CHADTER 1131

MEASURABLE FUNCTIONS AND MAPS

This chapter reviews some known results on measurable
functions, The new results. concern quaternion measurable

functions.

3.1 Defiﬁition Let M ve a f-algebra in a set X. Then X is

called a measurable space, and the members of 7" are called

the measuruable sets in X.

3.2 Definition Let X be a measurable space, Y a topological

space, and f:X—Y¥. Then £ is said to be measurable if £ I (V)

~is a measurable set in X for every open set V in Y.

3.3 Theorem Let Y and Z be topological spaces, apd let
g:Y—»L be continuous, IFf X is a measurable space, if

f:X—Y is. measurable, then gef: X—Z is measurable,
Proof Standard, #

3«4 Theorem Let X be a measurable space and Y a topological
" space. Let ui:X——-{_R be measurable for all 1€ 4 and
B Rﬁ*eY continuous. Defline hiX—Y by
h(x) = ¢(ul(x).w2(x)»ws(x),w4ﬁxl¥
for all x€ X, Then h is measurable.
: 4
Proof Define f:X— R by
Blx) = (uy () ,up0x),ug(x) u (x))

¥ x X -Let I »T5,I5 and I, be open intervals in R, Claim

-1 -1 -1 AT ] -1,
that f (leI2x13xI4) = u, (Il)f!u2 (I2)f]u3 (13)(]u4 (14),
A Y E
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Yote that
=1 . 5 : BT iy N od oy ) ’ 3 y
ae. f (IJ_XIQ)\ISXI.I)MI(d)"(u]_(d)"u'_Z(d)’u.')(d)'u.l(‘l))
€ leI'JXISXI-l
H\li(u)éll, 1< 4

_l Lo
—pa€ u (li)’ 1¢ 4
A ot
eae flu (1) .

Baswehave theioclaimirsSincoilorvacin i€ {1,2,3,4} u, is

measurable Functlmi’ u:l(li) s mcusurgble sset anw X THence
4 { i
AT (li) is-a ncostltb]l @) s&ts=in X. Fhen of (llx12x13x14)

; ‘ g ; -
is a meusurable see g/ X4/ 1E ¥V g an open set in R, Ly

Reinark '1.28 and: Theofun/ L2894 thieNB. exist.open’ intervals

3 & v 1eéN suc é
111'112'113'114 koofox VLA & uch-that
Vo= Y T axdoxd ),
50
§ 5 1
£70(V) = DT xE XD X )
‘\\hu:‘n P& aimeaudrable .ot a0 ienee £ oas meusurable,

By Thearce F.Fa B s vcasirubles #

Je«b vorellarv..Let X Lo a neasmruble space; Then

, __ ¢ : : St e g : .
(a) 18 & . = ul—a-J.t.12+]u:s+ku_4 where ul.X——-)R is a rcoal

4
wionsurable function on X for all 1€ 4. then f. is a quuaternion
weasurable function.

(b)Y  1f $w n +J;u,,+ju$+l<u4 is’ a quaternion measurable

’

function on % ( u/sX=—>R, 1€4 ), then uy’ and |E| are rcal

1

1

measuruble. fuancétions on X

(cYy. iE-F-and g arc . gquaternion’ncasurable functions
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o X thvn: s urd F g wad g,

(d) " 1f E is a measurablev . set dia- X and if

Ko ix) (=

then (XL‘ IS g apdasurible Panetivin,

1 B R E By

0 ih.ng b,

(e} If £ is a .juateraion measurable funetion on X,
then there:exisis o guaternavn-ncasurable funetiva” &« ‘an X

such’ -that lo<| = 1 and f = X]|f| s

Note thut the [unction ’XE whach occurs an - td): s

called the .charucteristic FuneIiIoaEol the sct E.

Proof of Corollary 3.5 Standard. #

3.6 Definition . LetZX/Yibe topological spuces, Let 05 be

the ‘set -of all Borel " s/oktet-Gates f:X—Y is called Borel
L

meuasurable-aF f_l(V) € @ Sapvadd open-set. V. in Y.

JRemark: o Every cont@ntous nup -ds—3ofrel mcasurable,

3.7 Theorem Suppose m ig . a f~ualebra in Xéand Y a sets

assune f:X—Y .

(a) 1f a =fECY/ eTHE)eM] |, then 4 is a
6-algebra in Y.

(D) LE Yo ag a topolosicalispaces ifids meusSurable
dad abeds s g Bobelrset annY, Tehien f_l(E)é}n %

(o) 1E Y & - /00 anv FThirR el yEM

(f'l( [-o0,x ))em) for all «¢ R , then f is measurable,

2roofl of (a) . 3Standard,




Proof of (b)eLet a4 = {tey/ 7 h(E) eMY . siace

o S S 5 e . :

 is measurable, £ (V) ¢ Y1 for all open set V in Y , thus -
.  contains all vpen sets in Y. . Siace; by'.(a), on-is a
6-algebra in Y, .o contains all dorel sct$ in Y. Hence

Eéim s P (i E M .

Proof of (c)[9llet n = {L € [-e0, 0] / f-l(E)em}.

By (a), -~ is a 6=algebra in [~ «, ). By assumption,
“ (e, 0] € For all xe R , ror &R b
¥ 1 Y L ine
| - ©0 : = - 00 ——— = c——
; [ "ﬂ() ngl[ P‘)( n] ngl(d n’oo]e.—“- -

Then fory &, pé R4 o(,p) = [-o0 Rl K,0] € n . Because
.every open sct in [-°°,.°°] is u countable union of segments
of the types (o« ,0) [~ , &) and (L, p), - contains every

opcen set in [-o0, 0] ‘so £ is mcusuruble. #

S8 Corollary ... Let M ve a 6-aliebru in X and Y,Z topological
spaces. Let f:X—Y be measurable and g:Y—2Z Borel measurable

.Then gof:X—Z is mcausurable.
Proof. Standard, #

3.9 lefipnition - Let -X'be . .a #non empty set and I8y (F )
e . ‘*"n'’neN
be “a scquence of extended real-valued functions on X,i.e.,
I et Sl for all neN
t'e define sup € and inl £ : X— [= o0, 00] by
n n n n

’

sup £_(x) = sup(f_(x)) = sup{r (x)/ nedNj

inf € (x)-= inf(f (x)) = iaf{f_(x)/ ne Y
and define lim sup f’.} and lim inf fn s X-—-—>[—-°°,.°°] by
N —>s oo ! N ——p o
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5

lim sup f (x) = lim sup(f (*c)), lim inf fn(x) = lim inf(f (x))
Ahe. n—»oo N0 n—s o0

3.10 Theorem 1f [ 3X—[-% ,0] is mcasuruble Ffor all nEM,

then Sup fn’ iﬁf fn’ lim sup fn and lim inf f are measuruable,
N—>c0 N —— oo

up £ . Let e R Claim that

M[ﬁlet g =
l((ol,oo] ) = U £ l((o( «@) ). To prove this, let
X € g-l( « ,e0] . Then BUXIR i, 00) gl sup{fl(x),fg(x) ,....}
€ (ol s 00} . Thus o 2 sup{fl(x),fg(x),....}. Then there exists
mé N such that f (x)>o< - Hence xef;l(-o{,.eﬂ]. llence 7
l( oA, 0] C nUlfnl( &/, /0] . Conversely, let ye& f;l(a( » 0]
for some k € N, Then £ (y) € ( L, 0] | so
8(y) = sup{f) (y)ofoly),...} 2 F (y)>&
that is g(y)e (&, ) dnd thus y &€ g~ (a( »] . llence

u r 1( o, 0] € §E 4 VRS have e Lidn ) Gidda £ 1 (otye0]

: o0 =
is measurable for all neN : ngll’nl(o( y @] is measurable,

"hence g-l'(o( »0) is measuruable., By Theorem- 3,7 {¢)s sup t’n

is measurable.

Similarly, inf f is measurable, since

. i
(rpf £ )7 [, e00) = nUlln [ ,«) for a11 «e R

-8inece lim sup F inf(sup f.)
n i
n—so Kzl 12k :

and

lim inf f sup(inf fi),
n—s e ka1l A2k

]

i1t foldows that they are both measurable, #
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J.11 Theorem Let X be¢ a mecausuruble space. If fnzx——atH _

is measurable for all néeéN and there exists f:X—H such

that -lim fn(x) = f(x) for all x& X, then f is measurable.
Nn-—seg0 !
Proor or cach n € let € =0 $iv.4+Iiw. +kt
L F N, n n nt) a

for somnmc o (VoW ko :X—> R and = usivs+jwekt for some u,

VW, t §X—-+R % Since for all xé& X,

1im(un(x)+ivn(x)+jwn(x)+kt (x)) lim f. ({x). & £(x) =
n—o " n—w "

u(x)+iv(x)+jw(x)+kt(x), so lim u_(x) wix)joolim v (x) =
n-—-poon n-—non :

t{x}). By

B

ViR ) e i wn(x) = Ww(x) and lim tn(x)
n—00 5 n—>o0

Corollsry. I.58° (b)), UisVasW, and t  arc rcal measurable for

all ne N . Since w( x) /= \Tim un(x) = lim sup un(x) for all
N —a 0 n — w0

x€ X, by Theorem 3.10, hence u'is rcal measurable, Similarly)
v,Ww and t arc¢ recal mceasurable, DBy Corollurly.S.S (a),

f = usivejwekt is measurable, #

3.12 Definition -Lot f:X—[~=®,0] ., Define

t £ (X)) dhof(x) 20,
£¥(x) -_-2 :
/ (0] &£ fix) <0,
anid
wf o) RSP 3 )
£7(x) ={
Q &t f(x)),o,

for-all xé& X, e functions £¥ und _f— are called the

positive and negative parts of f, e have |[f]|= e*+£” and

f = f+-f- ®

oy
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3.13 Theorem Let X be a measurable space and L:X—3[- o0, »]

real measurable. Then  and £ arce non negative measurable

functions.

; = . b 4
Proof Clearly, £ and [ ‘are non. pegative, Let

a ={x/ £(x) 30} and B ={x/ E(x) <0). Thea s = T {0, =l
dd e e f_l [-e ,0), hence A and B arce mcasurable. Therefore

e f'XA and £ = =f XB' Hence £% and £ uare measurable. #

Jesld Definition -Let XSheyamgdstirable spuces A function

5:X—(=9,20) is called a sample function if s(X) is finite.

Let a(l,...., a(n be distinct values of a simple function
S:x—"’(-“rw)- l"O!‘ (.'uCh 16{1'2' .oo'n}' lut

s =frex/ stn =),

n :
fhen s = 2- o X where X a9 defined in Corollary 3.5 (d),
B Bl B Ai A.‘L

Qbserve that s. is ‘messerabie—fumction if and only if each
i

AL iggianeasarable et e

4

3.15 Theorem Let f:X—>[0,¢] bLe measurable. There exist
sample measurable functions sn on X . Such that

(a) ()5515525-00 sfo

[T e G sn(x) moh XY Fopr all wé& N.

n--—» o0

Prool i) or eiich n&/N‘ gl Cacii dEsaiehathat 1 &4 €42

defline

: bt e R
I:n,j. b § ,)n',)_—n”
and
-1
Fn = f. [, -] ),
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and let on
S = Z— i'—:—l-'(x +n % 'S
n iml 0 B F
2 0ad n
: n2n :
fhen X = (U E . )J)UF_ which is a Jisjoint union for all
i=1l"n,a n -

a &N By Theorem 3.7 (b), *cach En ,i'und euach Fn are

measurable sets. Since s, = 4 %X ¢ X e Q0 Let e,
1 E F N O :
; i:% i
0 ;
i- 1 .1. ¥ :
Lev X & Xe: Since U [ —)Un, »] = (0,201, £(x) € [n, 0]
2
-1 io "
or ';E) for some loé {l,E,...,nQ }. Then
- i =11
xef-l[n,oo] or xef-l[ P S NG Thus if xé€ f-l[n,w],
n n
gt 9P
‘ Sy io-l i
then 8 (x) = 0 g€ (X), AnlDEux e By Ji) s then '8 (X)) -
n ~ 2ﬂ 2n n

i =
On € f(x). This proyes.Xhat s, £ f tor all seN .

/’
i-1 ./ n+1

For each n €N, +ie{1,2,...,

a4+l
ol el .
(n+l1)2 } and for each é{ o S },
w
i=-1 11 ¥Y RSN n+1l
= = 2
a1 i = 2icle {1, 2,...,(n+l) }
Let nelN o Lev:xé€X, If fix) € [n, o] =[£-——+I‘Llj-‘,oo] .
! ; 2n+ !
A ped g
: = : - - n2 +i=L
Lh(.ll bn(x) = N dnd bn+l(x) >/ —_qn._;-]__— = Ne lf
o I _ ; : o
s} Fop sone g {1,2, ...,n2"}, then
g8 " ‘
(91 ~1)~1 e gy 2i. =1=1
o 0 o
: i & : 5 (X)poroee
£(x) e[ ey °a]‘, so s_(x) 7 and s (X)y v
L =1
O

This proves (a).

= . Hence :’ng 8 1
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Next, wershall prove (b)<isLetixe€ Xagsio 1B F(x) =000
thea £(xY € [n,«] For all n€MN . Thus s _(x) = n for all’

néN . llence lam sn(x) ='e0. = F(x)s AssumC f(x) < 0y . Then
n—>oo

there exists N €N such that N > f£(x). Thus x¢ Lo ¥

: : : n
80 for all-n 3} Al there exists 1€ {l,?...,,n? } such that

4 e n2 . :
. Aw=1:id : i 1=1" L 0
(k)& [ Qn'gﬁ)' since 191["5?1'53) = [0,n) 2 [0,N)).
llence

: , _ 1

[sn(x)-f(x)l = f(x)=s (x) < =5

-~

For all " n> N Therefore lim s”(x) =oflx)od #

1 nt-yee
mark: serve. thot Af/Féds fed , 3
Remar Observe Lha’ Af is bounded, then (bn)nehl

.converges to f uniformly.

3.16 Definition Let M bLe a g-algebra ia X. Let m be
an arbitrary measure on m ,i.c.,//A may be a positive or
a real or a complex or a guaternion measurce, Let E€M and

at-be g property whih g poiInt x rma¥or may not have, ' The

statenent * P holdS U Imoy't "everyihere” (a.e.) on E " means

thut there exists N€M such tilat NETEVYGAEN) 2 0 and P

"

lkolds at every point of Es:N.

Example . 1ff and gtare measurableifunctiols on X suchithat
AxeX/ B(x) # g(x)}) =0,

WO agi et o = a u.«:./[««] on' N gnd gsay thateFoand piare

cquivalent

3.17. Theorem(Lebespgue) Let m be a €-ul. ebrain X and Eém

Le bt tbe: Al pogitive wivgsre s vha s (Bl @as o Let

e s
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there be given a sceguence (fn)neN of nu‘.u:aux‘ublu functions
on E, all of which are finite uliu);it everywhere, Suppose’
that fn(x)-—gf(x) as n—ye almost cverywhere on I and that
f(x) is finite almost cverywiere. ihen

lim ;M({xen/ [£ (x)=f(x)| > §y] =0

N—->»o0
fOl‘ ﬂll 6) ()O

Proof[s)Let
oo} .

. o0
[xeE/ £ (x)Fo ()}, Q = AU Y AU s.

]

A

]

{x€E/ IfI(x) =e0}, A ={xeE/ [Ff | (x)

{1

B
Iradd elear thut/A(Q) =70, SRufthoermore, let
B (6) ={xe B/ [f(x)-C0x)[ 26,

o0 o0
R (&) = B Tl = (LR (6).

All ol theso sets are medSoeiabloegsi T sance Rl(o’)g E and

/A(E)(Oo ,/v\(Rl(o’))<oO ST oSince RJ.V(J):’)RQ(&)’Z"‘,.”

e hrave

Lim s (R (6 )) = AA(M).
n
n.—[ /A :
1LE ~xo¢ Q, - then™ in fk('xo) = f(xo) where ull the numbers
K—> o0
r]_(xo)’f’l(xo-)"°° apdithedr 2ot f(xo), gx‘c fiuite, ‘Thus
we cah fend . .an n.such that
[ xg) =t k) < @
forsall "k ¥n.  in.other wards,
x0¢ E, ( ¢ )
for all kyn. iherefore x ¢ R (0) and so x ¢ M. [his
shows that M€ Q. Sim:\:/m(Q) = (),/A(M) = 0., Thus
: Yim. A (R 6)) = 0.
' n
4‘/‘

n—
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since En(a’)g K (6 ), we have 1)m//4(5n(6’)) <

N— g .

lim/A(Rn( ¢)) = 0, heance lim /L\(En( 5.)) = 0, #

n— s n—>e0

3.18 Definition Lct/‘,\, be a positive measure on a € —algebra
M in X. Let the sequeace of ncasurable functions (f )

: n‘nelN
be defined and finite almost everyvwhere oa a nmeasurable soet
Ee. Let f bLe a quaternion measurable function which is

finite almost everywhere,: | 1f

lim//k({xé E/ ;fn(x)-f(x)];,c}) =0
n— o
for all pdsitive numbetd/, | the.seyuence (fn)neﬂV is said

»

to coaverge in measure to.the function £ on B

From Theorem 3.17, we can conclude that if a scquence
of measurable functions converges almost everywhere, it
converges in nmeasure to the sarne limit function, But the

converse is false.. TFor example:

Lot m . begqtheabebegrmue artasunegion R . On the half-
open interval [0,1) define the k functions

(K k K

fi Hixyiel Hatin it b
for every natural number k, according to the following

definition:

(k) BERE o €[£;},%),
el L { ' Fidey o
0 for x ¢ [ »i) -
i

In - .pacticular, fil)(x)sj_on [U}L). Nunmbering all these’

fuctions wWith the. diandices L,2,3,evi, wWe obtuin the segicnce

Eotmy w800 g S e B a T vy i ey
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o Py - e(3) .,
sFI I AT e Bl TSR ST TR
It is casy to sce that the sequence of functions Qn
converges 1a measure to zero.: In fatct; iif Qn(x) = fik)(x),
we have

} o 1 1 1)

{xefo,1)/ [c(n(x)|>o’
for all & such that 0 <6 €1 and the measure of thas set,
which is cquul‘to,%, tend to zero as n—e0 . But for each

X € [Ovl)ﬁ ({’n(x)—/—;o.‘ lasfact s i koe (0,1), for cvery k

we scan . find an 1 such_&has

.Ll_.l
X0 € [ K 'k)

"'so that f‘k)(x )
i o

1. This proves our assertion.

3J.19 Theorem Let//abbc a positive measure on a ¢-algebraM
in X, If the sequence of functions fn converges in measure
to the function f, then the same scquence converges in
ﬁeéuure to every flynction g which ig equivalént to the

fanction £,

Proof[5]¥For all s> £
{xex/ [£ (x)=g(x)| 3 €} cix eX/ £(x) £ a(x)}U
' {xex/ |e_(x)-e(x)| 36}
and oluLQ//A({X& X/ f(x) # g(xﬁ)_ , we have
MUxexs [ (x)-a()|36]) ¢ m({xexs [ (x)-£(x)]3 6})

This proves the thcorem, #

3.20 Theorem Lot//« be a positive wmeasure on a 6-algebraM
apoXe 1 the sequence of the fundtions fn converges in
measure to two functions £ and 2, then these limit functions

are equivalent,
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Proof51lt is cuasy to se¢ thut

EN

-’

(*) {xex/ |E(x)-g(x)[3 6} ¢ fxex/ [£_(x)=F(x)|3 -

{xe X/ [£_(x)-g(x)]

ju-

oj oy ¢t

for all 62 0, 'because a point not i the sét on. the right
hand side of this inclusion cannot possibly be in the set
on the left hand side . Since (f ) converges in measure
; n’ne€N
to £ and g, we have the measure of the rizht hand member of
(*) tends to zero us n— o, from which it is clear that

- M {xex/ |E(x)-g(x)| % 6]) = o.

0 1

Since {xe X/ £(x) 4 s} ¢ Y fxex/ [r(x)-g(x)| 3 &7,

we see that € = g @.9%////#

3.21 Theorem Lct/u be a positive mcusure on a €-algebral

20 X TR Lim fn(x) = fo(x) in measure and if lim g (x) =
n—>wo n—»«"
go(x) in measure, then lim(fn+gn)(x) = (fo+go)(x) in measure,
n—> oo ;

I'roof[41Given 6> O, it follows from the inecguality
|E,(x)vg, (x)=F (x)=g_(x)] € o ()= (x)| + g, (x) =g, (x)]
that ‘

Ixex/ |t (x)eg (x)=F (x)=g (x)]| 36}

S {xex/ [r,0-f 0002 gYO[xex/ [g (x)-g (x)| 25} .

X
But lim &('{xe X/ [£ (x)=f (x)]3 -2:}) w0
e n 0 2
lim /4({x€-)(/ lgn(x),—go(x)j)—g-}). Hence
n-—od %

Lin ga(fee X/ |€ (x)eg (x)=f (x)-g_(x)|»6]) = 0. #
n—>
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3.22 Theorem Lct/« Le a positive casure on a (—algebrum
in X, Let ©® be the function which is J.Llentically zero, 1f

Lim fn(x) = O(x) in mcasure and if 1lim g”(x) = B(x) in
11— 00 N —> o0

B(x) in ncasure,

il

measure, then lim ann(x)
n—oo

Proof[4)it follows imnmediately from the fact that
{xe X/ € (x)g (x)|3 6yc {xex/ lE,(x)12{f 0 xe x/ g, (x)]>v6]}

for all 6> Q. #

3.23 Theorem Lct/u be a positive wmeasure on a S-algebram
in Xo Let EEM be such that ~M(E}J<« . Lect 8 be the

function which is identically zero. If 1lim fn(x) = O(x) in
Nn—ye0 ;

]

neasure on:E: and AT 8o is a measurable function which is

finite almost cverywhere, then 1lim fngo(x) = B(x) in
Nn—> oo
measare on E.

Proof[4lifor each n e N, 1ot
: o0

En ={x€ E/«[SO(X)‘Z ﬂ} THRYE b Aglnn 2
Then E 2 E, 2 E.2 ... and A ={x€ L/ Igo(x” i w} o
llm/A(En) =/'\(A) =0, Let: € > O0be given., Then there

N=5s
: £ s
exists k € N such that (E, )< % o .Let 6>0 be given.
(o] / ko' a ‘

The haye

{x €E/ [€ (xhg,(x)|%6FC {xer/ [ (x)] >,I°'<_)}U

{(x€E/ g (x)]3 k).

since lim  (x) = ©(x) in measure, there exists NEN such
Apon ? .
Lllut/b\({xGE/ 'fn(x)‘ ;%—})<—,§- for wlli a2 Noo llence for all’
v - o

neN 4 n 3 max{l\',ko} implies that
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MUxer/ |E (x)g,(x)]>6})

s m{xe s/ 18,0l y - Ufxe s (g 0] %k} )

(o]

6
¢ M ({x€E/ 1‘-’“("”?1:}) ¢ pml{xeB/ [g 001z kD)
b é;+-§i = TR g

3424 Corollary Let//« Le a positive measure on a §-algebra

M in X. Let E€M ve such thut m(B)< e . If lim £ (x) =

n —»e0
fo(x) in measurc on E_ and/|\i/f/ Ak gn(x) = gd(x) in measure
' : n—se0
on E, 'then lim fngn(x) 5 Eogo(x) ip measurcion. E.
Nn—3e
bl 1 ~ 0y v Y e = T - 1T - ‘.
Proof[41Since W E L] = & £ 0B, B, )+ (e, 8,)+

(fn—fo)go, we arce done by appling Theorem 3.21,3.22 and

3¢23 o - #

3.25 Theorem(F, Riesz) Lut//4 be a positive measure on a
6 -algebra M 1n Xi& Let EEM be suceh thut/(l’i)(oo P 0
the sequence of functions fn converyges an measure. to the
function £ on E. Then there exists a subscquence

N R (nl< n, < Ns< R

which converges to the function 1 almost everywhere on E.

Proof(8lConsider a scquence of positive numbers

‘1>d2>63>.00’

for which lim ({k w O, Parthur, let
K—> ®
f?l‘+ le+ "13“..\ (nN,>o0)

be a convergent series of positive terms. We select the

required scequence of andices
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(")’ Ny < n,<n g .,

in the following way. Let n, be a natural number for which
x€E/|E - A
M ({xek/( a, () E(x)] 3 6}) < M,
such a nunmber must necessarily uXist, because
N be x)=f(x > q
/({\e L/ lfn(\) £(x)} 3 61})-——40
be a natural number for which

as n—>eo Leg By

A {xery I, (x)-E(x}| 3 6,}) <My, n <n, .
In general, we choosce the number n, so that
/u({xe E/ [fnk(x)-f(x)] 7 64} < Ylk‘, R e

[hus the sequence (*) is defined.

To show that lim fn (x) = £(x) almost cverywhere on
k—cw 'k ]

E, doe

o8

£ ;
R, = kL::Ji{xG E/ {fnk(x)—f(x)[ > 6.}, Q= e A
Since RlQ RQ _3_1(3 2D e o WS

lim (R.) = {£0):
i—m/ 2 /“

In the other handyiekty ds~el ¢ara Ehnet
- 2

S
AR Guutsd BhGK
so that _!.ixn/«(lti) = e v hgncc‘/,\(Q) = 0. It remains to
1~—Poo 4

verify that lim £ (x) = f(x) for all x€ E~Q. Let x € EsQ.
k—« 'k

Ihen xoé Ri for some naturusl nunber io. In other words,
o

xo¢{xen/ ’fnk(x)-—f(x)] ) &k},
for..all k;io,, and -heijce
lf,,k(xo)-f(xo)! e S

For all k;io. Let £>0 e given,.  3iace.-lim O/k = 0, there
K— o0
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exists I\‘OGIN such that sz_'z. for all k2N . Choose
N o= ,;nax{No,.io}. Let kelN bLe such that k3 N.  Then

)fnk(xo)-r(xo)l < o’k< £y #

3626 Theorem(D.F. Egorov) LOE/M.bQ 4 PoOs1LAIVEe neuasure on
a J—algobré M in ¥. Let E€M be such that M(E)< o0,
iet a sequence of measurable and almost everywhere finite
functions

fl,f2,f3,...
be defined on E. Suppose that (fn)nelN converyges almost
everywhere to the mMeyfutdble Buasegasn £ which is finite
almost eVerywhcrc o/ E.

(*). lim £ gy k BXEY
n—>»o0

fhen, for every J> O, there exists a meausurable set Eééz E3

(1) M(Eg ) > M{Eyeds

(2) The limit (#) is uniform on the. set EJ .

Proof(s]in the proof of Theorem 3.17, we showed that

(L) lim '(Rn( §)) =0,
n-—,

for all 6> 0, where
w : .
. 4o 3 R §
R{6) = U {xesy (£ (x) r(x)» B
We consider 4 convergent series ol ‘positive terms
Nye Mow Noools (> 0)
and a sequence of positive numbers tending to zcero:
o’l> o’2>€3> Ty ;im ‘i. = 0,
L 00
drom (1), we can fand for every nutural number i another

natural nunber ni such that
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_/*‘Rni(°’>>< s

0
Let J> 0 ve gEivens . Since, 1~ n. converges, we can choose
i1=1 "1

an _J'.( such that
= ) %
250

i=io"li < S 9

and we seot .

1=1
O i
Then
. " =
LM (uye E /'\(Rn.( )& e N < s,
(6] X (0]
S0

/(A) & &

et 135' = E~A. Thea E /= ESUA'and EsﬂA = ¢, hence
/(IZ) =/A(158 )+/4.(A) </L(F.5 )+ & which implies that
/"‘(E5 ) >/‘A(E)" J .

To show  thiyg Lim F£7Ux) = IN®) is uniform on the
H"'"'Qoon
set E; » let £5> 0 be given. Since lim 6. = 0, therc exists
¢ 1~ co
. .
ieMN such that 6'1* HilatBd ot Viel= max{i "io}’ so i ),io
; i

and Gi < €4 - LGtk ;ni, S I et il E5 . Then x¢ A which
implies that x¢l{n ( O/i). incorher words,

x ¢ {xeEr/ [fk(x)-f(x)l > .6,} so that (£, (x)-C(x)] < dq;
and - hence,

,fk(,x)-—f(x)l el
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