιιT − ιιιT

= 0,

where we use the fact that ιιι⊤T ιιιT = T .

2)

NNN⊤
0NNN0 =

(
IT − ιιιTιιι

⊤
T

T

)⊤(
IT − ιιιTιιι

⊤
T

T

)
=

(
IT − ιιιTιιι

⊤
T

T

)(
IT − ιιιTιιι

⊤
T

T

)
= IT − ιιιTιιι

⊤
T

T
− ιιιTιιι

⊤
T

T
+

ιιιTιιι
⊤
T

T

ιιιTιιι
⊤
T

T

= IT − ιιιTιιι
⊤
T

T
− ιιιTιιι

⊤
T

T
+

ιιιTTιιι
⊤
T

TT

= IT − ιιιTιιι
⊤
T

T
− ιιιTιιι

⊤
T

T
+

ιιιTιιι
⊤
T

T

= IT − ιιιTιιι
⊤
T

T

=NNN0,

where, similar to 1), we use the fact that ιιι⊤T ιιιT = T .

Multiplying NNN0 to (2.36), from Proposition 2.62(1), we obtain

NNN0yyyi =NNN0αiιιιT +NNN0XXX iβββ +NNN0ϵϵϵi

=MMM0XXX iβββ +NNN0ϵϵϵi. (2.37)

The ordinary least square estimator β̂ββ of βββ is obtained by minimizing the sum of

squared errors as the following

SSEβ =
N∑
i=1

(NNN0ϵϵϵi)
⊤(NNN0ϵϵϵi)

=
N∑
i=1

(NNN0yyyi −NNN0XXX iβββ)
⊤(NNN0yyyi −NNN0XXX iβββ)
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=
N∑
i=1

(NNN0yyyi)
⊤NNN0yyyi − (NNN0yyyi)

⊤NNN0XXX iβββ − (NNN0XXX iβββ)
⊤NNN0yyyi + (NNN0XXX iβββ)

⊤NNN0XXX iβββ

=
N∑
i=1

yyy⊤i NNN0yyyi − yyy⊤i NNN0(XXX iβββ)− (XXX iβββ)
⊤NNN0yyyi + (XXX iβββ)

⊤NNN0(XXX iβββ) (2.38)

=
N∑
i=1

yyy⊤i NNN0yyyi − 2yyy⊤i NNN0(XXX iβββ) + (XXX iβββ)
⊤NNN0(XXX iβββ),

where we use Proposition 2.62(2) to obtain (2.38).

Taking partial derivative of SSEβ with respect to βββ,

∂SSEβ

∂βββ
=

N∑
i=1

−2XXX⊤
i NNN0yyyi + 2XXX⊤

i NNN0XXX iβββ.

Since ∂SSEβ

∂βββ

∣∣∣∣
βββ=β̂ββ

= 0, − 2
N∑
i=1

XXX⊤
i NNN0yyyi + 2β̂ββ

N∑
i=1

XXX⊤
i NNN0XXX i = 0.

Therefore, the least square estimator β̂ββ is

β̂ββ =

(
N∑
i=1

XXX⊤
i NNN0XXX i

)−1 N∑
i=1

XXX⊤
i NNN0yyyi.

Theorem 2.63. [10] If the matrix

1

N

N∑
i=1

XXX⊤
i NNN0XXX i

is positive definite and converges to a non-stochastic positive definite matrix in the

limit, then the least squares estimator β̂ββ for βββ in the model (2.36) is consistent.

Proposition 2.64. The least square estimator β̂ββ is an unbiased estimator for βββ.

Proof.

E[β̂ββ] = E

( N∑
i=1

XXX⊤
i NNN0XXX i

)−1 N∑
i=1

XXX⊤
i NNN0yyyi


=

(
N∑
i=1

XXX⊤
i NNN0XXX i

)−1 N∑
i=1

XXX⊤
i NNN0E[yyyi]
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=

(
N∑
i=1

XXX⊤
i NNN0XXX i

)−1 N∑
i=1

XXX⊤
i NNN0[αiιιιT +XXX iβββ]

=

(
N∑
i=1

XXX⊤
i NNN0XXX i

)−1 N∑
i=1

XXX⊤
i NNN0XXX iβββ

= βββ.

The ordinary least square estimator of αi is obtained by minimizing the sum

of squared errors as the following

SSEα =
N∑
i=1

ϵϵϵ⊤i ϵϵϵi

=
N∑
i=1

(yyyi − αiιιιT −XXX iβββ)
⊤(yyyi − αiιιιT −XXX iβββ)

=
N∑
i=1

(yyyi −XXX iβββ)
⊤(yyyi −XXX iβββ)− (yyyi −XXX iβββ)

⊤(αiιιιT )− (αiιιιT )
⊤(yyyi −XXX iβββ)

+ (αiιιιT )
⊤(αiιιιT )

=
N∑
i=1

(yyyi −XXX iβββ)
⊤(yyyi −XXX iβββ)− 2(yyyi −XXX iβββ)

⊤(αiιιιT ) + (αiιιιT )
⊤(αiιιιT )

=
N∑
i=1

(yyyi −XXX iβββ)
⊤(yyyi −XXX iβββ)− 2αi(yyyi −XXX iβββ)

⊤ιιιT + α2
i ιιι

⊤
T ιιιT .

Taking partial derivatives of SSEα with respect to αi,

∂SSEα

∂αi

= −2(yyyi −XXX iβββ)
⊤ιιιT + 2αiιιι

⊤
T ιιιT .

Since ∂SSEα

∂αi

∣∣∣∣
αi=α̂i

= 0,− 2(yyyi −XXX iβ̂ββ)
⊤ιιιT + 2α̂iιιι

⊤
T ιιιT = 0.

Therefore, the least square estimator α̂i (i = 1, 2, ..., N) is

α̂i =
(yyyi −XXX iβ̂ββ)

⊤ιιιT
T
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=
ιιι⊤T (yyyi −XXX iβ̂ββ)

T
.

Proposition 2.65. The least square estimator α̂i (i = 1, 2, ..., N) is an unbiased

estimator for α.

Proof.

E[α̂i] = E

[
ιιι⊤T (yyyi −XXX iβ̂ββ)

T

]

=
ιιι⊤T (E[yyyi]−XXX iE[β̂ββ])

T

=
ιιι⊤T (αiιιιT +XXX iβββ −XXX iβββ)

T

= αi
ιιι⊤T ιιιT
T

= αi
T

T

= αi.

To find an estimator for σ2
ϵ based on the unbiased least square estimators α̂i

and β̂ββ. We estimate σ2
ϵ by corresponding average from the sample

σ̂ϵ
2 =

1

N(T − 1)−K

N∑
i=1

(NNN0yyyi −NNN0α̂iιιιT −NNN0XXX iβ̂ββ)
⊤(NNN0yyyi −NNN0XXX iβ̂ββ)

=
1

N(T − 1)−K

N∑
i=1

(NNN0yyyi −NNN0XXX iβ̂ββ)
⊤(NNN0yyyi −NNN0XXX iβ̂ββ)

=
SSEβ

N(T − 1)−K
,

where N is the sample size, T is the time size and K is the number of x’s.



CHAPTER III

HYPOTHESIS TESTING FOR SLOPE

HETEROGENEITY FOR THREE DIMENSIONAL

PANEL DATA

In this chapter, we construct a test statistic for slope heterogeneity for three di-

mensional panel data models by conditional Lagrange multiplier.

3.1 Model of Slope Heterogeneity

Consider the three dimensional panel data model

yijt = αi + γj + xxx⊤
ijtβββij + ϵijt, (3.1)

where yijt is the response variable for factor 1 level i (i = 1, ..., I), factor 2 level

j (j = 1, ..., J) at time t (t = 1, ..., T ), xxxijt is a K × 1 vector of covariates, αi is

the effect of factor 1 level i, γj is the effect of factor 2 level j, ϵijt is an error with

zero mean and variance σ2
ϵ and βββij represents the regression slope coefficients for

the (i, j) unit. To allow for potential slope heterogeneity, we suppose that βββij, a

K × 1 vector, is represented by

βββij = βββ + ηηηi +ωωωj, (3.2)

where E(ηηηi|xxx) = 000 and E(ωωωj|xxx) = 000. Let the covariance matrices of parameter

heterogeneity be given as

E(ηηηiηηη⊤i |xxx) = ΣΣΣη and E(ωωωjωωω
⊤
j |xxx) = ΣΣΣω.
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3.2 Testing Slope Heterogeneity

In this study, we test for slope heterogeneity of βij presented in (3.2) where the

regression coefficients depend on either one of the two factors of interest. The two

tests can be performed in a similar manner. Therefore, in this thesis, we derive

a test statistic on the effect of one factor while the test for another factor can be

similarly constructed. The hypothesis of interest is

H0 : ΣΣΣω = 0

v.s.

HA : ΣΣΣω ̸= 0.

Under the null hypothesis, the model in (3.1) can be written in a matrix form as

follows, for j = 1, 2, ..., J ,



y
(j)
11

y
(j)
12

...

y
(j)
1T

...

y
(j)
I1

y
(j)
I2

...

y
(j)
IT



= γj



1

1
...

1
...

1

1
...

1



+



1 0 · · · 0 x
(j)
111 x

(j)
112 · · · x

(j)
11k

1 0 · · · 0 x
(j)
121 x

(j)
122 · · · x

(j)
12k

... ...

1 0 · · · 0 x
(j)
1T1 x

(j)
1T2 · · · x

(j)
1Tk

. . . ...

0 0 · · · 1 x
(j)
I11 x

(j)
I12 · · · x

(j)
I1k

0 0 · · · 1 x
(j)
I21 x

(j)
I22 · · · x

(j)
I2k

... ...

0 0 · · · 1 x
(j)
IT1 x

(j)
IT2 · · · x

(j)
ITk





α1

α2

...

αI

β
(j)
1

β
(j)
2

...

β
(j)
k



+



ϵ
(j)
11

ϵ
(j)
12

...

ϵ
(j)
1T

...

ϵ
(j)
I1

ϵ
(j)
I2

...

ϵ
(j)
IT


or

yyyj = γjιιιIT +XXXjβββj + ϵϵϵj, (3.3)

where yyyj is an IT × 1 vector of responses (y
(j)
it ), XXXj is a covariate matrix with

dimension IT × (K + I), ϵϵϵj is an IT × 1 vector of error terms (ϵ
(j)
it ) with a mul-

tivariate normal distribution with mean zero and covariance matrix σ2
ϵ IIT where

IIT is an identity matrix of size IT × IT , ιιιIT is a IT × 1 vector of ones and
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βββj = (α1, · · · , αI , β1, · · · , βK)
⊤ is a (K + I) vector of slope coefficients.

To find parameter estimations of the model, define MMM0 = IIT − ιιιIT ιιι
⊤
IT

IT
, where

properties of MMM0 are listed in the following proposition.

Proposition 3.1.

1) MMM0ιιιIT = 0.

2) MMM⊤
0 =MMM0.

3) MMM⊤
0MMM0 =MMM0.

Proof. 1)

MMM0ιιιIT =

(
IIT − ιιιITιιι

⊤
IT

IT

)
ιιιIT

= ιιιIT − ιιιITιιι
⊤
ITιιιIT
IT

= ιιιIT − ιιιIT

= 0,

where we use the fact that ιιι⊤ITιιιIT = IT .

2)

MMM⊤
0 =

(
IIT − ιιιITιιι

⊤
IT

IT

)⊤

= IIT − ιιιITιιι
⊤
IT

IT

=MMM0.

3)

MMM⊤
0MMM0 =

(
IIT − ιιιITιιι

⊤
IT

IT

)⊤(
IIT − ιιιITιιι

⊤
IT

IT

)
=

(
IIT − ιιιITιιι

⊤
IT

IT

)(
IIT − ιιιITιιι

⊤
IT

IT

)
= IIT − ιιιITιιι

⊤
IT

IT
− ιιιITιιι

⊤
IT

IT
+

ιιιITιιι
⊤
IT

IT

ιιιITιιι
⊤
IT

IT

= IIT − ιιιITιιι
⊤
IT

IT
− ιιιITιιι

⊤
IT

IT
+

ιιιIT ITιιι
⊤
IT

ITIT
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= IIT − ιιιITιιι
⊤
IT

IT
− ιιιITιιι

⊤
IT

IT
+

ιιιITιιι
⊤
IT

IT

= IIT − ιιιITιιι
⊤
IT

IT

=MMM0,

where, similar to 1), we use the fact that ιιι⊤ITιιιIT = IT .

Multiplying MMM0 to (3.3), from Proposition 3.1(1), we obtain

MMM0yyyj =MMM0γjιιιIT +MMM0XXXjβββj +MMM0ϵϵϵj

=MMM0XXXjβββj +MMM0ϵϵϵj. (3.4)

The ordinary least square estimator β̂ββ of βββ is obtained by minimizing the sum of

squared errors as the following

SSEβ =
J∑

j=1

(MMM0ϵϵϵj)
⊤(MMM0ϵϵϵj)

=
J∑

j=1

(MMM0yyyj −MMM0XXXjβββ)
⊤(MMM0yyyj −MMM0XXXjβββ)

=
J∑

j=1

(MMM0yyyj)
⊤MMM0yyyj − (MMM0yyyj)

⊤MMM0XXXjβββ − (MMM0XXXjβββ)
⊤MMM0yyyj

+ (MMM0XXXjβββ)
⊤MMM0XXXjβββ

=
J∑

j=1

yyy⊤j MMM0yyyj − yyy⊤j MMM0(XXXjβββ)− (XXXjβββ)
⊤MMM0yyyj + (XXXjβββ)

⊤MMM0(XXXjβββ) (3.5)

=
J∑

j=1

yyy⊤j MMM0yyyj − 2yyy⊤j MMM0(XXXjβββ) + (XXXjβββ)
⊤MMM0(XXXjβββ),

where we use Proposition 3.1(2) to obtain (3.5).

Taking partial derivative of SSEβ with respect to βββ,

∂SSEβ

∂βββ
=

J∑
j=1

−2XXX⊤
j MMM0yyyj + 2XXX⊤

j MMM0XXXjβββ.
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Since ∂SSEβ

∂βββ

∣∣∣∣
βββ=β̂ββ

= 0, − 2
J∑

j=1

XXX⊤
j MMM0yyyj + 2β̂ββ

J∑
j=1

XXX⊤
j MMM0XXXj = 0.

Therefore, the least square estimator β̂ββ is

β̂ββ =

(
J∑

j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0yyyj.

Proposition 3.2. The least square estimator β̂ββ has the following property

E[β̂ββ] =

(
J∑

j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0XXXjβββ.

Proof.

E[β̂ββ] = E

( J∑
j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0yyyj


=

(
J∑

j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0 E[yyyj]

=

(
J∑

j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0(γjιιιIT +XXXjβββ)

=

(
J∑

j=1

XXX⊤
j MMM0XXXj

)− J∑
j=1

XXX⊤
j MMM0XXXjβββ,

where we use Proposition 3.1(1) to obtain the last equation.

Note that if
J∑

j=1

XXX⊤
j MMM0XXXj is invertible, β̂ββ is an unbiased estimator for βββ.

The ordinary least square estimator γ̂j of γj is obtained by minimizing the sum of

squared errors as the following

SSEγ =
J∑

j=1

ϵϵϵ⊤j ϵϵϵj

=
J∑

j=1

(yyyj − γjιιιIT −XXXjβββ)
⊤(yyyj − γjιιιIT −XXXjβββ)



39

=
J∑

j=1

(yyyj −XXXjβββ)
⊤(yyyj −XXXjβββ)− (yyyj −XXXjβββ)

⊤(γjιιιIT )− (γjιιιIT )
⊤(yyyj −XXXjβββ)

+ (γjιιιIT )
⊤(γjιιιIT )

=
J∑

j=1

(yyyj −XXXjβββ)
⊤(yyyj −XXXjβββ)− 2(yyyj −XXXjβββ)

⊤(γjιιιIT ) + (γjιιιIT )
⊤(γjιιιIT )

=
J∑

j=1

(yyyj −XXXjβββ)
⊤(yyyj −XXXjβββ)− 2γj(yyyj −XXXjβββ)

⊤ιιιIT + γ2
j ιιι

⊤
ITιιιIT .

Taking partial derivative of SSEγ with respect to γj,

∂SSEγ

∂γj
= −2(yyyj −XXXjβββ)

⊤ιιιIT + 2γjιιι
⊤
ITιιιIT .

Since ∂SSEγ

∂γj

∣∣∣∣
γj=γ̂j ,βββ=β̂ββ

= 0, − 2(yyyj −XXXjβ̂ββ)
⊤ιιιIT + 2γ̂jιιι

⊤
ITιιιIT = 0.

Therefore, the least square estimator γ̂j (j = 1, 2, ..., J) is

γ̂j =
(yyyj −XXXjβ̂ββ)

⊤ιιιIT
IT

=
ιιι⊤IT (yyyj −XXXjβ̂ββ)

IT
.

Proposition 3.3. The least square estimator γ̂j (j = 1, 2, ..., J) has the following

property

E[γ̂j] = γj +

XXXj

(
βββ −

(
J∑

j=1

XXX⊤
j MMM0XXXj

)−
J∑

j=1

XXX⊤
j MMM0XXXjβββ

)
IT

.

Proof.

E[γ̂j] = E

[
ιιι⊤IT (yyyj −XXXjβ̂ββ)

IT

]

=
ιιι⊤IT (E[yyyj]−XXXjE[β̂ββ])

IT

=
ιιι⊤IT (γjιιιIT +XXXjβββ −XXXjE[β̂ββ])

IT
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= γj +
XXXj(βββ − E[β̂ββ])

IT

= γj +

XXXj

(
βββ −

(
J∑

j=1

XXX⊤
j MMM0XXXj

)−
J∑

j=1

XXX⊤
j MMM0XXXjβββ

)
IT

.

Note that if β̂ββ is an unbiased estimator for βββ, then γ̂j is an unbiased estimator for

γj.

The likelihood function of θθθ = (γj,βββ, σ
2
ϵ ,ΣΣΣω) is given by

L(θθθ|yyy) = f(y1, y2, ..., yJ |θθθ) =
J∏

j=1

f(yyyj|θθθ)

=
J∏

j=1

(2π|ΣΣΣj|)−1/2 exp
(
−1

2
(yyyj − γjιιιIT −XXXjβββ)

⊤ΣΣΣ−1
j (yyyj − γjιιιIT −XXXjβββ)

)

=

[
J∏

j=1

(2π|ΣΣΣj|)−1/2

]

exp
(
−1

2

J∑
j=1

(yyyj − γjιιιIT −XXXjβββ)
⊤ΣΣΣ−1

j (yyyj − γjιιιIT −XXXjβββ)

)
. (3.6)

The log-likelihood function is

lnL(θθθ|yyy) = ln
[[ J∏

j=1

(2π|ΣΣΣj|)−1/2
]

exp
(
− 1

2

J∑
j=1

(yyyj − γjιιιIT −XXXjβββ)
⊤ΣΣΣ−1

j

(yyyj − γjιιιIT −XXXjβββ)
)]

=
J∑

j=1

ln(2π|ΣΣΣj|)−1/2 − 1

2
(yyyj − γjιιιIT −XXXjβββ)

⊤ΣΣΣ−1
j (yyyj − γjιιιIT −XXXjβββ)

=
J∑

j=1

−1

2
ln(2π)− 1

2
ln |ΣΣΣj| −

1

2
(yyyj − γjιιιIT −XXXjβββ)

⊤Σ−1
j

(yyyj − γjιιιIT −XXXjβββ)

= −J

2
ln(2π)− 1

2

J∑
j=1

ln |ΣΣΣj| −
1

2

J∑
j=1

(yyyj − γjιιιIT −XXXjβββ)
⊤Σ−1

j

(yyyj − γjιιιIT −XXXjβββ).
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Ignoring the constant term, the log-likelihood function is written as

l(γj,βββ, σ
2
ϵ ,ΣΣΣω) = −1

2

J∑
j=1

ln |ΣΣΣj| −
1

2

J∑
j=1

eee⊤j ΣΣΣ
−1
j eeej,

eeej = yyyj − γjιιιIT −XXXjβββ

=XXXjωωωj + ϵϵϵj,

and ΣΣΣj = E[eeejeee
⊤
j |XXXj]

=XXXjΣΣΣωXXX
⊤
j + σ2

ϵ IIT .

Therefore, under null hypothesis, ΣΣΣj = σ2
ϵ IIT .

The likelihood function has J parameters associated with γj (j = 1, 2, ..., J), but

we wish to consider when J → ∞. Therefore, to avoid the problem of estimation

of γj, we study the likelihood conditional on the sufficient statistic Sγj for γj given

as follows.

Proposition 3.4. A sufficient statistic for γj is Sγj =
yyy⊤j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

.

Proof. From (3.6), we can write the likelihood function as

L(θθθ|yyy) =

[
J∏

j=1

(2π|ΣΣΣj|)−1/2

]
exp

(
−1

2

J∑
j=1

(yyyj −XXXjβββ)
⊤ΣΣΣ−1

j (yyyj −XXXjβββ)

)

exp
(
−1

2

J∑
j=1

−2(yyyj −XXXjβββ)
⊤ΣΣΣ−1

j γjιιιIT + γ2
j ιιι

⊤
ITΣΣΣ

−1
j ιιιIT

)

=

[
J∏

j=1

(2π|ΣΣΣj|)−1/2

]
exp

(
−1

2

J∑
j=1

(yyyj −XXXjβββ)
⊤ΣΣΣ−1

j (yyyj −XXXjβββ)

)

exp
(

J∑
j=1

γjιιι
⊤
ITΣΣΣ

−1
j ιιιIT

[
(yyyj −XXXjβββ)

⊤ΣΣΣ−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

− γj

])

=

[
J∏

j=1

(2π|ΣΣΣj|)−1/2

]
exp

(
−1

2

J∑
j=1

(yyyj −XXXjβββ)
⊤ΣΣΣ−1

j (yyyj −XXXjβββ)

)

exp
(

J∑
j=1

γjιιι
⊤
ITΣΣΣ

−1
j ιιιIT

[
yyy⊤j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

−
(XXXjβββ)

⊤ΣΣΣ−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

− γj

])



42

=

[
J∏

j=1

(2π|ΣΣΣj|)−1/2

]
exp

(
− 1

2

J∑
j=1

(yyyj −XXXjβββ)
⊤ΣΣΣ−1

j (yyyj −XXXjβββ)

−
J∑

j=1

γjιιι
⊤
ITΣΣΣ

−1
j ιιιIT

[
(XXXjβββ)

⊤ΣΣΣ−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

+ γj

])

exp
(

J∑
j=1

γjιιι
⊤
ITΣΣΣ

−1
j ιιιIT

[
yyy⊤j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

])

= h(yyy) exp
(

J∑
j=1

γjιιι
⊤
ITΣΣΣ

−1
j ιιιIT

[
yyy⊤j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

])
.

From the Factorization theorem, Sγj =
yyy⊤j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

is a sufficient statistic for γj.

3.2.1 Conditional Likelihood

To find the conditional likelihood function, we condition on the sufficient statistic

Sγj as follows.

The conditional likelihood function of θθθ = (βββ, σ2
ϵ ,ΣΣΣω) is

lc = ln(fyyy|Sγ )

= ln
(

J∏
j=1

f(yyyj)

)
− ln

(
J∏

j=1

f(Sγj)

)

=
J∑

j=1

ln f(yyyj)−
J∑

j=1

ln f(SSSγj), (3.7)

where f(yyyj) and f(SSSγj) are the probability density functions of yyyj and Sγj , respec-

tively. Since yyyj ∼ N(µµµj,ΣΣΣj),

f(yyyj) = (2π|ΣΣΣj|)−1/2 exp
(
−1

2
(yyyj − γjιιιIT −XXXjβββ)

⊤ΣΣΣ−1
j (yyyj − γjιιιIT −XXXjβββ)

)
ln f(yyyj) = −1

2
ln(2π)− 1

2
ln |ΣΣΣj| −

1

2
eee⊤j ΣΣΣ

−1
j eeej, (3.8)

where eeej = yyyj − γjιιιIT −XXXjβββ.
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Using Theorem 2.56 and yyyj ∼ N(µµµj,ΣΣΣj), then

Sγj = aaajyyyj ∼ N(aaajµµµj, aaajΣΣΣjaaa
⊤
j ),

where aaaj = (ιιι⊤ITΣΣΣ
−1
j ιιιIT )

−1ιιι⊤ITΣΣΣ
−1
j .

Therefore, the probability density function of Sγj is

f(Sγj) = (2π|aaajΣΣΣjaaa
⊤
j |)−1/2 exp

(
−1

2
(aaajyyyj − aaajµµµj)

⊤(aaajΣΣΣjaaa
⊤
j )

−1(aaajyyyj − aaajµµµj)

)
,

then

ln f(Sγj) = −1

2
ln(2π)− 1

2
ln |aaajΣΣΣjaaa

⊤
j | −

1

2
(yyyj − µµµj)

⊤aaa⊤j (aaajΣΣΣjaaa
⊤
j )

−1aaaj(yyyj − µµµj)

= −1

2
ln(2π)− 1

2
ln |aaajΣΣΣjaaa

⊤
j | −

1

2
eee⊤j aaa

⊤
j (aaajΣΣΣjaaa

⊤
j )

−1aaajeeej. (3.9)

Note that

aaajΣΣΣjaaa
⊤
j = (ιιι⊤ITΣΣΣ

−1
j ιιιIT )

−1ιιι⊤ITΣΣΣ
−1
j ΣΣΣjΣΣΣ

−1
j ιιιIT (ιιι

⊤
ITΣΣΣ

−1
j ιιιIT )

−1

= (ιιι⊤ITΣΣΣ
−1
j ιιιIT )

−1ιιι⊤ITΣΣΣ
−1
j ιιιIT (ιιι

⊤
ITΣΣΣ

−1
j ιιιIT )

−1

= (ιιι⊤ITΣΣΣ
−1
j ιιιIT )

−1, (3.10)

therefore,

aaa⊤j (aaajΣΣΣjaaa
⊤
j )

−1aaaj = ΣΣΣ−1
j ιιιIT (ιιι

⊤
ITΣΣΣ

−1
j ιιιIT )

−1(ιιι⊤ITΣΣΣ
−1
j ιιιIT )(ιιι

⊤
ITΣΣΣ

−1
j ιιιIT )

−1ιιι⊤ITΣΣΣ
−1
j

= ΣΣΣ−1
j ιιιIT (ιιι

⊤
ITΣΣΣ

−1
j ιιιIT )

−1ιιι⊤ITΣΣΣ
−1
j . (3.11)

From (3.9), (3.10), and (3.11),

ln f(Sγj) = −1

2
ln(2π) + 1

2
ln(ιιι⊤ITΣΣΣ−1

j ιιιIT )−
1

2
eee⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
eeej. (3.12)
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Substitute (3.8) and (3.12) into (3.7),

lc =
J∑

j=1

(
−1

2
ln |ΣΣΣj| −

1

2
ln(ιιι⊤ITΣΣΣ−1

j ιιιIT )−
1

2
eee⊤j ΣΣΣ

−1
j eeej +

1

2
eee⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
eeej

)
.

(3.13)

Set ζζζj = yyyj −XXXjβββ = eeej + γjιιιIT , so, eeej = ζζζj − γjιιιIT . Therefore,

eee⊤j ΣΣΣ
−1
j eeej = (ζζζj − γjιιιIT )

⊤ΣΣΣ−1
j (ζζζj − γjιιιIT )

= ζζζ⊤j ΣΣΣ
−1
j ζζζj − 2γjζζζ

⊤
j ΣΣΣ

−1
j ιιιIT + γ2

j ιιι
⊤
ITΣΣΣ

−1
j ιιιIT , (3.14)

and

eee⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
eeej = (ζζζj − γjιιιIT )

⊤

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
(ζζζj − γjιιιIT )

= ζζζ⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
ζζζj − 2γj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )ιιι

⊤ΣΣΣ−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

ζζζj

+ γ2
j

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )ιιι

⊤
ITΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

= ζζζ⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
ζζζj − 2γjιιι

⊤
ITΣΣΣ

−1
j ζζζj + γ2

j ιιι
⊤
ITΣΣΣ

−1
j ιιιIT .

(3.15)

Substitute (3.14) and (3.15) into (3.13), the conditional likelihood function is

lc = −1

2

J∑
j=1

[
ln |ΣΣΣj|+ ln(ιιι⊤ITΣΣΣ−1

j ιιιIT )
]

− 1

2

J∑
j=1

ζζζ⊤j

[
ΣΣΣ−1

j −
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
ζζζj, (3.16)

where ζζζj = yyyj −XXXjβββ.

To derive a test statistic, we examine the score evaluated at the true parameters

under the null hypothesis.

Theorem 3.5. The derivative of the conditional likelihood evaluated at θθθ0 =
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(βββ, σ2
ϵ ,ΣΣΣω = 000) is

∂lc
∂ω

=
1

2σ4

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)

]
∼

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)

]
.

Proof. From (3.16),

lc = −1

2

J∑
j=1

(Aj +Bj + Cj −Dj),

where, for each j = 1, 2, ..., J ,

Aj = ln |ΣΣΣj|,

Bj = ln(ιιι⊤ITΣΣΣ−1
j ιιιIT ),

Cj = ζζζ⊤j ΣΣΣ
−1
j ζζζj,

and Dj = ζζζ⊤j

[
ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
ζζζj.

For all terms of Aj, Bj, Cj, and Dj, the partial derivatives with respect to ω are

obtained as follows.

To obtain ∂Aj

∂ω
, using (2.13), (2.15), (2.18), and (2.23), we obtain

∂Aj

∂ω
=

∂ ln |ΣΣΣj|
∂vec(ΣΣΣj)⊤

∂vec(ΣΣΣj)

∂vec(ΣΣΣω)⊤
∂vec(ΣΣΣω)

∂ω

= vec(ΣΣΣ−1
j )⊤(XXXj ⊗XXXj)vec(II+K). (3.17)

To obtain ∂Bj

∂ω
, using (2.13), (2.15), (2.18), (2.22), and (2.23), we obtain

∂Bj

∂ω
=

∂ ln(ιιι⊤ITΣΣΣ−1
j ιιιIT )

∂vec(ΣΣΣ−1
j )⊤

∂vec(ΣΣΣ−1
j )

∂vec(ΣΣΣj)⊤
∂vec(ΣΣΣj)

∂vec(ΣΣΣω)⊤
∂vec(ΣΣΣω)

∂ω

= −vec((ιιι⊤ITΣΣΣ−1
j ιιιIT )

−1)⊤(ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K)
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= − 1

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K). (3.18)

To obtain ∂Cj

∂ω
, using (2.13), (2.18), and (2.22), we obtain

∂Cj

∂ω
=

∂ζζζ⊤j ΣΣΣ
−1
j ζζζj

∂vec(ΣΣΣ−1
j )⊤

∂vec(ΣΣΣ−1
j )

∂vec(ΣΣΣj)⊤
∂vec(ΣΣΣj)

∂vec(ΣΣΣω)⊤
∂vec(ΣΣΣω)

∂ω

= −(ζζζ⊤j ⊗ ζζζ⊤j )(ΣΣΣ
−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K). (3.19)

To obtain ∂Dj

∂ω
, let

F (ω) =
IIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

G(ω) = ΣΣΣ−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ,

then Dj = ζζζ⊤j F (ω)G(ω)ζζζj.

Using (2.16), we have

∂vec(F (ω)G(ω))

∂ω
= (G(ω)⊤ ⊗ IIT )

∂vec(F (ω))

∂ω
+ (IIT ⊗ F (ω))

∂vec(G(ω))

∂ω
.

(3.20)

Using (2.13), (2.15), (2.18), and (2.22),

∂vec(F (ω))

∂ω
= vec(IIT )

∂(ιιι⊤ITΣΣΣ
−1
j ιιιIT )

−1

∂vec(ΣΣΣ−1
j )⊤

∂vec(ΣΣΣ−1
j )

∂vec(ΣΣΣj)⊤
∂vec(ΣΣΣj)

∂vec(ΣΣΣω)⊤
∂vec(ΣΣΣω)

∂ω

= −(ιιι⊤ITΣΣΣ
−1
j ιιιIT )

−2(ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K)

= −
ιιι⊤ITΣΣΣ

−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

(XXXj ⊗XXXj)vec(II+K). (3.21)

Using (2.13), (2.16), (2.18), and (2.22),

∂vec(G(ω))

∂ω
=

∂vec(ΣΣΣ−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j )

∂vec(ΣΣΣ−1
j )⊤

∂vec(ΣΣΣ−1
j )

∂vec(ΣΣΣj)⊤
∂vec(ΣΣΣj)

∂vec(ΣΣΣω)⊤
∂vec(ΣΣΣω)

∂ω

= −(ιιιITιιι
⊤
ITΣΣΣ

−1
j ⊗ IIT + IIT ⊗ΣΣΣ−1

j ιιιITιιι
⊤
IT )(ΣΣΣ

−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K)
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= −(ιιιITιιι
⊤
ITΣΣΣ

−1
j ⊗ IIT )(ΣΣΣ−1

j ⊗ΣΣΣ−1
j )(XXXj ⊗XXXj)vec(II+K)

− (IIT ⊗ΣΣΣ−1
j ιιιITιιι

⊤
IT )(ΣΣΣ

−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K)

= −(ΣΣΣ−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K)

− (ΣΣΣ−1
j ⊗ΣΣΣ−1

j ιιιITιιι
⊤
ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K). (3.22)

Substitute (3.21) and (3.22) into (3.20), we have

∂Dj

∂ω
=

∂ζζζ⊤j F (ω)G(ω)ζζζj

∂ω

= −

[
(ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj)

ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]
(XXXj ⊗XXXj)vec(II+K)

+

(
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)

+

(
ζζζ⊤j ΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)
. (3.23)

Combining the terms (3.17), (3.18), (3.19), and (3.23), therefore

∂lc
∂ω

= −1

2

J∑
j=1

vec(ΣΣΣ−1
j )⊤(XXXj ⊗XXXj)vec(II+K) (A1)

+
1

2

J∑
j=1

1

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K) (A2)

+
1

2

J∑
j=1

(ζζζ⊤j ⊗ ζζζ⊤j )(ΣΣΣ
−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K) (A3)

+
1

2

J∑
j=1

[
(ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj)

ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]
(XXXj ⊗XXXj)vec(II+K) (A4)

− 1

2

J∑
j=1

(
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)
(A5)

− 1

2

J∑
j=1

(
ζζζ⊤j ΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)
. (A6)

Next, we compute (A1)− (A6) under the null hypothesis. Throughout the calcu-

lation, we use the notation H0= to refer to equal under the null hypothesis H0.
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Applying Theorem 2.54 and Theorem 2.41(2) to (A1), respectively, then (A1)

under the null hypothesis is

−1

2

J∑
j=1

vec(ΣΣΣ−1
j )⊤(XXXj ⊗XXXj)vec(II+K)

= −1

2

J∑
j=1

trace[XXXjXXX
⊤
j ΣΣΣ

−1
j ]

= −1

2

J∑
j=1

trace[XXX⊤
j ΣΣΣ

−1
j XXXj]

H0= −1

2

J∑
j=1

trace[XXX⊤
j (σ

2
ϵ IIT )−1XXXj]

= − 1

2σ2
ϵ

J∑
j=1

trace[XXX⊤
j IITXXXj].

Applying Theorem 2.44(3), Theorem 2.53, and Theorem 2.41(2) to (A2), respec-

tively, then (A2) under the null hypothesis is

1

2

J∑
j=1

1

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(ιιι⊤ITΣΣΣ
−1
j ⊗ ιιι⊤ITΣΣΣ

−1
j )(XXXj ⊗XXXj)vec(II+K)

=
1

2

J∑
j=1

(ιιι⊤ITΣΣΣ
−1
j XXXj ⊗ ιιι⊤ITΣΣΣ

−1
j XXXj)

ιιι⊤ITΣΣΣ
−1
j ιιιIT

vec(II+K)

=
1

2

J∑
j=1

vec
[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

=
1

2

J∑
j=1

[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

=
1

2

J∑
j=1

trace
[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιIT

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

=
1

2

J∑
j=1

trace
[
XXX⊤

j ΣΣΣ
−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

H0=
1

2σ2
ϵ

J∑
j=1

trace
[
XXX⊤

j ιιιITιιι
⊤
ITXXXj

ιιι⊤ITιιιIT

]
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=
1

2σ2
ϵ

J∑
j=1

trace
[
XXX⊤

j

ιιιITιιι
⊤
IT

IT
XXXj

]
.

The sum of (A1) and (A2) is

− 1

2σ2
ϵ

J∑
j=1

trace[XXX⊤
j MMM0XXXj]. (3.24)

Applying Theorem 2.44(3) and Theorem 2.53 to (A3), respectively, then (A3)

under the null hypothesis is

1

2

J∑
j=1

(ζζζ⊤j ⊗ ζζζ⊤j )(ΣΣΣ
−1
j ⊗ΣΣΣ−1

j )(XXXj ⊗XXXj)vec(II+K)

=
1

2

J∑
j=1

(ζζζ⊤j ΣΣΣ
−1
j XXXj ⊗ ζζζ⊤j ΣΣΣ

−1
j XXXj)vec(II+K)

=
1

2

J∑
j=1

vec[ζζζ⊤j ΣΣΣ−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj]

=
1

2

J∑
j=1

[ζζζ⊤j ΣΣΣ
−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj]

=
1

2

J∑
j=1

trace[ζζζ⊤j ΣΣΣ−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj]

H0=
1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j XXXjXXX
⊤
j ζζζj].

Applying Theorem 2.53, Theorem 2.41(2), and PPP 0 = ιιιIT (ιιι
⊤
ITιιιIT )

−1ιιι⊤IT to (A4),

respectively, then (A4) under the null hypothesis is

1

2

J∑
j=1

[
(ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj)

ιιι⊤ITΣΣΣ
−1
j XXXj ⊗ ιιι⊤ITΣΣΣ

−1
j XXXj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]
vec(II+K)

=
1

2

J∑
j=1

[
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζjιιι

⊤
ITΣΣΣ

−1
j XXXj ⊗ ιιι⊤ITΣΣΣ

−1
j XXXj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]
vec(II+K)

=
1

2

J∑
j=1

vec
[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιι⊤ITζζζ

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]
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=
1

2

J∑
j=1

[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιι⊤ITζζζ

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]

=
1

2

J∑
j=1

trace
[
ιιι⊤ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιι⊤ITζζζ

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]

=
1

2

J∑
j=1

trace
[
XXX⊤

j ΣΣΣ
−1
j ιιι⊤ITζζζ

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζjιιι

⊤
ITΣΣΣ

−1
j XXXj

(ιιι⊤ITΣΣΣ
−1
j ιιιIT )2

]

H0=
1

2σ4
ϵ

J∑
j=1

trace
[
XXX⊤

j ιιι
⊤
ITζζζ

⊤
j ιιιITιιι

⊤
ITζζζjιιι

⊤
ITXXXj

(ιιι⊤ITιιιIT )
2

]

=
1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j ιιιITιιι

⊤
ITζζζjιιι

⊤
ITXXXjXXX

⊤
j ιιι

⊤
IT

(ιιι⊤ITιιιIT )
2

]

=
1

2σ4
ϵ

J∑
j=1

trace

( ζζζ⊤j ιιιIT

ιιι⊤ITιιιIT

)2

ιιι⊤ITXXXjXXX
⊤
j ιιι

⊤
IT


=

1

2σ4
ϵ

J∑
j=1

trace
[
[ζζζ⊤j ιιιIT (ιιι

⊤
ITιιιIT )

−1]⊤[ζζζ⊤j ιιιIT (ιιι
⊤
ITιιιIT )

−1]ιιι⊤ITXXXjXXX
⊤
j ιιιIT

]
=

1

2σ4
ϵ

J∑
j=1

trace
[
[ζζζ⊤j ιιιIT (ιιι

⊤
ITιιιIT )

−1]ιιι⊤ITXXXjXXX
⊤
j ιιιIT [ζζζ

⊤
j ιιιIT (ιιι

⊤
ITιιιIT )

−1]⊤
]

=
1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤ITXXXjXXX
⊤
j ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤ITζζζj
]

=
1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j PPP 0XXXjXXX

⊤
j PPP 0ζζζj

]
.

Applying Theorem 2.44(3), Theorem 2.53, and PPP 0 = ιιιIT (ιιι
⊤
ITιιιIT )

−1ιιι⊤IT to (A5),

respectively, then (A5) under the null hypothesis is

−1

2

J∑
j=1

(
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)

= −1

2

J∑
j=1

[
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXj ⊗ ζζζ⊤j ΣΣΣ

−1
j XXXj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
vec(II+K)

= −1

2

J∑
j=1

vec
[
ζζζ⊤j ΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
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= −1

2

J∑
j=1

[
ζζζ⊤j ΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

= −1

2

J∑
j=1

trace
[
ζζζ⊤j ΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

H0= − 1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j XXXjXXX

⊤
j ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤ITζζζj
]

= − 1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j XXXjXXX

⊤
j PPP 0ζζζj

]
.

Applying Theorem 2.44(3), Theorem 2.53, and PPP 0 = ιιιIT (ιιι
⊤
ITιιιIT )

−1ιιι⊤IT to (A6),

respectively, then (A6) under the null hypothesis is

−1

2

J∑
j=1

(
ζζζ⊤j ΣΣΣ

−1
j ⊗ ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j

ιιι⊤ITΣΣΣ
−1
j ιιιIT

(XXXj ⊗XXXj)vec(II+K)

)

= −1

2

J∑
j=1

[
ζζζ⊤j ΣΣΣ

−1
j XXXj ⊗ ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]
vec(II+K)

= −1

2

J∑
j=1

vec
[
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

= −1

2

J∑
j=1

[
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

= −1

2

J∑
j=1

trace
[
ζζζ⊤j ΣΣΣ

−1
j ιιιITιιι

⊤
ITΣΣΣ

−1
j XXXjXXX

⊤
j ΣΣΣ

−1
j ζζζj

ιιι⊤ITΣΣΣ
−1
j ιιιIT

]

H0= − 1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤ITXXXjXXX
⊤
j ζζζj
]

= − 1

2σ4
ϵ

J∑
j=1

trace
[
ζζζ⊤j PPP 0XXXjXXX

⊤
j ζζζj
]
.

The sum of (A3), (A4), (A5), and (A6) is

1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j XXXjXXX
⊤
j ζζζj] + trace

[
ζζζ⊤j PPP 0XXXjXXX

⊤
j PPP 0ζζζj

]
− trace

[
ζζζ⊤j XXXjXXX

⊤
j PPP 0ζζζj

]
− trace

[
ζζζ⊤j PPP 0XXXjXXX

⊤
j ζζζj
]
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=
1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j XXXjXXX
⊤
j (IIT −PPP 0)ζζζj]− trace

[
ζζζ⊤j PPP 0XXXjXXX

⊤
j (IIT −PPP 0)ζζζj

]
=

1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j XXXjXXX
⊤
j (IIT − ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤IT )ζζζj]

− trace
[
ζζζ⊤j PPP 0XXXjXXX

⊤
j (IIT − ιιιIT (ιιι

⊤
ITιιιIT )

−1ιιι⊤IT )ζζζj
]

=
1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j XXXjXXX
⊤
j MMM0ζζζj]− trace

[
ζζζ⊤j PPP 0XXXjXXX

⊤
j MMM0ζζζj

]
=

1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j (IIT −PPP 0)XXXjXXX
⊤
j MMM0ζζζj]

=
1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j (IIT − ιιιIT (ιιι
⊤
ITιιιIT )

−1ιιι⊤IT )XXXjXXX
⊤
j MMM0ζζζj]

=
1

2σ4
ϵ

J∑
j=1

trace[ζζζ⊤j MMM0XXXjXXX
⊤
j MMM0ζζζj]

=
1

2σ4
ϵ

J∑
j=1

ζζζ⊤j MMM0XXXjXXX
⊤
j MMM0ζζζj. (3.25)

The sum of (3.24) and (3.25) is

1

2σ4

J∑
j=1

[
ζζζ⊤j MMM0XXXjXXX

⊤
j MMM0ζζζj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)

]
. (3.26)

Since MMM0ιιιIT = 0,

MMM0ζζζj =MMM0(yyyj −XXXjβββ)

=MMM0(yyyj − γjιιιIT −XXXjβββ)

=MMM0ϵϵϵj. (3.27)

Therefore, substituting (3.27) into (3.26), under the null hypothesis, the score is

1

2σ4

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)

]
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which is proportional to

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)

]
. (3.28)

The score function in Theorem 3.5 suggests a statistic that is valid under E[ϵϵϵjϵϵϵ
⊤
j |XXXj] =

σ2
ϵ IIT . Under the null hypothesis and the fact that MMM0ζζζj =MMM0ϵϵϵj, we have

E[ζζζ⊤j MMM0XXXjXXX
⊤
j MMM0ζζζj|XXXj] = traceE[ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj|XXXj]

= traceE[ϵϵϵjϵϵϵ
⊤
j MMM0XXXjXXX

⊤
j MMM0|XXXj]

= trace(σ2
ϵMMM0XXXjXXX

⊤
j MMM0)

= trace(σ2
ϵXXX

⊤
j MMM0MMM0XXXj)

= trace(σ2
ϵXXX

⊤
j MMM

⊤
0MMM0XXXj)

= trace(σ2
ϵXXX

⊤
j MMM0XXXj)

= σ2
ϵ trace(XXX⊤

j MMM0XXXj),

where we have used E[ϵϵϵjϵϵϵ
⊤
j |XXXj] = σ2

ϵ IIT , Theorem 2.41(2), Proposition 3.1(2) and

Proposition 3.1(3).

Hence, from the above,

E
[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj − σ2

ϵ trace(XXX⊤
j MMM0XXXj)|XXXj

]
= E

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj|XXXj

]
− σ2

ϵ trace(XXX⊤
j MMM0XXXj)

= σ2
ϵ trace(XXX⊤

j MMM0XXXj)− σ2
ϵ trace(XXX⊤

j MMM0XXXj)

= 0, (3.29)

that is each term in the sum of (3.28) has mean zero, and we can apply a central

limit theorem. In this discussion, we propose a statistic, CLM , when IT − 1 >

I +K for which the parameter estimates γ̂j and β̂j are well-defined. The statistic
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is defined as

CLM =

1√
J

J∑
j=1

[
ϵ̃ϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵ̃ϵϵj − σ̃2

j trace(XXX⊤
j MMM0XXXj)

]
σ̃clm

,

where ϵ̃ϵϵj = yyyj − γ̂jιιιIT −XXXjβ̂ββj,

σ̃2
j =

ϵ̃ϵϵ⊤j ϵ̃ϵϵj

IT − I −K − 1
,

and σ̃2
clm =

1

J

J∑
j=1

[
ϵ̃ϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵ̃ϵϵj − σ̃2

j trace(XXX⊤
j MMM0XXXj)

]2
.

In order to study asymptotic properties of the statistic CLM , we require the

following assumptions

Assumption 1. Conditional on XXX, ϵijt are independent across i, j and t, and

E(ϵijt|XXX) = 0 where XXX = (XXX⊤
1 , ...,XXX

⊤
J )

⊤.

Assumption 2. The matrix

1

J

J∑
j=1

XXX⊤
j MMM0XXXj

is positive definite and converges to a non-stochastic positive definite matrix in the

limit.

Assumption 3. 0 < E[(ϵϵϵ⊤j ϵϵϵj)
4|XXXj] < J1 < ∞ and E[trace[(XXX⊤

j MMM0XXXj)
4]] < J2 <

∞ for each j.

Under assumptions 1-3, we obtain the limiting distribution of CLM as the

following theorem.

Theorem 3.6. Suppose that assumptions 1-3 hold, E[ϵϵϵjϵϵϵ
⊤
j |XXXj] = σ2

ϵ IIT and that

J → ∞. Then under the null hypothesis of ΣΣΣω = 0,

CLM
d−→ N(0, 1).
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Proof. The fixed effect residuals with group means subtracted are given by

ϵ̃ϵϵj = yyyj − γ̂jιιιIT −XXXjβ̂ββj

= γjιιιIT +XXXjβββ + ϵϵϵj − γ̂jιιιIT −XXXjβ̂ββj

= ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj). (3.30)

Using (3.30), we consider

1√
J

J∑
j=1

ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj

=
1√
J

J∑
j=1

(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))
⊤MMM0XXXjXXX

⊤
j MMM0(ϵϵϵj + (γj − γ̂j)ιιιIT

+XXXj(βββ − β̂ββj))

=
1√
J

J∑
j=1

ϵϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵϵϵj (3.31)

+
1√
J

J∑
j=1

2ϵϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)) (3.32)

+
1√
J

J∑
j=1

(((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)))
⊤MMM0XXXjXXX

⊤
j MMM0((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)).

(3.33)

From Assumption 2 and Theorem 2.63, (βββ − β̂ββj) and (γj − γ̂j) are Op(J
−1/2).

Finally, we use Theorem 2.27 in (3.32) and (3.33), then we can see that (3.32) and

(3.33) are stochastically bounded Op(J
−1/2). Hence, the term

1√
J

J∑
j=1

ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj =

1√
J

J∑
j=1

ϵϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵϵϵj +Op(J

−1/2). (3.34)

Similarly, from the definition of σ̃2
j and (3.30), we have

1√
J

J∑
j=1

σ̃2
j trace(XXX⊤

j MMM0XXXj)
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=
1√
J

J∑
j=1

ϵ̃ϵϵ⊤j ϵ̃ϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

=
1√
J

J∑
j=1

[ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)]
⊤[ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)]

IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

=
1√
J

J∑
j=1

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

+
1√
J

J∑
j=1

2ϵϵϵ⊤j [(γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)]trace(XXX⊤
j MMM0XXXj)

+
1√
J

J∑
j=1

[(γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)]
⊤[(γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)]trace(XXX⊤

j MMM0XXXj)

=
1√
J

J∑
j=1

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj) +Op(J
−1/2). (3.35)

Combining the term (3.34) and (3.35) gives us

1√
J

J∑
j=1

[
ϵ̃ϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵ̃ϵϵj − σ̃2

j trace(XXX⊤
j MMM0XXXj)

]
=

1√
J

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]
+Op(J

−1/2).

(3.36)

Let

lim
J→∞

1

J

J∑
j=1

V ar

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]
= σ2

clm.

Since

E

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]
= 0, (3.37)
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then

lim
J→∞

1

J

J∑
j=1

E

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]2
= σ2

clm.

We use the fact that

1√
J

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]

=
√
J

[
1

J

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]]
.

Therefore, we can apply the multivariate Linderberg-Feller Central Limit Theorem,

then (3.36) is N(0, σ2
clm) +Op(J

−1/2).

It remains to show that σ̃2
clm

p−→ σ2
clm. From definition of σ̃2

clm, we have

σ̃2
clm =

1

J

J∑
j=1

[
ϵ̃ϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵ̃ϵϵj − σ̃2

j trace(XXX⊤
j MMM0XXXj)

]2
=

1

J

J∑
j=1

(ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj)

2

− 2

J

J∑
j=1

(ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj)σ̃

2
j trace(XXX⊤

j MMM0XXXj)

+
1

J

J∑
j=1

(
σ̃2
j trace(XXX⊤

j MMM0XXXj)
)2
. (3.38)

Using (3.30), we consider

1

J

J∑
j=1

(ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj)

2

=
1

J

J∑
j=1

((ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))
⊤MMM0XXXjXXX

⊤
j MMM0

(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)))
2

=
1

J

J∑
j=1

(
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj
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+ 2ϵϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

+ (((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)))
⊤MMM0XXXjXXX

⊤
j MMM0

((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

)2

=
1

J

J∑
j=1

(
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj

)2
+ 2(ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj)

(
2ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

+ (((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)))
⊤MMM0XXXjXXX

⊤
j MMM0((γj − γ̂j)ιιιIT

+XXXj(βββ − β̂ββj))
)

+
(
2ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

+ (((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj)))
⊤MMM0XXXjXXX

⊤
j MMM0

((γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))
)2

=
1

J

J∑
j=1

(
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj

)2
+ op(1), (3.39)

where we have used the Properties 2.28.

Similarly, from (3.30) and definition of σ̃2
j , we have

− 2

J

J∑
j=1

(ϵ̃ϵϵ⊤j MMM0XXXjXXX
⊤
j MMM0ϵ̃ϵϵj)σ̃

2
j trace(XXX⊤

j MMM0XXXj)

= − 2

J

J∑
j=1

(
(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

⊤MMM0XXXjXXX
⊤
j MMM0

(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

)
(
(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

⊤(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

)
= − 2

J

J∑
j=1

(
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj

)(
ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

)
+ op(1).

(3.40)
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Similarly, from the definition of σ̃2
j and (3.30), we have

1

J

J∑
j=1

(
σ̃2
j trace(XXX⊤

j MMM0XXXj)
)2

=
1

J

J∑
j=1

(
(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

⊤(ϵϵϵj + (γj − γ̂j)ιιιIT +XXXj(βββ − β̂ββj))

IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

)2

=
1

J

J∑
j=1

(
ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

)2

+ op(1). (3.41)

Combining the term (3.39), (3.40), and (3.41) into (3.38) gives us

σ̃2
clm =

1

J

J∑
j=1

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]2
+ op(1).

Let

zj =

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]2

=

[
ϵϵϵ⊤j

[
MMM0XXXjXXX

⊤
j MMM0 −

IIT
IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

]
ϵϵϵj

]2
=

[
trace

[
ϵϵϵ⊤j

[
MMM0XXXjXXX

⊤
j MMM0 −

IIT
IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

]
ϵϵϵj

]]2
=

[
trace

[
ϵϵϵjϵϵϵ

⊤
j

[
MMM0XXXjXXX

⊤
j MMM0 −

IIT
IT − I −K − 1

trace(XXX⊤
j MMM0XXXj)

]]]2
.

Define the quantities

ZZZj1 = ϵϵϵjϵϵϵ
⊤
j

ZZZj2 =MMM0XXXjXXX
⊤
j MMM0 −

IIT
IT − I −K − 1

trace(XXX⊤
j MMM0XXXj).

Therefore, zj = (trace[ZZZj1ZZZj2])
2.
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Using ZZZj1 and ZZZj2 are symmetric matrix, Theorem 2.41(3), and Assumption 3,

E[z2j ] ≤ E
[
[trace(ZZZ⊤

j1ZZZj1)]
2[trace(ZZZ⊤

j2ZZZj2)]
2
]

= E
[
E
(
[trace(ZZZ⊤

j1ZZZj1)]
2[trace(ZZZ⊤

j2ZZZj2)]
2
)
|XXXj

]
= E

[
E
(
[trace(ZZZ⊤

j1ZZZj1)]
2
)
|XXXj

]
E[trace(ZZZ⊤

j2ZZZj2)]
2

≤ E[(ϵϵϵ⊤j ϵϵϵj)
4|XXXj]E[trace[(XXX⊤

j MMM0XXXj)
4]]

≤ J1J2 < ∞.

Then

1

J2

J∑
j=1

E(z2j ) → 0 as J → ∞,

and we can apply Chebychev’s Weak Law of Large Numbers to obtain

σ̃2
clm =

1

J

J∑
j=1

[
ϵ̃ϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵ̃ϵϵj − σ̃2

j trace(XXX⊤
j MMM0XXXj)

]2
p−→ lim

J→∞

1

J

J∑
j=1

E

[
ϵϵϵ⊤j MMM0XXXjXXX

⊤
j MMM0ϵϵϵj −

ϵϵϵ⊤j ϵϵϵj

IT − I −K − 1
trace(XXX⊤

j MMM0XXXj)

]2
= σ2

clm.
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NUMERICAL RESULT

In this chapter, we show an empirical study to numerically test the performance

of our proposed test statistic by considering the size of the proposed hypothesis.

The setting of the simulation is as follows.

Consider the model under null hypothesis

yijt = αi + γj + xxx⊤
ijtβββ + ϵijt, (4.1)

where αi is drawn from the N(0, 1) distribution and γj is drawn from the N(0, 0.001)

distribution. In addition, we construct

xijt1 = (ιιιT ⊗ (ιιιJ ⊗ II))αi + (ιιιT ⊗ (IJ ⊗ ιιιI))γj + wijt1 with wijt1 ∼ N(1, 1),

xijt2 = (ιιιT ⊗ (ιιιJ ⊗ II))αi + (ιιιT ⊗ (IJ ⊗ ιιιI))γj + wijt2 with wijt2 ∼ N(2, 1),

xijt3 = (ιιιT ⊗ (ιιιJ ⊗ II))αi + (ιιιT ⊗ (IJ ⊗ ιιιI))γj + wijt3 with wijt3 ∼ N(1.5, 1),

xijt4 = (ιιιT ⊗ (ιιιJ ⊗ II))αi + (ιιιT ⊗ (IJ ⊗ ιιιI))γj + wijt4 with wijt4 ∼ N(1.75, 1),

xijt5 = (ιιιT ⊗ (ιιιJ ⊗ II))αi + (ιιιT ⊗ (IJ ⊗ ιιιI))γj + wijt5 with wijt5 ∼ N(1.25, 1),

xxxijt is a 5 × 1 covariate vector and simulate the slope coefficient vector βββ of size

5× 1 from

β(1) ∼ N(1, 1),

β(2) ∼ N(1.5, 1),

β(3) ∼ N(2, 1),

β(4) ∼ N(1.75, 1),

β(5) ∼ N(2.5, 1).
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From the above construction, we can see that αi, γj, and xxxijt are correlated. The

variance of the error terms are given by E(ϵ2ijt) = σ2
ϵ with σ2

ϵ ∼ U(0, 0.01). Sample

sizes are I = 5, 7, 9, J = 25, 50, 75, 100, and T = 7.

We study the size of a hypothesis testing by letting βββij = βββ for all i, j. For each

experiment, we perform 5000 replications. We compare the different significant lev-

els such as α = 0.1, 0.05, 0.01, 0.0001. In our simulation, we examine the accuracy

of the limiting distribution of CLM by generating model error ϵijt in (4.1) from

three different distributions such as a normal distribution, a t-distribution with

five degrees of freedom and a centered chi-square distribution with four degrees of

freedom. Tables 4.1 - 4.3 show the size of CLM in percentage and Figures 4.1a -

4.9d show the range of statistics CLM .

From Tables 4.1 - 4.3, we can see that size is generally conservative for all error

distributions and all tests with the exception when level of factor 1 is greater than

the level of time index, the test is oversized at significant level 0.1 but decreases

very quickly as significant level 0.0001. In particular, for the case of chi-square

distribution, for significant level 0.05, size is 8.24% for I = 5, J = 25, and T =

7, but decreases to 5.32% when J = 100. Moreover, for all tests and all error

distributions, the statistics behave well, in particular when the significant level is

small. For example, for normal errors, when I = 9, J = 100, and T = 7, the size of

significant level 0.1, test is 54.08%, but decreases to 0.02% when significant level

0.0001. The simulation results confirm our theorem.
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α = 0.1 α = 0.05 α = 0.01 α = 0.0001

I = 5 T=7 J= 25 12.42 7.6 2.74 0
J= 50 11.08 5.98 2.00 0.08
J= 75 10.14 4.94 1.00 0.02
J= 100 10.74 5.36 1.26 0.10

I = 7 T = 7 J= 25 10.18 5.12 1.02 0
J= 50 10.3 5.10 1.16 0.04
J= 75 9.9 4.66 0.84 0.02
J= 100 10.28 5.26 1.20 0

I = 9 T = 7 J= 25 16.52 6.86 0.68 0
J= 50 29.14 15.12 2.28 0
J= 75 45.00 28.52 6.38 0.02
J= 100 54.08 37.70 11.10 0.02

Table 4.1: Size of CLM (in percentage) when error terms are generated from a
normal distribution

α = 0.1 α = 0.05 α = 0.01 α = 0.0001

I = 5 T=7 J= 25 13.28 7.52 2.52 0.08
J= 50 11.10 6.00 1.64 0.14
J= 75 10.82 5.30 1.42 0.10
J= 100 11.18 5.76 1.24 0.08

I = 7 T = 7 J= 25 10.3 4.98 1.10 0.02
J= 50 9.64 4.54 1.10 0
J= 75 10.66 5.14 0.94 0.02
J= 100 9.92 4.86 0.88 0

I = 9 T = 7 J= 25 14.54 6.20 0.66 0
J= 50 28.36 14.28 2.06 0
J= 75 41.52 26.68 6.28 0
J= 100 50.98 35.54 10.28 0.02

Table 4.2: Size of CLM (in percentage) when error terms are generated from a
t-distribution
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α = 0.1 α = 0.05 α = 0.01 α = 0.0001

I = 5 T=7 J= 25 13.04 8.24 3.00 0.04
J= 50 10.42 5.82 2.02 0.04
J= 75 11.24 5.76 1.44 0.10
J= 100 10.92 5.32 1.22 0.06

I = 7 T = 7 J= 25 10.94 5.24 1.1 0
J= 50 10.82 5.48 1.32 0.04
J= 75 10.54 4.82 1.02 0
J= 100 10.16 4.80 0.84 0

I = 9 T = 7 J= 25 15.24 6.26 0.72 0
J= 50 27.14 14.10 2.22 0
J= 75 42.44 26.54 6.12 0
J= 100 53.40 36.52 10.92 0.02

Table 4.3: Size of CLM (in percentage) when error terms are generated from a
chi-square distribution



65

(a
)

I=
5,

J=
25

,T
=

7
(b

)
I=

5,
J=

50
,T

=
7

(c
)

I=
5,

J=
75

,T
=

7
(d

)
I=

5,
J=

10
0,

T
=

7

Fi
gu

re
4.

1:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
no

rm
al

di
st

rib
ut

io
n.



66

(a
)

I=
7,

J=
25

,T
=

7
(b

)
I=

7,
J=

50
,T

=
7

(c
)

I=
7,

J=
75

,T
=

7
(d

)
I=

7,
J=

10
0,

T
=

7

Fi
gu

re
4.

2:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
no

rm
al

di
st

rib
ut

io
n.



67

(a
)

I=
9,

J=
25

,T
=

7
(b

)
I=

9,
J=

50
,T

=
7

(c
)

I=
9,

J=
75

,T
=

7
(d

)
I=

9,
J=

10
0,

T
=

7

Fi
gu

re
4.

3:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
no

rm
al

di
st

rib
ut

io
n.



68

(a
)

I=
5,

J=
25

,T
=

7
(b

)
I=

5,
J=

50
,T

=
7

(c
)

I=
5,

J=
75

,T
=

7
(d

)
I=

5,
J=

10
0,

T
=

7

Fi
gu

re
4.

4:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
t-d

ist
rib

ut
io

n
w

ith
fiv

e
de

gr
ee

s
of

fre
ed

om
.



69

(a
)

I=
7,

J=
25

,T
=

7
(b

)
I=

7,
J=

50
,T

=
7

(c
)

I=
7,

J=
75

,T
=

7
(d

)
I=

7,
J=

10
0,

T
=

7

Fi
gu

re
4.

5:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
t-d

ist
rib

ut
io

n
w

ith
fiv

e
de

gr
ee

s
of

fre
ed

om
.



70

(a
)

I=
9,

J=
25

,T
=

7
(b

)
I=

9,
J=

50
,T

=
7

(c
)

I=
9,

J=
75

,T
=

7
(d

)
I=

9,
J=

10
0,

T
=

7

Fi
gu

re
4.

6:
R

an
ge

s
of

st
at

ist
ic

s
w

ith
re

sp
ec

t
to

st
an

da
rd

no
rm

al
va

lu
e

w
he

n
er

ro
r

di
st

rib
ut

ed
by

a
t-d

ist
rib

ut
io

n
w

ith
fiv

e
de

gr
ee

s
of

fre
ed

om
.



71

(a
)

I=
5,

J=
25

,T
=

7
(b

)
I=

5,
J=

50
,T

=
7

(c
)

I=
5,

J=
75

,T
=

7
(d

)
I=

5,
J=

10
0,

T
=

7

Fi
gu

re
4.

7:
R

an
ge

so
fs

ta
tis

tic
sw

ith
re

sp
ec

tt
o

st
an

da
rd

no
rm

al
va

lu
ew

he
n

er
ro

rd
ist

rib
ut

ed
by

a
ce

nt
er

ed
ch

i-s
qu

ar
ed

ist
rib

ut
io

n
w

ith
fo

ur
de

gr
ee

s
of

fre
ed

om
.



72

(a
)

I=
7,

J=
25

,T
=

7
(b

)
I=

7,
J=

50
,T

=
7

(c
)

I=
7,

J=
75

,T
=

7
(d

)
I=

7,
J=

10
0,

T
=

7

Fi
gu

re
4.

8:
R

an
ge

so
fs

ta
tis

tic
sw

ith
re

sp
ec

tt
o

st
an

da
rd

no
rm

al
va

lu
ew

he
n

er
ro

rd
ist

rib
ut

ed
by

a
ce

nt
er

ed
ch

i-s
qu

ar
ed

ist
rib

ut
io

n
w

ith
fo

ur
de

gr
ee

s
of

fre
ed

om
.



73

(a
)

I=
9,

J=
25

,T
=

7
(b

)
I=

9,
J=

50
,T

=
7

(c
)

I=
9,

J=
75

,T
=

7
(d

)
I=

9,
J=

10
0,

T
=

7

Fi
gu

re
4.

9:
R

an
ge

so
fs

ta
tis

tic
sw

ith
re

sp
ec

tt
o

st
an

da
rd

no
rm

al
va

lu
ew

he
n

er
ro

rd
ist

rib
ut

ed
by

a
ce

nt
er

ed
ch

i-s
qu

ar
ed

ist
rib

ut
io

n
w

ith
fo

ur
de

gr
ee

s
of

fre
ed

om
.



CHAPTER V

CONCLUSIONS

In this thesis, we have constructed a test for slope heterogeneity in three-dimensional

panel data model based on a conditional Lagrange multiplier test. The advantage

of our test is more available and important in applications for multi-dimensional

panel data. From the simulation results in Tables 4.1 - 4.3, the size of CLM do

not continuously decrease when J → ∞. When J = 100, it may be not large

enough to draw conclusions how effective the approach will be. Therefore, we

added experiments with J = 200 when I = 5, T = 7 for all error distributions.

The results of this experiment as follows. When error terms are generated from a

normal distribution, a t-distribution and a chi-squared distribution for significant

level 0.05, the size (in percentage) is 5.76%, 5.60%, and 5.78%, respectively. In

conclusions, the size of CLM is generally conservative when J → ∞ for all error

distributions and all tests with the exception when level of factor 1 is greater than

the level of time index. Moreover, our test does not require large I and T . Even

though, we do not have a real data applications in this thesis. We hope that the

test may be applicable to some applications in the future work, for example, a real

data application could be a two-way ANOVA with time series data available for

applications in the timeline of thesis.
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