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## 4582306126 :  MAJOR STATISTICS
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PHATCHARIPHON PHROMMAT : PARAMETER ESTIMATION IN SIMPLE LINEAR
REGRESSION OF LONGITUDINAL DATA. THESIS ADVISOR : ASSOCIATE
PROFESSOR. SUPOL DURONGWATTANA Ph.D., 123 pp. ISBN 974-17-6805-2.

The objective of this study is to compare the value of the parameter in simple linear regression of
longitudinal data when errors follow a first-order autoregressive process ,with the Two - Stage Estimation (TS)
and Maximum Likelihood Estimation (MLE). The study is compared under the terms of the value of
autoregressive of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 and 0.9 with the sample sizes of 20, 30, 40, 50 and 60. The
periods of data collection for replicate are 3, 6 and 12. The data are simulated by Monte Carlo technique with
S-Plus 2000 program and repeated 500 times for each situation to calculate for Root Mean Square Error
(RMSE).

The conclusions of this study are as follows :

In the case of low autoregressive level (0.1 to 0.3) the Maximum Likelihood estimator , set
RMSE to the minimum in all sample size and all periods of data collection for replicate.

In the case of medium autoregressive level (0.4 to 0.6) majority the Maximum Likelihood
estimator , set RMSE to the minimum in all sample size and all periods of data collection for replicate except
at autoregressive are 0.6, periods of data collection for replicate are 12 and sample size are 40 and 50 the
Two - Stage estimator set RMSE to the mmimum.

In the case of = high autoregressive level (0.7 to 0.9) majority the Maximum Likelihood estimator ,
set RMSE to the minimum at periods of data collection for replicate are 3 and 6 in all sample size except at
autoregressive are 0.9, the periods of data collection for replicate are 6-and sample size are 30, 40, 50 and 60
and the periods of data collection for replicate are 12 in all high autoregressive level and all sample size the
Two - Stage estimator set RMSE to the minimum.

When considering factor effecting ,it is found that the RMSE directly the autoregressive but
inversely effects by sample size and periods of data collection for replicate. This means that the errors from
estimation ;are higher when the autoregressive increasing or sample size and periods of data collection for
replicate decreasing. Maximum Likelihood estimator and Two - Stage estimator are not different in RMSE.
Therefore, we can use Two - Stage estimation instead of Maximum Likelihood estimation. As the latter
approach requires probability density function but the first approach does not. In practical, it is convenient to

use Two — Stage estimation rather than Maximum Likelihood estimation.

Department Statistics Student’s SIZNATULE .......cceeoeeuiririrerieeiesereeee e

Field of study Statistics AdVISOI’S SIGNATULE. .. ...cueriirerereiririreereeterereeeereeeeseseerereveaenes
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2) msdszanamalsnnumseniugiga (Maximum Likelihood Estimation :

MLE)
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MANUHIN D

Tlsunsunl¥lumsdae

¢ireenaldsunsy S-Plus 2000 @ wmsumsiszanaminsimes luaumsonooes uduaes

Nevesveyaszeze iennuAMANAUIDAIAREHENNUSOUN LTINS

n 20

p 3

rho 0.1

mean_10

var_4

betal 1

round_500

sum.TS array(0,dim=c(1,1))

sum.MLE _array(0,dim=c(1,1))

#i##  Normal Function — ####H#
Seed 16807
Rnd <- function(seed)
{

a 75

m_(2731)-1

x1_(a*Seed) %% m

z x1/m

assign("Seed",x1,where=1)

return(z)
H
Normal <- function(mean,var)
{
repeat{

ul Rnd(seed)

u2_ Rnd(seed)



vl 2*ul-1

v2 2*u2-1

s (VIM2)+H(v272)

if (s <=1) break }
z1 sqrt(-2*log(s)/s)*v1
72 sqrt(-2*log(s)/s)*v2
x_z1*sqrt(var)+mean
y_z2*sqrt(var)+mean

return(x)

HHHHH Fixed HHHHHH

#HiH#  Parameter  ##HHH
gamma_array(,dim=c(n,1))
for Gin 1:n)
{

gammal[i,] 1
H
gammai matrix(gamma,n, 1)
beta_array(,dim=c((n+1),1))

beta_rbind(gammai,betal)

H#HH#H  Generate x.. #iH##H#
x_array(,dim=c(n*p,1))
for (i-in1:(n*p))
{
x[i,] Normal(mean,var)
H
x1_array(0, dim = c((n*p),n))
k 0
for(iin 1:n)

for (j in 1:p)
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K k+1
x1[k,i] 1
H
x.matrix_array(,dim=c((n*p),(n+1)))

x.matrix_cbind(x1,x)

HiH#E - Start Loop  ##HHHH#HHE

for(l in 1:round)

{

i OLS  #Ht
#i##H#  Generate Error  #H##
u_array(,dim=c(n*p,1))
error_array(,dim=c(n*p,1))
for (i in 1:(n*p))
{
uli,] Normal(0,var)
H
k 0
for(iin 1:n)
for(j in 1:p)
{
k k+1
ifj==1)
error[k] u[k]
else
error[k] (rho*error[k-1])+u[k]
H
T y real  #H#H#H#H

y_array(,dim=c(n*p,1))

y_((x.matrix%*%beta)+error)
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betahat ginverse(t(x.matrix)%*%x.matrix)%*%(t(x.matrix)%*%y)
errorhat_y-(x.matrix%*%betahat)
errorhat.t_array(,dim=c(n*(p-1),1))
k 0
w_0
for (iin 1:n)

for(j in 1:p)

{k_k+1

if (k==(-1)*p+1)

remove.row(errorhat,(i-1)*p+1,1)

else
{
w_wtl
errorhat.t[w] errorhat[k]
H
H
errorhat.tl_array(,dim=c(n*(p-1),1))
k0
w_0

for Gin 1:n)
for(j in 1:p)
{k_k+1
if (k= =i*p)
remove.row(errorhat,i*p,1)

else

w_w+l

errorhat.t1[w] errorhat[k]

}

rhohat_(sum(t(errorhat.t1)%*%errorhat.t))/(sum(errorhat.t1°2))
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#i###E  Two - Stage Estimation  ###HHHH

vi.TS array(,dim=c(p,p))
for (iin 1:p)
for(j in 1:p)
{
sum 0
for(1 in 0:(min(i,j)-1))
sum_sum-+rhohat"(2*1)
vi.TS[i,j]_rhohat"abs(i-j)*sum
H
v.TS array(0,dim=c((n*p),(n*p)))
w_0
k 0
for (i in 1:(n*p))

{
k k+1
if(k>p)
{
k 1
W_wHp
}
for (j in 1:p)
{
v.TS[i,G+w)]_vi.TS[k.j]
}
}

vinverse.TS_ginverse(v.TS)

betahat. TS (ginverse(t(x.matrix)%*%vinverse.TS%*%x.matrix))%*%(t(x.matrix)%*%vinverse.

TS%*%y)

#i### vy Forcast ##HH#

yhat. TS x.matrix%*%betahat. TS



k 0
for (i in 1:(n*p))
{
k k+1
ydiff TS[i]_(y[il-yhat. TS[il)*2

sum. TS sum.TS+ydiff. TS[k]

#i##H#H#H#  Maximum Likelihood Estimation

pl_array(,dim=c(n,1))
p2_array(,dim=c(n,1))
p3_array(,dim=c(n,1))
for(iin 1:n)
for(j in 1:p)
{
k k+1
if(j==1)
{

HEHERH
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else
{
¢ ctl
p3[c]_ylk]
H

HHHH#E  p=3 H#Hi#HH#
matrix.p3_cbind(p1,p2,p3)
cov.p3_var(matrix.p3)
s_array(,dim=c(p,p))
k 0
for(i in 1:p)
for(j in 1:p)
{
k k+1
s[k]_cov.p3[i,j]
H
rhohat MLE (s[2]+s[4]+s[6]+s[8D/(2*(s[1]+s[5]))
varhat MLE_((1+rhohat. MLE”2)*s[1]-rhohat. MLE*s[2]-
rhohat. MLE*s[4]+(1-+rhohat. MLE"2)*s[5]-
rhohat. MLE*s[6]+rhohat. MLE*s[8]+s[9])/3
vi.MLE_array(,dim=c(p,p))
for (i in 1:p)
for(j in 1:p)
{ sum 0
for(l in 0:(min(i,j)-1))
sum_sum-+rhohat. MLE~(2*1)

vi.MLE[i,j] rhohat MLE"abs(i-j)*sum
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v.MLE array(0,dim=c((n*p),(n*p)))
w_0
k 0

for (i in 1:(n*p))

{
k k+1
if(k>p)
{
k 1
W_witp
}
for (j in 1:p)
{
v.MLE[i,(j+w)]_ vi.MLE[k.j]
H
H

sigmahat.inverse ginverse(varhat MLE*v.MLE)
betahat MLE ginverse(t(x.matrix)%*%sigmahat.inverse%*%x.matrix)%*%(t(x.matrix)%*%

sigmahat.inverse%*%y)

#HiH#H  y Forcast  #iHHH

yhat MLE x.matrix%*%betahat. MLE

k 0
for (i in 1:(n*p))
{
k k+1
ydift MLE[i] (y[il-yhat MLE[i])*2

sum.MLE_sum.MLE+ydiff. MLE[K]

} ( End Loop )
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#it#H##  RMSE  ##H#H#
rmse.TS_sqrt(sum. TS/(n*p*round))

rmse.MLE_sqrt(sum.MLE/(n*p*round))

print(rmse.TS)

print(rmse.MLE)
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tr (ZAZTS) =

(1+p?)sl ps4 ) psl (1+p?)s4 ps7
(T el )

o’ 2 2

9) ()
+(2p (1+p?)-p(3p? +1))£ pGS4+Z7] (1- )((1+§)sz p525]

(@)

952 (1+p?)s5 s8
+(—p+2p(1+p*) - p(3p? +1))( . _P2
(5 (e} o
s5 s8
b (=2 p%+ (1492) (8p21) - p (493 +2p))( S +sz
(1+p°)s8 986 ps3 (14p?)s6  ps9
Pl 2 +(1+p?) | - ) _pS
(¢} G G c
+(-p(3p*+1)+4p° +2p)( p56+32j
(0} Q
unuaasluaums alnL = nptr(g-l/l) ptr(Z‘lAz‘ls) 221
op 2 2
1 1+ p?)sl 4
dL_rho :==np| 2p(1+p?)+2p(3p°+1)-4p°—p (1+p%)s _pS
2 G2 o2
sl (1+p?)s4 s7
+(1—pz)[—p2 ! pz) sz
c c

(&)
+(2p (14 p*) - p(3p? +1))( p04+z72] (1- )((1+::)32 pSZSJ

(¢}
s2 (L+ p2)s5 s8
+(=p+2p(1+p%) - p(3p° +1))( pG ( cfz) —pczj

F(2p2+ (14 p?) (3p2+1)—p (4p° +2p))( pfﬁij

o
(1+p?)s3 _psb ps3 (1+p?)s6  ps9
d &) )

o’ o2 o2

+(-p(3p*+1)+4p° +2p)( 956+392D
() (@)
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angil1diilu

np (—2psl+s2+s4—-2ps5+s6+s8)
RI := 202

o 1w 4 ' ~ <
fualdaumsminuguéee ldanlszinaves p iy

AONUUINYUINNS )
RN ITNINENAY
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dd’ d‘ o [~ Y : V' v
NIUNITHLIANNMNSNVUBNATUNINY 6 AIVLIAN

NV o=

[1,p,0% 0% 0" P

[p,1+p%, p(1+p%), p* (1+p?), p*(1+p%), p* (1+p?)]

[p?, p(1+p%), 1+ p"+p*, p(1+p°+p*), p* (1+p*+p*), p° (14 p*+pY)]
[p°, p? (1+p%), p(1+p*+p%), 1+ p?+p*+p°, p(1+p°+p*+p°),

P> (1+p?+p*+p%)]

[p*, p* (1+p?), p* (1+p*+p%), p(L+ p*+p*+p°), 1+ p°+p*+p°+p°,
p(1+p*+p*+p°+p%)]

[p°, p* (1+p%), PP (1+p°+p"), p° (L+p°+p" + %), p(1+p*+p*+p°+p?)
J 1+ p2+ pt+ pb+ p8 4+ pt?]

[62,6%p,0%p2, 6 p%so2pt, 62 p°]
[6%p,c?(1+p%), 0% p(l+p®), c”p*(1+p?), 0’ p° (1+p%), 0 p* (1+p?)]
[0%p?, o p(1+p?), 0°(L+p*+p*), 0% p(l+p°+p*), o° p* (1+p°+p%),
o’ p3(1+ p?+p*
[Gzpp?‘(,crziz(fjgﬂ),Gzp(1+p2+p4),02(1+p2+p4+p6).

o’ p(1+p?+ p*+p°), 6? p? (1 + p°+ p* + p°)]

[o%p*, o®p® (14+p%), 0° p? (1 +p*+p*), o° p(1+ p?+ p*+ p°),

o’ (L+p*+p*+p°+p°), 0° p(1+p?+p*+p°+p?)]

[6%p°, o p* (1+p?),0° p° (1+p*+p*), 0° p? (1+p°+p*+0°),

o’ p(1+p?+p*+p°+p®), o (1 +p? + p* + p®+ p° + p)]



nazez 1

tr(ZV) =

P
c
1+p P
o? o?
P 1+ p?
c o?
p
0 L
o2
0 0
0 0

QN"O

o

P
1+p* _2p° (1+p%) _ 2pp(l+p?) & (1+p?) (1+p+p?)

o? o? o’

_2pp(L+p*+pf)  (L4p*) (L+pS+p*+p°) 2pp(L+p’+p+p®)

o

2

()
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62

(¢}
L (+p*) (Trp®+p'+p°+p°) 2pp(L+p’+p'+p°+p°)

62

N l+p2+p4+p6+p8+p10

62

o 1 a L4 1 (9 1 I~
Mruan a3 ngaNuulssius mvesdrosily

sl
s7
s13
s19
$25
s31

s2

s8
sl4
s20
S26
s32

s3
s9
s15
s21
s27
s33

s4
s10
516
S22
528
s34

s5
sl1
sl7
s23
s29
s35

S6 ]
s12
s18
s24
s30

s36

GZ
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wld  tr(EVvEls) =

2 2 2 2 2

pp(l+p?+p*+p%) N p? (1+ p?+p*+p°) p s18 . (1+p?)s24  ps30
c c c c c

+( pp(l+p2+p4+p6+p8)+1+p2+p4+p6+p8+ploj( p s30 S36j+

+
GZ 02 02 GZ
p(L+p°+p*+p°+p’) p(1+p*+p+p°+p°)
GZ GZ
ps24  (1+p?)s30 ps36 1+p% p?\((1+p?)sl ps7
ol i o? o’ y o2 o o? e
(L+p*)p° pp(l+p?)\( pST  (1+p°)sl3 psl9
" 02 - 02 h 02 i 02 B 02
(P (+p)p o p((1+p%)s2 psB
(52 (52 (52 62 GZ
2
P> (L+p?) pp(l+p®) |( ps2 (1+p°)s8 psld
-2t 4 4 2 R Ny 2 P
(¢) o (o) (0} (o) (e}
PP (A+p’)p(l+p°) p(L+p*+p*)\( ps8 (1+p°)sld ps20
_?Jr o? N o? s i o? o2
4 2\2 2 2 4 2
p-  (1+p°) p. pp(l+p +p7) psld (1+p°)s20 ps26
o2t 2 A 2 \ W 2 T2
() () (¢ (e) (¢) (e)
2
P> (1+p%) P2 p(1+p%+ph) ps20 (1+p?)s26 ps32
o2t 2 = 2 - 2 7 2 T2
(¢) (¢) (@) (e (e (e
2
P (+p%) p* p'(14p°+p’) |( ps26  s32
- 27 2 — 2 gt 7
(e) (e O (8) ()
2 (1+pH)p? p*\((1+p?)s3 s9
o2 .
() (0} o (¢) (¢
_(@+p%)p  (1p)p(1+p%)  (1+p%)p
02 02 02
s3 0 (L+p?)s9 s15
_sz o\ 52) _pcyz j+
L PR(TH %) | (1+4P%) (1 pt4p") ~ pp(L pp)
(52 02 (52
ps9 (1+p?)sl5 ps21
- (52 " 0'2 B 0'2
C(@+p%)pt  (L+p")p(L+p°+pY) p(1+p°+p'+p°)
02 02 GZ
psls  (1+p?)s21 ps27
N 2 T 2 N 2 |7

(&) (&) (&)
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2 2 2

C(@+p%)pt  (L+p%) P (L+p+p") pp(1+p2+p“+p6)J
(¢) (¢) (¢)

ps21 ) (1+p?)s27 ps33

02 GZ 02
(1+p%)p° (1+p)p¥(L+p%+p") PP (L+p*+p*+p%)
B 02 * (52 B 02

2 + 2 2 2 2 2 2

_p827 s33 . _p73+(1+p2)p3_p75 (1+p2)s4_p810
c c c c c c c

2 2 2 2 2 2

2
L _pp(ep®) (1+p) p? (A+p°)p"|( ps4 (1+p°)sl0 psl6
(e) (e) (e) (¢ (e) (e)

+[ p(1+pz+p4)+(1+pz)p(1+p2+p4) pS(1+p2+p4)j

GZ (52 GZ
s10 1+ p?)s16 522
_pG2 L [;2) _sz J+
pp(l+p®+ph) (L4p®)(L+p°+p*+p°®) pp(l+p®+p*+p?)
- 02 4 (52 n 0'2
s16  (1+p?)s22 s28
_pc2 L f;z) _pG2 ]+
PP (L+p’+pY) (@4 p) p(lkpiHptHp%)  p(1+p*+p+p°+p7)
(52 ('52 (52
$22 1+ p?) s28 s34
_pG2 L zz) _962 J+
P (L4p’+pY)  (LpT)pt(L4pi+pt+p?) pp(l+p®+ptsp®+p’)
(52 (52 (52
p328+ﬁ ) ﬁ+(1+p2)p4 PP ((L+p*)s5 psll
Gz 02 02 02 02 02 Gz
2
(1+p%)p° (1+p%) p° (1+p%)p° ps5 (L+p%)sll psi7
- 2 + 2 - 2 -2 7 2 T2
(e) (e} (e} (e} (e} (e}
pp(l+p®+p*)  (L+p)p2(L+p*+p") p(L+p*+p?)
- 2 ke 2 B 2
() () ()
s11 1.+ p2)sl? 523
_pc2 ) £ ZZ) _p02 J+
p(L+p*+p*+p%) (L+p*)p(l+p*+p*+p%) p*(1+p°+p*+p°)
- 02 - 02 B 02

2 2 2 2

pSl7+(1+p2)523 p $29 N pp(1+p2+p4+p6)
c c c c
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L (") (L p"+pt+p°+p°) pp(l+p2+p4+p6+98)]

02 02
ps23  (1+p?)s29 ps35 p3(1+p%+p*+p°)
2 * o2 2 - G2
+(1+pz)p(1+pz+p“+ps+p8)_p(1+pz+p“+p6+pg+p“’)]
2 2
(¢} (¢}

ps29 s35
T o o

unuaadluaums oln L —%tr(Z‘lv) o n—zptr(Z‘1V 2‘18) R )

2
00;

o’ o’

1 1 2 4 6 21 2 4 6
dL_var::an[(_PP( #p° 40"+ p°)  pi(l+pitp +p)j

(52 (52 y (52 (52 N (52 GZ - GZ
_(A+p") (1+p%+p" +0°)  2pp(1+p°+pt+p°+p°)

o’ o?

(1+p%) (L+p*+p*+p°+p%)  (1+p%) (1+p*+p?)
- 02 = 02

2pp(L+p*+p"+p°%) 2pp(l+p’+p*) 1+p°+p'+p°+p°+p"
" GZ Z 62 B 02

(p518+(1+p2)524 pS30J+2pp(1+p2) 1+pz+2p2 (1+p2)2

+
GZ 02 62 Gz

( p(L+p°+pi+p’+p’) (1+pz+p4+p6+98)]

2 G2

[p824 (1+ p?)s30 pS36j+(1+p2 pZJ[(1+p2)Sl ps7j
¢ Y
(¢}

[ pp(lep?+pi+p +p) 1+p2+p4+p6+p8+ploj( p s30 536]4_

o’ o’ o? o? c?

L[((A+p9)p? pp(l+pz)M_ps7+(1+pz)Sl3 psl9j

o4 o? o’ o’ c?

Cp (AP psj((lwz)sz p58j

c® c? o? o? o?

(&) 02 02 02 02 Gz

2
_ﬁ+ (1+p?) B pp(l+p2)}(_p32+ (1+p?)s8 9514]+
2

2 2 2 2 2 2

P, (A+p)p(1+p?) p(l+p’+pY))(_ps8 (1+p”)sl4 ps20
(e) (e) (e) (e) (e) (e)
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(&) (&)

t (14 p2) p? 14 p24p* 14 (1+p%)s20 ps26
P (1+p%) p° pp(l+p+p7) ps (1+p°)s ps
L 2 N 2 N 2 T 2 N 2
(¢) (¢) (¢} (¢} (¢} (¢}
2
p> (1+p%) p* pP3(1+p%+pY) ps20  (1+p?)s26 ps32
o 2" 2 N 2 R R 2 TL2
() () (6} (e} (e} (e}
2
pi6 (1+p%) p* p*(1+p%+pY) ps26 s32
+ 2t 2 - 2 - > T
(¢) (¢) (¢} (¢) (¢)
2 (1+p%)p% p* 1+ p?)s3 s9
. %+( pz)p_pzj[( pz) _pzj+
(¢) (¢} (¢} (¢} (¢}
_(+p%)p  (1+pY)p(l+p?) | (1+p%)p°
(52 (52 (52
ps3 (1+p?)s9 psi5
B 02 * 02 - GZ
_pp(+pY)  (L#p)(A+p°+pY)  pp(l+p+p)
62 02 02
ps9 (1+p?)si5  ps21
B Gz " 62 4 62
_(@+p%)pt (L p )p(L+p +pY) p(l+p°+p'+p°)
02 ()'2 (52
psl5  (1+p?)s2l = ps27
B Gz " 02 - 62
_(@+p%)pt  (L+p%)p (LrpT4pf) pp(l+p’+pi+p’)
02 GZ 02
ps21  (1+p?)s27 ps33
- 2 T 2 — 2
(¢) (¢} (¢}
_(@+p)p* (A+p7)p (L+p°+pY) P (1+p°+p'+p°)
02 (52 02
psS27  s33 PP (1+p)p® P°N\((1+p?)s4 psil0
R R G | R R

2
+[ pp(lep?) (1+97)p7 <1+p2)p4J( pst (L+p*)sl0 ps16]

02 02 02 02 02 02
p(L+p2+p?) (@+pY)p(l+p®+p*) /p%(1+p7+p?)
- 2 + 2 - 2
(e} (e} (e}
psl0  (1+p?)sl6 ps22
2 + o2 2 +

o? o? o?

[_ pp(l+p®+p)  (1+p°)(1+p*+p"+p°) pp(1+pz+p4+ps)]
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o? o? o?

p*(1+p*+p")  (L+p°)p(L+p°+p*+p°) p(1+pz+p4+p6+p8)]
2 2 2
(¢) (¢}

s16 (14 p?)s22 s28
_psl6  (1+pT)s22 p ]+

(&)

22 (1+p?)s28 34
_ps22  (1+p7)s28 ps J+

c? c? c?

pt(L+p*+p") (L+pY)p*(L+p*+p"+p%) pp(l+p®+p*+p°+p?)
- (52 - 02 B (52

_ ps28 S34]+(_p4+ (1+p2)p4_pG]((l+p2)85_ psllJ

+
Gz 02 Gz (52 02 02 Gz

c° c’ o’ c° c? c?

2
+[ (1+p2)p3+(1+p2) p° (1+p2)p5]( 985+(1+pz)511 psl7j
+[ pp(l+pz+p4)+(1+p2)p2(1+pz+p4) p4(1+pz+p4)J

c? o? c?

s11 1+ p?) s17 s23
_psil  (1+p%)s17 7 p j+

c? o2 o?

_p(L+pt+ptep®) | (L+pT)p(L+p +p*4p®) p’(1+p*+p"+p°)
02 62 02

psl?7 (1+p?)s23 ps29 pp(1+p%+p*+p®)
Tz T o R o2
+(1+pz)(1+pz+p“+p6+p8)_pp(1+pz+p4+p‘3+pg)J
2 2
c c

o 02 02 62

L (%) p(L+p*+p +p°+p%) p(1+pz+p4+p6+ps+pl°)j
2 2
(e) (e

ps29 s35
T Lo

( p823+(1+p2)529 p835j+[ P (1+p%+p*+p°)
- 1 b

angy/ Iy

RO :=

[np (=6c%+ (1+p?)sl—ps2—ps7+(1+p?)s8—ps9—psld+(1+p?)si5
—psl6 —ps2l + (1+p?)s22 —ps23 — ps28 + (1 + p?)s29 — ps30 — p s35
+536) / (26%)]
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o 1w 4 1 A~ I
sualdaumaminuguéee laalszanmves 62 1ilu

RO :={co%=
(1+p*)sl ps2 ps? (1+p?)s8 ps9 psld  (1+p?)sl5  psl6
6 6 6 6 6 6 6 6
p521+(l+p2)822 ps23  ps28 (1+p?)s29 ps30 ps35  s36
6 6 6 6 6 6 6 6
}
1 0 0 0.0 0
= 19 0= 0
y
o i P I
p P’ p 1 00
671033 P\ R IN0
P pt P PP op 1
[Aip p? pd p* P
0.1 p p? p° p
T JO0 1 pop* P
U0 0o p°
00 0 0 1 p
——o—o—o—=
Lﬁa Yfza—T
ap
O 0 /0  0/0 0
1 0 0 0 00
W N 2p 1 0 0O 0 O
3p2 2p 1 0 0 O
4p° 3p2 2p 1 0 O
5p* 4p° 3p® 2p 1 0]
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0 1 2p 3p> 4p° 5p7]
0 0 1 2p 3p? 4p°
- (00 O 1 2p 3p°
00 0 0 1 2p
0 0 O 0 0 1
0 0 0 0 0 |

mn A = (YT +TY)

[0,06%,26%p,306%p?, 46°p®,50°p]
[62,26%p,0%(3p*+1),0%(4p°+2p),c(5p*+3p?),c2(6p°+4p%)]
[26%p,0%(3p?+1),0%(4p2+2p), 6% (5p*+3p*+1),
c?(6p°+4p3+2p),0%(7Tp°+5p*+3p?)]
[3c%p?,c2(4p3+2p),c2(5p*+3p°+1),6°(6p°+4p3+2p),
o?(7p%+5p*+3p?+1),6°(8p ' +6p°+4p°+2p)]
[46%p%,62(5p*+3p?),c?(6p°+4p+2p), 0 (7Tp+5p*+3p2+1),
G’ (8p +6p°+4p3+2p),c?(9p°+7p%+5p*+3p2+1)]

[56%p*, 62(6p°+4p3),c?(7Tp°+5p*+3p?),c?(8p'+6p°+4p3+2p),
o2 (9p8+7pP+5p*+3p°+1),0%(10p°+8p ' +6p°+4p°+2p)]

uazaz la

tr ('A) :=

2p (2+p2)=2p(3p*+1)+(L+p?) (4p°+2p) = 2p(5p? +3p°+1)
+(1+p))(6p°+4p°+2p)=2p(7p°+5p*+3p2+1)
+(1+pz)(8p7+6p5+4p3+2p)—2p(9p8+7p6+5p4+3p2+1)+10p9
+8p ' +6p°+4p°
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tr (Z7AZ'S) =

2 N 2

sl (1+p?)s7 psl3
(1-p0) (- 0 BT 053]
(e} o G

s7, (1+p°)s138  pslo
+(2p(1+p*)-p(3p° +1))( P pz P : j
G o o
s13  (1+p?)s19 25
+(3PZ(1+92)—p(4pg+20))[_p 2 L) e ]
(e) o o1
s19 (1+p°)s25 ps3l
+(4p2(1+p)-p(5p? +3p))( P ( PZ) P : j
G o o
p825 s31 (1+p?)sl  ps7
+(5p*(1+p%)-p(6p° +4p))( +2]—p( P2 e
G o o c
(1+p)82 p S8
+(1-p?) :
o? (0]
s2. (L+p*)s8 psl4
+(-p+2p (1+p%) —p (3p +1))( pc RN 52) _poz ]

s8 (1+p?)si4 s20
+(=2p%+ (1+p?) (3p2+1)—p(4p3+2p)) _pG L PZ) _ P2 j

G c
+(-3p°+ (1+p?) (4p°+2p) ~p(5p" +3p+1))
(_p814+(1+p2)320_p326J+

GZ GZ 62

(<4 p*+ (1+p?) (5p*+8p%) —p (6p°+4 p*+2p))
[ ps20  (1+p®)s26 pS32j

c? o2 —-

ps26 s32
+(—5p5+(1+p2)(6p5+4p3)_p(7p6+5p4+3p2))[_ 62 +?

(1+p°)s3 ps9
+(_p+29(1+P2)—3p3)( 2. B2

2

(2% (1497 (3p°+1) - P(4p+2p))[ pcss (1+§2)Sg‘p25]
+(2p (3 P2+ L)+ (1+p2) (B p%+2p) = p(5p"+3p?+1))
(_939+(1+p2)815 ;)321]+

(e} 2 02 02

(-p(4p°+2p)+(1+p*) (5p*+3p*+1)—p(6p°+4p°+2p))
[ psi5 (1+p?)s21 p527j+

(52 (52 (52

(-p(5p*+3p*)+(L+p?)(6p°+4p*+2p)—p(7p°+5p*+3p°+1))
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s21  (1+ p?)s27 s33
(_p L (+pi)s2t p J+

o? o? o?

(-p(6p°+4p°)+(1+p*) (Tp°+5p*+3p°)—p(8p"+6p°+4p°+2p))

s27 33 1+ p?)s4 s10
(—pz+2J+(—292+3p2(1+pz)—4p4)[( +p2) -2 ]
(e} (o) () (o)
(1+p?)s5 psill
+(=3p°+4p°(1+p?)-5p°) SR b

(-p(4p°+2p)+(1+p?) (5p*+3p?)—p (6p°+4p?))
[ p s5 .\ (1+ p?)sil pSl7J+

o? o? o?

(-p(5p*+3p°+1)+ (L+p?) (6p>+4p>+2p)—p (7p°+5p*+3p?))
_psll .\ (1+p?)s17  ps23

. . . |+ (—p(6p>+4p°+2p)
(¢} (@v (¢}

+(L+pH) (7p°+5p*+3p?+1)—p(8p' +6p°+4p3+2p))
psl?7  (1+p?)s23  ps29
T 2 2 +(—p(7p®+5p*+3p?+1)
+(1+p?)(8p 46p°+4p°+2p)—p(9p2+7p°+5p*+3p2+1))
p 23 . (1+p?)s29  ps35

. ) > [+ (P (8p"+6p°+4p°+2p)
(¢) (0) (e)

+(1+p)(9p8+7p%+5p*+3p2+1)-p(10p°+8p'+6p°+4p3+2p))
s29 s35 1+p?) s6 s12
(_p +]+p4(( NP~ SoNEE )

2 2 2 g

(e} o (0} (0}
ps6  (1+p?)sl2 psi8
+(—p(5p4+3p2)+6ps+4p3)(— T

o? o?

12 (1+p?)sl8 24
+(—p(6p5+4p3+2p)+7pG+594+3PZ)(‘psz PS8 _pS )

+(—p(7p6+5p4+3p2+1)+8p7+6p5+4p3+2p)
(_pslS ) (1+p%)s24 pS3OJ+

o? o? o?

(1-p(8p +6p°+4p>+2p)+9p8+7p%+5pt+3p?)
( p 524 . (1+p?)s30 pS36]+

o’ o’ o’

(<p(9p®+7p°+5p*+3p>+1)+10p°+8p ' +6p°+4p°+2p)
ps30 s36

(P R D () (4P 20) - p (50 3pY)
S

4 (1+p?)sl0 16
[_p L (1+p7)s10 ps J+

o? o? o?
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(-p(4p°+2p)+(1+p?) (B5p*+3p°+1)—p(6p°+4p>+2p))
[ple (1+ p?)s16 p822j+

c? c®

(-p(5p*+3p°+1)+ (1+p?) (6p°+4p°+2p)—p(7p°+5p*+3p°+1))
(psl6 (1+ p?)s22 pSZSJ

5 (-p(6p°+4p*+2p)
(e}

+(L+pY) (7p°+5p*+3p?+1)—p(8p'+6p°+4p3+2p))
(pSZZ (1+p?)s28 p834j
o

o2 (=p (7p°+5p*+3p?)

+(1+p)(8p +6p°+4p°+2p)=p(9p2+7p°+5p*+3p2+1))

( 528 s34]

unuaadluaus Ol 4 nptr(Z A) zptr(ElAZlS) 2 ld

op 2

dL_rho ::;np[Zp(3p2+1)—2p(l+p2)—493—695—897

—(1+p*)(4p°+2p)+2p(5p*+3p°+1) = (L+p°) (6p°+4p°+2p)
+2p(7p6+5p4+3p2+1)—(1+p2)(8p7+6p5+4p3+2p)
+2p(9p+7p%+5pt+3p?+1)-10p°

f(1- 2)( pSl (1+p?)s7 psl3)

c? o?

ps7 (1 +p?)sl3  pslo
(e) (e}

+(2p(1+p?)—p(3p° +1))( = . -

s13 (14 p?)s19 s25
+(392(1+pz)—p(4pS+2p))(_p . L pz) P : J
(o) o o)
19 (1+p?)s25 31
+(493(1+Pz)—9(5p4+3p2))[‘psz YA - 25 J
(¢} o c
s25 s3l (1+p?)sl s7
F(5p*(L+p?)= p(6p° +4p))( p +2)—p( P2 _PZJ
G o o o
(1+p)82 p S8
+(1-p?) 8
G (o)
2 (1+p?)s8 sl4
+(=p+2p(L+p*)-p(3p? +1))[ P +( Pz) _P . J
G o o
s8 (1+p?)sld s20
H(2ptH(L+pY) (3p7+ 1) —p (47 +2p))( e o ZZ) o )

+(=3p°+(1+p?)(4p°+2p)-p(5p*+3p*+1))
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2 2 2

sl4  (1+ p?)s20 26
(_p L (1+p7)s20 p J+
(¢) (¢) (¢)

(—4p"+(1+p*) (5p*+3p*)—p (6p°+4p°+2p))
( p 520 . (1+ p?)s26 pS32j

c® c® c®

ps26  s32
+(—5ps+(1+pz)(695+4p3)—p(7p6+5p4+3pz))[— 2t 2

(1+p?)s3  ps9
+(—p+29(1+p2)—3ps)[ 2 o

ps3 (1+p?)s9 psi5
(20t (Le Y Bt p (2o (12 BT EID P

(e}
+(—p (Bp?+ 1)+ (1+p*) (4p3+2p)—p(5p*+3p*+1))
(_pSQ ) (1+p*)s15 p821]+

o? o? o?

(-p(4p°+2p)+(1+p°) (5p"+3p°+1)=p(6p°+4p°+2p))
[ psi5 (14 p?)s21 p327]+

c® o’ o?

(-p(5p*+3p")+(L+p?)(6p°+4p°+2p)—p (7Tp°+5p*+3p*+1))
[ ps21 . (1+p?) 827 pS33]+

o? o’ c?

(-p(6p°+4p%)+ (L+p*)(7Tp°+5p*+3p°)—p(8p'+6p°+4p°+2p))

s27  s33 (1+p?)s4 s10
(—p . +Gz]+(—292+3p2(1+92)—4p4)( Pz P ]

() (&) (&)

(1+p?)s5 psill
- d

02

(—p(4p°+2p)+(1+p%) (5p*+3p*)—p(6p>+4p°))
( p s5 . (1+p?)sil p817j+

+(-3p*+4p°(1+p?)-5p°)

c? c? c?

(—p (5 p%+ 3p*+ 1) + (L:p?)A6 p° +4 p >+ 2p)=p(7 p°+ 5 p*+ 3 p?))
[ psll ) (14 p?)sl7 - ps23

= 2 2 ]+(—p(695+4p3+29)

+(1+p)) (7p°+5p*+3p2+1)-p(8p' +6p°+4p3+2p))

s17  (1+p?)s23  ps29
(_p , +( +p2) P . J+(—p(7p6+5p4+3p2+1)
(e}

c c
+(1+p)(8p +6p°+4p+2p)—p(9p2+7p°+5p*+3p2+1))

ps23  (1+p?)s29 ps35
[— >+ 5 B +(—p(8p ' +6p°+4p3+2p)

c c
+(1+p2)(9p8+7p6+5p4+3p2+l)—p(10p9+8p7+6p5+4p3+2p))
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2 2 2 2

29 s35 1+ p?)s6 12
(_ps +S]+p4[( +p7)s6  ps j
(¢} (e} (e} (e}

2 2

ps6  (1+p?)sl2 psi8
+(—p(5p4+3pz)+695+4p3)[— ot -

2 2

(@ (@)

s12  (1+p?)sl8 ps24
+(—p(6p5+4p3+2p)+7p6+5p4+3pz)[—p 5 +( e _P ]
c

+(—p(7p6+5p4+3p2+1)+8p7+6p5+4p3+2p)
psl8 .\ (1+ p?)s24 ps30j+

o? o? o?

(1-p(8p"+6p°+4p°+2p)+9p°+7p%+5p*+3p?)
_p824 N (1+ p?)s30 N pSSﬁjJr

c® o’ c®

(—p (9p®+7p°+5p*43p?+1)+10p°+8p ' +6p°+4p3+2p)
ps30 s36
e G F D (et (407 20) —p (5p*4 307

psA (1+p?)s10 -~ psi6

c? o? c°

(-p(4p°+2p)+(1+p2)(5p"+3p°+1)-p(6p°+4p°+2p))
[_ p s10 . (1+p*)816  ps22

()

=
02 62 02

(-p(5p*+3p°+ 1)+ (L+p?) (6p°+4p°+2p)—p (7p°+5p*+3p°+1))
(_ p S16 N (1+p?)s22 - ps28

, . — |+ (-p(6p°>+4p*+2p)
(0) (¢) O

+(1+pY) (7Tp°+5p*+3p°+1)—p(8p'+6p°44p3+2p))
[ p 522 . (1+p?)s28 ps34

. ; > |+ (-p (7p°+5p*+3p?)
(e) O o

+(1+p)(8p ' +6p°+4p°+2p)—p(9p8+7p°+5p*+3p2+1))
ps28 s34
et

angu il

RI :=

[np (—2psl+S2+s7T—-2ps8+S9+sld—2psl5+s16+s21 —2ps22 +s23
+528 — 2 p s29 + 530 +535)/(2 )]

o Y J ' ~ 3|
fualdaumsminugudez ldanlsznaves p 1ilu

_52+s7+s9+sl4+316+321+523+528+s30+s35
B 251 +2s8+ 2515+ 2522 +25s29

R1:={p }
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dd’ d‘ o [~ Y : V' v
NIUNITUTIANNNINSNVVINABUNINY 12 munal

Alszinaves 62 1ilu

RO := {c’=
PS80 ps26  ps28 (1+p?)s27  ps2 .\ (1+p°)sl  ps52
12 12 12 12 12 12 12
s (1+p*)sl4  psl3 psi5 . (1+p*)s40 ps39 ps4l .\ (1+ p?) s53
12 12 12 12 12 12 12
_ps54 | (1+p*)s66 ps65 psb7 p (1+p*)s79 ps78 ) (1+ p?)s92
12 12 12 12 12 12 12
P9l ps93 | (1+p*)s105 psl04  ps106 . (1+p%)s118  psll7
12 12 12 12 12 12 12
_psl19  (14p°)s181  psi80 ps182  s144 psid3 )
12 12 12 12 12 12

uazAszanaves p il

R1:={p=(52+ 565+ 867 + s78 + s80 + 513 + s15 + 526 + $28 + $39 + s41 + s52 + s54
+ 591 + s93 + 5104 + 106 + 5117 + 5119 + s130 + s132 + s143)/(2 s118 + 2 s131
+251+2514+ 2527+ 2540 + 2 553 + 2566 + 2 579 + 2592 + 2 5105) }
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