CHAPTER II1
THE BINOMIAL COENFICTENT FUNCTION ON A PLANE

A, L1 The Functlon on the Iattlee Points

Let r and n be the twoe axes of the plane, where the r - axis
is the horizontal axi= and the n - axls is ths vertical axis.

Conslider the wvalues of nC when n ond r ore Integers.

T
n n [ ¢] n 2 n n

We b v 1 = C . 1+ O C 5o + aea + C 8 R

¢ have, (1 + a} o A T, n? (1)

)
. rn LI
where [ = .
r r! fn - )1

For n zgere and positdve, we con find ncr by using Pascal’s trilangle
in 2.1 .

Therefore, we have the values of the binomial coefficients on
the lattice points when n Is zZero or a positive Integer, as In the

fellowing figure.

=
1o 1o o 1o losh 5 wo #o i5 |

a0 0 o< 4 4 li_io

o o lo o losi 3 B oo

0 o lo o jo<lt iz 0 Ip 0 lo

o lc 10l o i_lo o lo o
0o Jo o lo bl 10 jo do_lo lo "

Fig.2 < The Velues of the Binomial Coefficient Functlon on the Lottice

Points of the lst and 2nd Quedrents of the [r, n) Plane



8

1]
Now, let us consider the values of € when n is a negative lnteger.
by

For !al <l, we have

- 1
[1+u)1=-—1——-=.-1-—a+aE-ua+u4-—a5+ ..... .
+ a
-2 1 2 3 p s
{1 + a) ={1 }2=1—Ea+§a_—hu+5a—ﬁa+...,
+ @
(1 + a]_3 - 1_ =1 - 3%a + 628 102%+ 152%- 2125+ ... ,
(L+a)®
-
{1+ a2} = ! =1 - 4 + 10a®- 2022+ 35a%- 562+ ... ,
‘ {1+ a)*
- 1
{1 + a) 7 = 1+ a)5 =1 - 5a + 1%a%- 352"+ Toe®- 12657 ... ,

L R Y Y I T T YR R R R A T N T T T T Ty

Therefore, from (1), we have the binomial coefficients in the following

figure .
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Flg. 3 $ The Values of the Binomisl Coefficlent Function on the Lattice

Foints of the Jrd mnd kth Quadrents of the {r, n) Plane



9

Fram Fig. 2 end Fig. 3, we have values of the binomial coefficients
for every lattice point of the {r, n} plane , as in the following

figue.
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Fig. & @ The_?hlues of the ﬁinomial Coefficient Functinn.on the Eattice
Points of the (r, nj Flene
But there is ancther way of obtpoining values Tfor the binomial
coefficients when n is 2 negative integer.

For I& l b, we hove
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- 1
fa + 1) 3 e = X

I
|

{a + 1}*h

(a + 1)

|

Therefore, from (1), we hove the binomial coefficicnts in

Fig.5 |
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Fige 5 : Jnother Sct of Values for the Binomial Coefflelent Funetion |

on the Lottice Points of the 3rd and 4th Quadrants of the

{r, n) Plane
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From Flg.2and Fig.5,we now havevalues for the binomial

coefficients for every lattice point of the (r. n} plane a2s in

Fig. €.
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Fig. 6 : Ancther Set of Values for the Dinomial Coefficleat Functlon an

the Lattice Points of the (r, n) Plane

Fram Fig. 4 and Fig. 6, we se« that we heve two sets of
volucs for the binomial coeffiecients, cvaech of which may be
refarded as an cxtunsion of Pascal’s triangle to ecoveor all

the lattice points (r, n} on the planc,



3.2 The Function on the Plane

Let us replace ncr by £f{r, n), so that from {3) in 2.3,

we have ’rﬁn + 1)

flr, T o aa.ssraaa l:].:l
e n) T+ 7T (n -r + 1)

From 2.2, we Boow that [ {n) is singuler when n = 0, - 1,
—2, =3, ea.- . Now, let us consider [{2) , when z is a complaex
numbicr, The singulsrities of [%z) at 2 = 0, -1, =2 eccivecaces .
arc simple poles. The feollowing two thoeorems are from the theory
of ¢omplex wariables, (See for example Nehari"Introduction to
Complex fnalysis’ )
Thecrem £ If f{z) has & simple pole st 2 = a, then ‘E%;j has a
simple zero &t 2 = a, and 1s gnalytic thoro.
Theorem B If flﬂz) and fE{z] are onalytic 8t z = &, then

£{(z)
1
fliz] . fE(z} is analytic nt 2z = 8, and —— is analyilc ot

; fg(Zj
zZ = 8, provided f {a) == O.
5 :

In {1) regord r ond n as complex variables.

(a} If Re {n + 1} > 0, or Re {n} > -1, thon Tin + 13
is analytic.

(b} P{r + 1) is never zerc, and it is snalytic except

when » + 1 = g, =1, _2" trcrreern . or P o= _l, 2, —H,rrrrree R

Therefore by theorem B I ———— 4is snalrtic everywhere

T{r + 1)

except possibly at r = -1, -2, -F,s+--2 . 3But by thesrem £,

1 .
Tir + 1) hos simple zeroes 2t 1 = =1, 2, =3, sevesscsvesss

arel ls snalytic there.



15

1
Therefore ————— 15 snalytic sverywhore.
T,I!:r' + 1)
1
Himilarly is anelytic everywhare.
Tin-r+1)
1 1
Therefore ¢ (r, n) = [I{o + 1) .

1’(r + 1}- T {(n-r+l)
1s snelytic everywhers cxecept at the simple poles of T (n + 1},
where £ (r, n) has simple poles . that 1is where n = -1, -2,
—Erreraas,

Returning to the resl r, n - plane, we have the result that
f{r, n) is single volued, continuous, and has continuous derivatives
of all arders at cvery point on the plane, exeept on the lines
= -1, -2, -3, =+=-

Dut in  Fipgs. 4% and 6 in 3.1 we¢ have assigned valuvs to
nCr of which f{r, n) is intended to be a pgencralizetion . We
shall show below that the singularitics of f£(r, n) can be
removed sleng certain lines passing throupgh the lattice points
by assigning values to f{r, n) elther from Pig, 4 or from
Fig. &,

fe an exomple consider the point {3, -4} , and let £ be

such that o0CJE€|< .

Tn + 1)

From f {r,n) = R
T(r+1) T -r+1)
Tlh+€ +1)
we have £(3,-4+€ )=
’ TGrOT (b€ 3+ 0)
T (-5 +€ )

T T(-6+E€ )
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) Y (346
B 3}'.;.( -F_{_§+'Ej
T (€ (5 € (M E)
(<6 +£ {5 +€ )(-4 +€ )
5
120 4+ PR E - 15EE 4 ?
£

a
- 3T _5¢=2, €&
20 + 75{5 5 E + :

+ by fﬁj and (4}, seetion 2.2,

Therefore lim £ (3, -4 +€ ) = -20.
— D

This result holds when (r, n) —» (3,-4) along the linc
r = 3 from both direetions., Therefore we can remove the sinpularity
of £ {r, n) along this line ot {3, -4} by putting £(3, -4) = -20,
which is the seme walue as in Fig. & in 3.1 .

We may now generallze this result. We shall prove that, ot
any lattice point {rl, nl} , the limit of f(rl, nl} exists, whepe
Ehe limit s taken slong the lipe r = rl to the point [rl,nl} from
either direction, and the value of this limit is the same welue as
in Fig. & 4n 3.1 .

Consider the lattice point {rl R nl} . &nd suppose £

sotisfies the condition O £ IE E < i

orm r, n Tin_+ 1)
i #(r: n) T(r +1) Tin - r + 1)
Ttny » € +1)

ve have fir , n + £ =
(v 00 +€)

T{r'l*'l} T(nl"' C_ —P1+l} )

Case 1 not € - el onpy gl
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This ocours when r 7 Q

17h1l+ € +1)

jﬂ{ﬂl+E ~Fl+l} = ete,
{nl+E _Pl+l}(nf+é"T1+E)"'(nl+é }
as 1n the exemple above.
But the values of f(r, n)} when n is a negative integer from
Fig. &,  are caleulated from (1 + a}n when n 1s a negative
integer and |a| <} , since
(1+2)" o1 ng s 20D + “(“'1)“'{“‘””*1:.-, e {2)

21 r1
holds when n 1s o negative integer or a fraction as well as when n is
a posltive integer. (EEE for example of Frederiec Ho Miller ,rﬂnalytic
Geometry fnd Caleulus’’ ) Therefore, from Fig., 4 , when n is a

negative integer,

) _ £ -1 =2 ) s -+l ]
wopave Po o RedlleoB) semefoned) L pune
Now, in this coge, we have
— 1
P E - pe1)e 'an1+ € + 1) _
1 1 (n +€ -7 +1) (0 +€ -r +2)... (0 +€ )
] Tjtnl + £+ 1)
sc that f{rljnl+ € =_TTP1+1}' i ToiFe + 17

{n1+é'qﬁflj(n1+'é —r1+2}...(nl+ﬁ )

) [nl+ € -r1+1](nl+ 4 —r1+2)...(nl+6 )

= by (3),
r.
1. scetion 2.2,
(n-r +1}{ny-r,+2)...c..... {n,)
and lim f{rl, n_+€ )= 11 13 1 .
€ 2o 1 r |



n {n;- l}(nl- 2)eee{n_-r 41y
Therefore lim  f{r ,nl+E} R 1t Y,
E'—i{:l 1 r‘ll r

which 1z the ssme vealue as 1n Fig. 4.

Caogse 2 n + - Pr. +1 = n + + 1
This occurs when o = .
Tinh + 1
The formula T{n) = T+ 1) 1s not used, ;
Il —
f (G, n} = 1 for allpnsas in Flg. 4.

Case 3 n1+€—r1+1}n1+'€+1
This oceurs when ry, < 0, but frl, nl} is & lattice point ,

s0 that, in this case ry ls p nagative integer. Therefore

f[rl, N +€ Y =0, ang Eltn—j}(] f(rl, n, +& ) = 0 as in

Fig. 4. PFor , as Pl approaﬁh&s g negative integer, T’(r'l+ 1)
approaches + @ , while -r"[nl+E + 1) approaches a finitc

value and T’(nl+E - r.+ 1} approsches s non-zero walue.

1
Let ue now consider the limit of £{r, n} as {r, n) approaches
the point {3, k) slonz the line n = ¢ - 7 . Let € be such that

o <|€ |«

Frem f{r,n} = T’(n + 1) ,
T’(I‘+l} T’{n—r‘+l)
we have {3 "‘E.-LF,+E]= 'P(—h+(: + 1}
T(3+€ + )T (-b +€ - 3 -€ + 1)
T(-3 +€ )

T +€ ) T(-6)

Thercfore  lim f{(3+F ,-b+€E ) = 0.
€ — U
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This result: holde when {r, n) —» (3, -U4) slong the Adlagonal
line n = r - T from either direction, the limit of £(3, - h) i1s
zero, whiech 1s the same value as in Fige 6 in 3.1 .

Wo moy now genceralize this result. We shall prove that at
any lattiee point [PE, nE] , the limit of f(r-E, nz} cxlsts, where
the limit 1is taken along the line n_ = r_ + kK, when k is an. Integer,

2 2

to the point {I‘E, n from elther direction, and the valuc of

N
this limit 1s the same wvalue as in Fig. & in 5.1

Compider the lattice polint {rE, nE:J and suppose £ satisfics

the condition 0 € | E B

/ Tin + 1}

T+ 1) T -r+1)
T_’{n2+ c + 1}

FT’{PE+E +1] T7(n2+E “rg- £+ 1)

From f(r, n}

>

;R -
Wi hnve f{r2+E,nE+ € )

Tlag+ € + 1)

= L]

T7(r-E+E +1) P(ng- ry+ 1)

Casc 1 I‘E+E+l(nE+E + 1

This ocecurs whon r, 4 nE .
Tin.+ € + 1}
-[7{1124» £ +1) = = et

I:r*2+ & +l}{r2+(—__ +E]....{nE+E)

L¢t us consider the formula of f{r, n) 1in Fig. 6 in 3.1 , froem (2),

we have

n{n _ 1) o o n(n - l}v--{n-r+l}ﬂr
Ta Faswent Fasn gy
- I"f

n
(L+a) =1+na+
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whiech holds when _|a | ¢ 1 and n 1s & negetive integer or & fraction
aa well ag when n is a positive Integer. The values of f (r, n)
when n is a n&gative integer from Flg. &, are ealeulatad from

(2 +1)" when n is a negative integer and ba | > |

. no
wWrite (a + 1} in the form of (2) , we have

(2 + )" = ™1+ %}n
- a ‘[ 1+ n{&)+ nin-1) (-]:]2+...+n(n_l} (nhs_ﬂ'}(l] ... L
. 2! B s a }
n n-1 I‘|l'.:l'1—l'_ian_hE : n(n-1)...(n-s+1} n_s
=8 + ns .t a e
2/t s ! ]
Therefere f{r, n) = nin-1} /v, (o4 1) » by putting s =n - r
(n - rj!
In the above result.
I this case, we have
T{T'I-E‘I' o+ l}
f(r‘ + n + E :] -
2" & 2 T+ € + 1) x F{nE—r + 1}
2

(r2+l':i +1}(rE+E +2}...[n2+ € )

(r=2+6 + l][r2+E + E}.“.{nE+ £ )

= : BY {}) ancl
(n- r,)! (Min 2.2.
(r + L3{r +2)..0.s {n_}
Therefore El;igum fl':r2+ & ,nE+E::| = 2 2 : 2__, which

(ny- o) !

is the same value sz in Fif. &
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Casc 2 r2+E+1=nE+E + 1
This occurs when r_ = n2 .
+ 1
The formula [’{n} = ngl;———l- 1s not used, and f(nE,nE} =1

1l

for nll n s in Flg. 6.

Copme 3 r2 + £ +1 3 nE+ £ + 1

This occurs when r_» n_ , but (r , n } 4is o lattice point,
=2 2 2 2

s that, 1n thlg case {nE— PE} 1s o negative integer. Thoerefore
fr, + n_+ =0, and _lim f{r. +& .n_+ = 0 as in Fig.6.
{EE’EE) ' €50 (I‘EK:EEJ i
For , os {ng— rE} approaches a negative intcger, ]T{HE* rE+ 1)
approaches + @ , while T’[ne+ £ + 1) approsches a finite value
and ?1(r2+ o+ l) nppreaches & non-zero value.

WC see that, from the preceding proof, at any lattice point
(rl’ ﬂlj , the iimit of f{rl, nl] exlsts, whore the limit 1s taken
alspng the line r» = ry to the point (rl,nl} from elther dircetion.

How, let us consider the funetion f{r, n} when r is eny integer,

given r = r, where rl RLUNUGRURIN § s =3, =2, =1, O 1, 2, B,r==+ .
1
From fle, n} = o + 1) ’
Tir+1T(n -1+ 1)
T’(n + 1}

we have f{r b11)
1 T’[r1+ T (n - P+ 1}
[a] it rl{ a0, or rl 1z a negntive integer, then whon o is
not a negative inteper, we have f(rl, n} = 0. For, as rl approaches

a negative integer, F{P1+ 1) approsches + @ , while T{n + 1)

approaches a finite valus and TH{n - rl + 1} approaches & non-zero
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value. fnd, when o is a negative integer, we already have

lim f{lr ., n +&€ ) =0, so we shall put f(r ,n} =0 as in Fig. 4.
£ 0 1 1

Then for all n, f[rl, ny =0, and f is analytie 1in n.

{6y If ro = ¢ , then when n Is noet a negative integer, we
have f[rly n} = 1, and when n is a negotive Integer, we already
have lim . f{r , n +€ } = 1, so we shall put f{r., n) = 1. Then

£ —2U 1 1

far all n f{rl. n) = 1, snd f is enelytic in n,

is a8 positive integer, then when n

{e) Ir r >0, or vy

iz not 2 negative integer,

T(a + 1)

{n - rl+l}{n—rl+E) sases I

1
-

we have an-r +1)
1

Tin + 1)
50 that f{rl, n] = ]7{ a2 ijn Py
1 = [n—r1+l}(n—rl+2] ..... n

N -7 F+ 1} n =1 + 2leseass
(p - v+ 1)(n - r +2)

r !
1
And , when n is 2 negotlve Inteper, we have
nin - 1j{n - 2)....+ n-r + L
- ~ 2) eanne - + 1
so we shall put f{r_, n) n(n Ln 2) _ (n r )
1 rl!
But ! 1s constant, therefore f(r , n) is @ polynomial in n
1 1

for all n, whiech is analytic ipn n.
Summarlzing, wec see thet, when r is & constant integer, and
f{r, n) is given vslues at the latiice points as in Pig. %, F{r, n)

1z analytic in n.
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5imilarly, we have proved that at sny lattice point {fe,nej,
the limit of f(TE’ ne} exists, where the limlt is token along the
line n2 = rE + k, wher k 1z an integer, to the point [rE,HE]
from either direetion. Now we shnll prove that the funetlon
f{r, n) 1s enalytic in r {or In n)} when n = r + k, where k Is

any econstant integer.

Tin + 1}
TPir +1) Tin - r + 1)

From f{r, n)

Tir+k+1)
r + )T {r +k -1+ 1)

we have  f(r,r + k)

1ﬂ[r.+ K+ 1)
Mir + 1) T(x + 1)

{(a} If k<O, or k 15 a negetive integer, then when r is
not @ negative integer, we have €(r, r + X) = 0. For, as k
approsches » negative integer, T'(k + 1) approsches + o, while

T'{r + k + 1) approaches s finite value and ['(r + 1} approaches
8 non-zore volue. nnd, when r 1s a2 negative integesr, we alpeady
have 1dm  f{r +€ , r +k + £ )} =0 , so we shall put
£ —=0

f{r, r + X) = 0 ag in Fig. 6. Then for all r, f(r, T + X) =G,
and f is analytic in r.

(b} If k¥ = U, then when r 1s not a negative integer, we
have f{r, r + k} = 1, and wken r is o negative integer, we already
have 1im flr+¢&, r+k+ € ) =1, s0 we shall put

€ — 0
f{r » 7 + X) = 1. Then for ell r ff{r, r + X) = 1, and f is anslytic

in r.
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(¢) If X >0, or k is a positive integer, then whenrT 18 not

& negative Integer, we have
T(r + k + 1)

T(r+ 1} =
(r41)(r+2) «.... (r + X)
T(e + k + 1)
so that f{r, r + K} -
T{r +x + 1) -
{r+l}{r+2),__!__{r+ij {(k+1)

(r + (e + 2)esre.[r + K)
Kl

#nd » When r is o negebtive integer, we have

+1 +2 e as r+k
1im flr+ &, r+k+§&) = A=) (r+k) ,
£ -0 I !
(r+13{r+2) -..c.. {r+k)
s0 we shall put f£{r, r + k) = = .

But k ! 1s constant, therefore f{r, r + k} 1s n polynomisl in
r for 21! r, which 13 analytic in r.

Sumarizing , we sec that, when n = r + k , where k 1s
e constant integer, and f{r, n) is given values at the lattice

points as in Fig. G, fT{r, n) is analytiec In r.
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