CHAPTER V

LINEAR OPCRATORS AND MEASURE THEORY

This chapter extends the results in [9) which were
proven for positive measures or complex measures to quaternion

measures,

5.1 Definitioa Let V be a left vector space over H. Then’

a map * :VxV—3f is said to bve a left sympletic product

(LSP) on V if and only if
(i) X.¥ = ye.x for all x,y€YV.
(ii) (x+y)ez' =/ xsZ+y.z for all x,y,z€V.
(iii) (#x).y = o (x.y) for all x,y€V for a1l « € {H.
(iv) Vxev, X.x 30 and x.x = O LPF.x % O
The consequences of these axioms are:
(a) O9ex = 0 = x.0 for all x€V.
(b) VyevV,the map xesx.y is a leff linear function on V
(c) x.(oy) = (x.y)o for all x,yev, 2eH,

(d) x.(y+2) = X.y+x.z for all X,y ,2€&V,

If » is a left sympletic product space on V, then the

pair (V,s) is called a left sympletic product space(LSPS).

5.2 Defianition Let V be a right vector space over H .

Then a map * :VxV-——bﬂ" is said to Le a right sympletic product

(RSP) on V if and only if

(1} x.y = ¥7X for all x,y@€V.
S
(ii) x.(y+2) = xey+x.2Z2 for all X,v,z€ Y,



(iii) xe(y€) = (x.y)d for all x,ye€ V and for all
A€ H.
(iv) For cach x€V, x.x20 and x.x = O if and only

The consequences of these axioms are:

(2) . 0ux =0 & %X.0. For 11 x€ V. .

(b)  ‘Por each y€& V, the map Xesy.X iS a right linea;"
fuanctionon V.

(c) (xe¢).y = ol(x.y) For all x,yeV, e H .

(d) (X+Y) o237 %424y 2" far all x,y,z€V.

If *« is a right sympletic product space on V, then

the pair (V,e) is called a right sympletic product space(RSPS),

5.3 Definition Let V be a LSPS(RSPS) and let xe€V, define

Uix})j ; :the norm oftx - to be ¥x.x

5.4 Theorem Let V be a LSPS(RSPS). Then Ix.y) < [Ix1 liy)

&

for sdl X . ye ¥,

1 ‘ lf ycx = 0,
Prooflilflet o ={’ .
—_— x.yl A : .

y.i if y.x # O,

Then |#£] = 1 and &«(y.x) =|x.y| 3 O, hence o(y.x) = od(y.x)
= |xiy|] « For re R, we have

(1) O g (x=rky).(x=rty) x.x-x.(ro(y)-(rdy).x+r2(o(y) o (dy)

= Xox=r(x.y)d-rd(y.x)+rHel |2 (y.y)

x.x-—r(}_:?c)a‘f-ro((y.x)+r2(y.y)

il

=x.x-ro£(y.x)-ro£(y.x)+r2>(y.‘y)

=t 2-2r fx.y|ee? oy ® o



176

Case j[y"2 = O "Then y = 0 and s0 (x.y) = O. lence Ix.y(g

ixit vy -

Case nyu2 Q. LLet =JL§LZ%L. From (1), we have

iyl
2
2
L T Rt
i Iyl
) P
llence if:zg.g nxﬂg, so |x.y|" & "xn2“y"“ . lence

Wi
[x.yl € Mxl iyl o #

5.5 The Triangle inequality Let V be a LSPS(RSPS). Then

X +y0 < txt+ byl

for all x,ye V.
Proof Follows from Theorem 5.4 . #

Remark: Let V be a LSPS(RSPS). | Nl is a map f I:v—R
such that
(1) lix¥{> Q) Ter._all xe ¥ aﬁd Ixl = Oé=x = O,
(2) lxhh = |£]hxli for all x€&V for all L€ H 5

(3) byl o€ (BN Y foMiEIE XYy € V.,

Let V be a LSPS(RSPS). Define d:VxV—s R by
d(x,y) = f§x-y|| .

Then d is a metric . on Y, hence V is a topological spaces

5+0 Definition Letr V be a LSPS(REPS) 7 Then V. is called 'a

left(right) Hilbert space if and only if V is a complete

metric space,
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Let/% be a §-finite positive mcasure on a §-algebra
2 P
M in x. L"(/M.) ={f’..\'—-—->lH/ f is mcasurable and “f“2<°"}.
. 2 2%

Define « :L (/m)xL (/b\)-———»lH by

fog = jfga

o

. 2 ) : Ty ; : L ;
for all f,gelL (/u,).. The integraund on thé raght is inl|E (/4«)’
Ly Theorem 4,85, so that t.,g is well=-defained. Claim that
L’Q(/«) is a LSPS. IF e Ll(/,\) and € = £ +if,+jE +kf, For

some recal measurable functions [‘1’, 1<4, then j'_t;d/v\ =
fx(fl-if@_g-jfs-kf‘l)y - [xfly -ifxfgd -jfxfsd/u -kfx§4d
4 fxfla/A +ifxf2d/4 +jfxf3y~ +kfxféd/z\ - S.xfd/h ;
(1) o L Vg | e Rdx - &'.Ed = g.f ¢
i) 8 fx g8 st e Y b g or

2
all f,gel -(//«\)..

(ii) (f+g).h.= | (f+g)hd
T TEeig

f- h = h

fx( h+gh)d/.\ Sxfn}u

+f g,h//\ = f.h+g.h  for all [,g,he I.q(/A).
{idi) (AP (o £)ad = | o&(fg)d = | fgd
iii z,. Sx Bum fx £)dm fx Bgm

=« ol{f.8)  for all f,géLQ(/lA) and for all o€ ¥ .
Civy PoEw gxff"-y\ 2 fxmgd/u 30 For all féLQyA)_
2 : 2

for £ R e b Pt - f1“am = 0. 1f

For GL(/A) 1 , then fx' | /«A

f.£.=.0, then f lf|2d/u =00 "o (f|2 = 0 a.e. which implies
X v
thdt £ . a-0 n;e5 llence we have the claim. Note that

el = (e.6)F - {f, te1%omd® < peny .
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Since (LQ(/M.), i §,) is complete by Theorem 4,90, hence

(LQ(/A),H ) is complete. Thus ‘Lg(/u‘) is a left Hilbert space

9 9
Remark: If we Jdefinc . :.L-‘(/A)XL-(/AA)-—-——) H by
f.g == E:,"d
fx o ik
)
for all f,geL'yA)_ Then we have L2(/m) is a RSPS ;- so0 that

2 ; : .
L (/\A.) is a raght lHilbert ' space,

5.7 Theorem(Ricesz Representation Theorem for Hilbert Space)
Let V be a LSPS(RSPS) awshich/¥s’ also a left(right) Hilbert
space and let L:V— Le a continuous left(right) linear
" function. Then there exists a unique y€ V such that L(x) =

X.¥ (L(x) = y.x) for gdll-'x€W,.
Proof See [Y1]Xx&d

5.8 Definition Let V be a left vector space over H .

A map | :Vv—rR ig said to bLe left norm on V if and only if

(i) Ixll %0 for all x€ V and |x|| = O¢=dx = O.

(ii) fltxY = |4lxh for all x€V and for all Le H .

(iii) |fx+yll ¢ IxH+ 1yl for all x,yevV.

I . § } is a left norm on v, tl‘wn the pair (V, 11 })

is called a left normed linear space.

5.9 Deftnttion. let Y be' 'a right vector ‘spuce over'H « A map

i i :v—>R is said to bLe right norm on V if and el IF
Oﬁx = Oo

(ii)  fixetll = fxfft] for all x€V and for all <€ H.

]

(i) Ixll 30 for all x€V and |x|

(iii) ﬂx+y“ < UXll+l[y\| for all x. w8 Ve



If % |l is a right norm on V, then the pair (Vo0 1)

is called a right norned lincar Spuce.

5,10 Definition Let V be a vector space over H. Then

(Vo Ul }) is called u normed lincar space if | || is both a

left norm and right norm,

Example Let X be a locally compact llausdorff space. Then

CO(X) with the suprenwn norm is a left(right) normed linear
spuces - Also, CO(X) is a normed lincar space with respect

to the: supremnum norss

5.11 Theorem Let V,W be left(right) normed linear spaces
and F:V—W is a left{ripght)rlinearsmup,. If F is continuous

at one point, then F is continuous everywhere,
Proof sSece [11fp

5.12 Definition Let V,W bLe left(right) normed linear spuces

and Fi:V—W a left(right) linear map. Define the norm of F
Ly

M LF(_"_“_’}.
x#£0 pxi

-

Observe that [F(x)| € {FiIx} Ffor a1l xe X. If {Fll < oo >

then F is said to be bounded left(right) lincar map.

5.13 Theorem Let V,W be left(right) normed linear spaces
and RaV==alig ilef tiright o incar tap.s: Then F is continanous

ifapd oaly4f I 18 baunded,

Proof “sSee [11] . #
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5.14 Theorem Let V,W be left(rigiit; normed lincar spaces

and F:V—W a left(right) lincar hup. Then

IFl| = pug {f_i"“_)" {I\H\‘ 1} - o {IF=)y} .

xh<£1
Proof Secc [ll]

5.18 fheofcm(uahn-Banach) Let V be a left(right) normed
linear space and W is a left(right) lincar subspace of V.

Let F: W—H be a bounded left(right) linear functional on

We Yhen‘there exists a bounded left(right) lincar functional

' on V such that 5 = _#and JBi="Fl .

Proof See f11) . #

B

5.16 Theorem(Lebesgue-Radon-Nikodym Theorem for a Quateérnion

lleasure) Let/M be a d-finite positive mcasure on a €-algebra

YR i . Suppose A FSTaiquaterniongmeasure on)ﬂ . Then
q
(a) There is a unique pair of quaternion measures
Aa’ AS on M such that
A = Phuisidnekofactithver >‘SJ-/U\-
{b)  There is a unique he LIL/A) such that

A (E) = ynha (EeM 3 .

Rewark: (1) The pair X_ and AS is called the Lebesgue

decomposition of A relative to//A.

(2) A5nurtion'(b)_is known as the Radon-Nikodym

Theoreom,

. <R A o .
Proof Uniquencss of a and S Let ). and )
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be quaternion measures such that

A= Xu'* Xs . Xa<</4',‘ Xs-L/A'
Then ).Ia- /\a = .- )\ . D1 NCE /\a<</v\ and A’u<</v‘,

7/

)‘a— Aa<</u by . Theorem 2,51 (d)s "Sdnce AS__L/“ and _)\S"[/A’

i

}\S— Xs _L/,\ by Theorew 2.5%k. (c). “Hence )\/a- )\a =0 As— )‘s

s .
by Theorem 2,51 (g).  Then Aa = Aa and As = As .

Uniqueness of h 3Supposce there exists nle Ll(/u) such that

Xy (EY. = ]'Bhld/u (5eM) .
Then h=h € L' () and | (h=h )dm = O for all E€ M, ience
1 0 “ 1 /

h--hl =0 a.e./pM] on X by Theorem 4.74 (a), so hl = h a.e,

}‘J‘J on X
Sten b Assume/u and A arce finite positive measures on m.
Pat (\" = A+/(A . Then f( is a finite positive measure on N.

Then for all EeM ;
fx'xnd)u +jx’xEd/u = NE)r m(E) = ¢ (E) = Sx’xEdt(,

llence j‘sd/\ +I :sy,\ £ S'sd(( for all simple measurable
X X X

functionss. Let f be a non negative mcasurable function.
Then there exists a sequence of simple measurable functions
s % On X such that

(s JnenN B

(623 8, ¢ Sp& ven wind 1 sn(x) =afilny for all YoaiX,
N ——p 20
By Lebesgue's Momotone Convergence Theorcem,

iL‘i_m’wfxsnd(f = yxfdtf : iixlofxsnd/\ = fxf-d/\ and
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1im 5snc1/u ffd/A . lence
X

n—se X 500
fdy = lim 5‘ s d¢ = 1lim(( s dA +[Xs; dm )
S‘X PIRIG  Hhi n.-—mgx 4 n/
= lim fsdhuimgsd
n—oe X o n—s X n/

S'xfd} +g(fa/u .

1
Lt follows that { fa@@ = { £dX + [ fa For-all &L (W),
| jx jx yx 0

IE- @ L7 W), thea £é& Ll(/\) {since 1€ L3( @y, r.1ett( €))

S0 féLl()‘) 5 1f £8 LQ(Q’)r then ly fd/\l < g [Eld ) <
X X
[€£la ince @ =) £ c120 @} 5[ [ 120 @}
J 1t106 (oince @< aom < (f 1610} 3] 2a 0}t (o

liIclder's inequality) = ||fl|2'w(Le<X))*5< 0 , so

f\-——-»; fd)‘ is a bounded left(right) lincar functional on
X
) A .
L“(((). By Theorem 5 Eds ft——-—)f fd) is continuous on L2(Q’)
X

By Riesz represcentation theorem for ltilbert space, there

exists a unique gé€ L2( Q’) such that

(1) il A fgd
for all fé€ L"')( ¥

k€ P(BY = O for all E ém then lct xa = As =0

and hs=0 and we have the theorcem,

For L€ M such that @ (E) >0, we have

@(E) Y ) = [ Xar = f\(f/tﬁgdv : §Egaq>>, 0,
X D,

$0 Oéw—é—)y gd@¢ £ 1. By Theorem 4.75, we have g(x) € [0,1]
E
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a.c. [¥! on X. .Ne may thercforc assume that Og¢ g(x)< 1 for

all x€ X, without affecting (1). From (1), we have

(2) jxf(l-g)dA = j‘xfgyt

for all fé€ Lg(\?). Put A ={xe>:/ gix) e [0,1)},
B ={x6X/ gi{x) = 1}, and define
ALE) = M(ENa), A (E) = A\(END)

for ‘all Eém. Then Aa and As arc finite positive measures,

A= Agr Ag and A, LA From (2), mip) - { 1o -J s
- 5X1Bga/‘ W fx’ln(l-g)dz\ = S'B(l-g)a/} “ _0' Thus XS_L/A

(since As is concentrated on B and/b\ is concentrated on Bc)
Since g is bounded and Q is fihite, (1+g+g2+...+gn)'xE
€ L2((@) for all n = 1,2,3,..., EEM; and from (2), we have
i .
5 (l+g+g“+...+gn)(l-g)d/\ = f(l+g+g2+...+gn)g’cy4
E E
so

S (1=-g™* 114 UR §(1+g+g2+...+gn)g(yt .
B =
Since E = (ENA)U(ENB) and g(x) = 1 for all x€ B, we have
1 2 n

(3) S (1= . & S(1+g+g O )gd/«

ENA L
for gl neMN and for all ceM, 1f X €4, gm'l(x)—)O
monotonically, so lim(ngn+1)(x) = ‘Lo od [(1-gn+1)(x)‘ €1

n—s3 o0

for all x€ A and for all né€ N. By Lebesgue's Dominated

Convergence Theorem,

() 2am § o o(1-g"hap = [ 1dd = MEAa) - D (E)
Nn—o0 Ena ENA

for aull Ee€M.

9
Let h{x) = lim(1+g+g”+...+gn)g(x) for all xeé& X,
n—>» o0
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Then h is a non negative measurable function und 0<gg

2 ) VLA
(Leg)g £ (14g+8 )8 £... < 00, DBy Lebesgue's lMonotone

Convergence Theorem,

(5 lim f(1+g+g2+...+gn)gd/v\ = S‘hy'\
E

n—e0 L
for all E€M. By (3),(4) and (5),

A (E) = | ha

i { ha
for all E€M . Hence A << + < Since [nfd = hd -
: a /“' : fx /“ g‘x /‘A
. 1

A %) g AXy<eo , neLi(p).
step 11 Assume/A is a §-finite positive mcasure on m and

A is a finite positive measure on m . Then there exists

eM such that

x ’x ’l"~
1"y e
x = Ux, X0, neMN .
Let Y, = X,, Y = X~AY,U¥,U...UY ) if n32. Then
o0
X= U.¥, YAY, = ¢ if i 4 JasM (Y) € @0 for all neN.

For each ne N, let M ={eNY 7 €M} any Let M =/*|yn
n
and An = }\lm . By Stepl, for cach n €N there exist
n
unigque positive measures Aén),’ Aén) on mn such that

gos A RN Ag“)«/a.n, ,)\é")_l_/un

- . ~ T : l .
and there exist unique hné L (/An) such that
(n)
(L) & h d
Azal J‘E n/“n
Earall Eémn. Note ‘that hn is positive  (byg Stepl) for .all

né&€N . Define )a' /\S,h by

o0
e £8) ;
AE) = = Moeny y,

o0
o (n), .
A = = A ny ),
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hix) = hn(.\'} Tf x€ Yn.

Since 00> A(X) = Z A(Y)) any 0™ (v ) € A _(v) = Ay,

o9 o0 g
/\a(x) s r%;__l )\fl“)(\'n) < I-]2;—_1,\(1(“) <® . Then > A (X) =

o0

o0 * o9
(n) - Zf o e w T
Z A"y ) - =, hom = 2 ! hdpm = thu/u, hence
n- n
héLl(/M). For each n, )\én) and }\én) are positive measures,

SO A and A are positive mcasures,
a S
Claim that A (E) = )a(E)+ AS(E) for all EeM, 7o,
o0
prove this, let E€ M. Then AAE)+ A_(E) = E )\z(]n)(EﬂYn)
od o0 ]
s E AN Eny) ARG sy - I A 50T
0 f 0 o
= T AEAY) = A YENy)) = A (en( YT ) = A(ENX)

A(E).

i

Claim thut N e « To /prove this, let peMm be
: a ,/"A : o
such that/u(E) =wo. Then O =/A(E) =/u(nn(nL=)lYn)) =
Lad .
r{_:l/“(xsf\yn) = E/un(amn), hcnce/«n(E(\Yn) = 0 for all
n€N, Since 7’;&“)«/‘% for all n€ N, )\g“)(nnyn) - 0. fo

all n¢g N . llence )\a(E) = 0, So we have the claim.

Claim thut /\S __L//\. We have that for cach né€ N i
)\én)_l_/un, 8o, there exaist An,Bne Ynn such that A.nan =@,

n ; :
/\é’) 18 concentrated on A and/w.'1 1s concentrated on Bn’

0 o<

ot s LhA and e N Beowi “Phen BB & m « Since Y.NWW. =
n=}]n n=1"n by

p.if i # 3, it follows that ANDB = ¢g. Let EZ M be such

that EfYA = ¢. Then Ef\An = ¢ for all né N | so (EﬂYn)nAn

= # for all neéN ., llence )\én)(EﬂYn) = O for all ne WV,
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o0
llence AS(E) = rl:_—z-_I Aérl)(EﬂYn)

on A. Next, let F€ M be such that FAD = ¢, so FAD_ = ¢

Q. Thus )\Sis concentrated

for all n€ /N. lence (EﬂYn)(’\ B = ¢ for all n&N , hence
' 00

/un(nﬂxn) = 0 for gll nelN, ' 'rhus/u(lz) = E/An(snyn)

Q. Iience/A is cocentrated on B. This proves that )bs_!_/,\.

o0

¢ >0
ror BEM, A5y = I3 MW mar )~ I ] Bt

o il ¢
D) ngm = fnom .

Erﬁn E

n

Step II1 A‘ssux:\e/A LS Sa ‘—finite positive mecasure on M ang
is a quaternion mcasure on m. Then
A = )\l+.1 /\2+3 )\34-1\A4
7 - . .
for some real meaurcs /\l', 1 £ 4.\ Fhen AI', Al’ are finite
positive measures foy Ax=LiO43 4, - By Step 11, there exist
/

7 e 7’
unique positive measures Ai, )\]S', A;l, A;l, SR

guch: that
X Da<sin Aol
M7= Rt Meme AT La,

4
for 1 = 1,2.,304dUBAEOMREMCRExAHH VGOV

]

hl"hQ'hS""'hB

positive measurable functions in Ll(/(A) such that

L(E) - fhl/\ Aty = [ nam, )\i(n) - fﬁnsd/l\,

E
§ nsgms AZ(E) = f hodm,
AS(E) = 5Eh7d/ﬂ e fghsd ,

for alil Bem. Define Aa’ )ss,h by

T Bl R TE e e e T

-2 s 3
ATy - th4d/A, }\a(n)

]

a
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Do = Q=AM +iA2-X0%) +5(A2-007) wxdodh),

h = (h,=hy) +i(hs=h,) +j(h =h.) +k(h ~h

6) g)-

Then Aa and )\S arc quaternion measurcs. )sa + A, =
ALedD) = OZ5ATH « a02402) - (A7) -
JUAGD = A0+ k(AT - AN = A
s AS-XG) 2 3AS-A) « KAG-AD) = A L mence A wA = ).
Let E€¢Mbe such that M(E) = 0. Then A{(E) . /\;l’(E) -0
Por 1 » 1,2,3,4. lleold A (E} = 0. Thus Ag€< M. Since
)\l_L/« . -,/\;I_L/M . iAz_L/u . -i/\;g.L/A , j/\g_\_/u Tk
'.,-A?_L/M 1 kA:J_/u and -k)\;4_l_/u , by Theorem 2.51 (c),
we have

(=200 o () rdeietend (M2 -A70) + k(A:-Ag4))_g)/4 :
that is /\S_L/u . DBy Theorcm 4,70, we have

h = (hy=hy) + i(hg=h,) + j(hg=hg) + k(h,=hg) & Ll(/M)
and

AalB) = G(E) = AHE)) + i(A(E) - AT%(E))

JALE) = A7 (E)) + x(N3(E) - N4(E))
thld/«—J‘Ehga/«-r i(fﬁhsd/%-fEh‘td/A) 4
3 S nggm - ngapmy o xif npgm - ngam)

JE((hl-—h2)+i(h3—h4)+j(hs—h6)+k(h7-hs)&“~

[}

thd/q

for all B€ M. #
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5.17 Theorem Let P be a quaternion measure on a §-algebra

M in X. Then there is a qauternion measurable function h

1 for all x€ X and such that

hd | (CeM) .
). B

such that !h(x)l

M(E)

Proof Supposec that/AE 0, then y«[so. Let ha 1.

Thcn/b\(E) = Shd/(/'\l for all Eém, so done.
E

Hence we may assume thut/\«i Q. Cleurly,/u44)ML

Hence by the Lebesgue-Radon-Nikodym Theorem, there exists
h € Llf/lui) such that

‘/‘4(.5) = grh(:“/A‘

For all Eém i

Let r € [0,1) and A_ =ixe)(/ (h(x)[;r}. Let (Ej) .y
be a partition of A_. Then Ell (201 = 3-2:':1 ”E.hd/l“l‘ g
j

(o]

(2]
i 3%

JE}E.M%! § fgrlmHES) = slul(a,) Then |ml(a,) €
J

r/l/(&‘(Ar) (by the definition of yA: £ so)AAI (A) = O for all
r€ [0,1). lcnce |h]3t a.e.[yﬂ]. 'I‘hen]/;\\({xe)(/ [n(x)le1})
“ 0, Since./ué(), there exists L€ M- such that M(E) # 0,
so |ml(E) 50 and
ey fropl € Igliey < -
By [heorem 4,75, we have
Inl €1 a.e. [mll.
Fhen Jml({x€X/ [r(x)| > 1}) :
B={xex/ [neal# 1}={xex/ Inel>1jufxex/ [nx)lerd,

O, Let

]

[}



189
A
Fhus y«[ (B) = 0. Define h:X—H by
- h(x) if xe€ B,
3 h(x) =
2 iff xé De

A A
Then h is nmeasurable and ‘hl: 1 and -for all E'Gm

AI(E) j'End/w = hdjml +jmncna/w

ENB

A
hdim| = hdim|
fsnnc ’ jEf\BC v

{ ?xdyq +fmncﬁdy«i| - }'Eﬁdyal . #

ENB

5.18 Theorem Assune/‘. is a 6=finite positive measure on a
J-algebra M in X, geLl( ) and A(L’) = gd (Ee?ﬂ).
/11 S‘E ¥

Then

IN(E) = jﬁlgtd/ (EeMy).

Proof By Theorem 4.69, ) is a quaternion measurce

on N1, hence by Theorcn 5.17, there exists a measurable

function h such that Jhl= 1 on X and )\(E) = J hdlAl  for all
E

EEM, Then )‘(E) = fhdMl = fgd fFor:'all B 6m. llence
E L

[ BeA = [ rnan = jﬁgd/zA for all E€M (by Theorem 4.69).

L E L :

Si = = %, d = 14 5 e} e gd
Since hh = |h] 1 j‘E I2 SEI //4 so  JAI(E) s‘Ehb/«

for all Eem. Claim that T{g 20 a,e. y«] « . To prove this,

assune E;_: i ul-piuQ-p;'l\1_34;-1<v.14 for some real mecasurable functions
5o 84 Than [AERY & Txgd = u dm +if u,d +jj‘ u,dm

1 fE /u. S.E l/M s‘E a/A g o
+k| u d for all E€M, Since [IAI(E) >0, Mad = d

u
E
- SE“V = O For s}k B&HL, hopce, by Thusrem didd (a),
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u2 = u3 = u4 = 0 a.e.w}M] . llence hyg is real a.e.‘}gl ~

Then there exists B eM such that\;g is real on B and
/«(BC) = 0. Let E ={x€B/ (hg)(x)<O0J. For cach n, let
7 R -1
E, ={x€ E/ hg(x)< =1,
o0
8. € e b s . PR
Then L1 E2_ ES“"f and églnn E For ecaeh n,
: = - 1 1
0 <IAL(E ) = hgd =-J‘ -hgdm ¢ - 2am = =2 E)
n XE //A E £3 n,/& n/‘A n
n n n
<€ 0. Hence//A(En) = O for all n, SO//A(E) = 0. Then hg30
on BN E axld/A((B\E)c) =0, so hg 30 a.c. [m] . Since
nl= 1, we see that [g]:iﬁgl- Ew 3 T //A] Hence
lgld = hb for _atl EG]n so IAI(E) = lgld

for all Bem. #

Let/Ak be a §-finite positive measure on a @-algebra
M in X and l<pgeo . Let q be the exponent conjugate to p.
Let g€ LY( ). Define ¢ :Lp(/b\)——efH by
> & ‘
(£) =fao rd
Bglf) = f faim (fxg/‘* )

Then ¢ is a left(right) linear functional on Lp( ) and

g i = sup{*“:f"‘f"/ ieh >0}

k1881 0m

£ sup _‘_______'/'HEH 20
el o o
£ Sup{"l' F uﬂ$>()}

ub’“q<t'0 o

llence ¢g is a bounded left(rijht) linear functional on LPS/M)
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5,19 Theorem Supposce L€ p < oo, Let A be a non trivial
finitce positive nmeasure on a_&—ﬁlgobru M in X dnd $ a
bounded left(right) lincar functional on Lp(/u). Then there
exists a unique function ggequA) where q is the exponent
conjugate to p, such that

X Y v ; p
(1) FLE) =T Ll f em8M ) (e L7(m)).
Morecover, if ¢ and g are related as in (1), we have

(2) gl = \lgllq .

Proof Uniqueness of g Suppose there exists

: glé Lq-(/u), ;;uch that
fgd = fg,d
Sx " Sx £ A
for all f& LD(/A)* ~Sincc/»t()C) <°§ 3L € Ll(/u). Hence

S g.d/A = Igld/x, SO S (g-—gl)d/u = O which implics that
X X X

g8 =8, a.e./[m] %

We have shown that [¢ll < “g“q. 1f (gl = O, then
$=0, so (1) and (2) hold with g=0. Assunme |gh >O0.
Define >)M—-—>}H by

A(E) = 8(Xp).

If C,F€M is such that ENF .= $, then A(EUF) = & S

= $( ‘XE"' ’XF) = B( ’XE) + ¢(/Xl"‘) = NE) + )\(I-‘). Let E be the

union of countable many disjoint measurable scts Ei' For
egeh-K . et

A = EU -;.UE -
K 3 N
Then Alg A,SA,C... and kglAk = E, so E\A12E~A22...,.

hence lor each k, we sce that
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i X
p P

{5 | %% !"d/*}
{§

E\A

X 1, - {5 ey 1790

} - (/«A(Esak))__; 0 as k—300

'Oll—‘

i

(Because 11{.’Lm (E\Ak) /u( (C\A )) —/&(¢) = 0).

Since ¢ is bounded, by Theorem 5,13, ¢ is continuous. Then

B( K, )—#(X;) as k— @ , s0 A(A )—— A(E) as k—0
k
k
llence A (E) = lJ.m/\(A ) = lim A( U E;) = lim ] /\(E } =
K~ o0 K 00 k—-)-o
;: )\(E,-)o- Therefore A is a quaternion nicasure, Claim

that A<</o( To prove this;-1lcCt I:Gm be such that

N 1
M(E) = 0. "Then [ Xl _{S | ‘pd/&&}p = (M(E))P = O.
Since |g( ’XB)] < gl n"(E“p = 0, we have A(E) = 0. So we
the claim. By Lebesguce—=Radon=Nikodym Theorem, there exists
g€ Ll(/u) such that
ME) = § gdx
§ BUm
for all E&€M. Then g(As) = | gdr = {A.gdu Ffor all
T SL - Sx g8OM
Eém. By line#raty, it Ffollows Tthat
g(s) = ) sgd
J segm .

for every simple measurable fuaction s,

o0
Let fe L (/A,). Then |f(x)| £ |[El, for almost all x,
so there exists N€ M such thut./tt(N) = 0 and ‘f(x)]é"fl\w
for all x€N®. Consider £2 0. By the proof of Theorem 3.15
thetc exists a‘“sequence (Sn)nélN of simple measurable
functions such that s W f uniformly on N®. - Then

£~ bn”p———}O as n—00, Since ¢ is conitinuous, we have
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(3) lim g(s_) = $(f).
N —» 0 .-
Claim that 1lim s gd = ffgd . To prove this, we can
n—-;ooj‘)( a8 M g
choose M> O such that [snls M on N° for all neéN . Since

lim sng(x) = fg(x) for all xé€ Nc, [,sngl < |Mg| on N® for all
n——> oo ¥
neN and MgeLl(/u) (since ge Ll(/u)), by Lebesgue's

Dominated Convergence Theorem,

lim g‘ s gd = fgd 3
AR, S /A jx /“
so we have the claim. By (3) and (4), we see that

6(f) = 1lim ¢'(sn) = lim fsngd/l\ = ffgd/‘- o
X

(4)

n— oo n-—3e X

‘Next, consider f is rcal/ Thea £ = £f¥ - f . 59
B(E) = $(C7-E7) = $(£7)-g(£7) _
= e'gam - £7gapm ={ (£*-£7)ga ={ fgam .
fx 77 ‘(:x O\ VT N
Finally, consider [ iSsaswteswmi . Then £ = fl+if2+jf3+kf4
for some rcal mecasurable functions fl’, 1£4. ’Then

BUE) = B(E J+ig(F,)+ip(E ) ke (E )
. fxflga/u +ij"xf2gd/u +j,Ixf3gyA +kfxf4gd/k
AAHUE ALONBKOBMEINIVERSIEY oam .
fx g Hifyrifae 4)/‘ 5){ 8/“

llence g(f) = fogd/A for all feL”(/«).

o Wank thidvavs thie geLq(/M and that (2) holds.
%n__l_ p =1, Then for all BE€ MM ,
feml= 1S Feusr] = I8 x| < I8UIEGN L =NBU () -
llence [/—a—%-ﬂfﬁgd/«j £ ligll for a1l €M such thz_)t/{\(E)? 0.

By Theorem 4.75, |g(x)] < 21l a.c.}p\] ,» hence (gl , < ligll<eo.



194

Therefore ge Lm(/A) and |(zll, =t#h -

Casc I1 1<p<e ., Since g is quaternion measurable, similar

to Corollary 3.5 (e), there exists a quuternion measurable

function &« such that [#£] = 1 and |g|= oyg. For each n, let
E, ={x€X/ lg(x)] < n} .

and put fn = ’XL‘ !glq'_lp(. since q is the exponent conjugate
n

el

=1
4 00] =

top, [£ |% =Jg|% on E_. Since ]rnl’l(nq

(O(En]glq-l)“l(nq—l,oo]= $, we have ”En"“ =

‘ inf{[se[o,oo)//q([fn['l([; re0l) = 0} ¢ 9 < w0, nence

fné Lw(/u). Also, f-né Lp(/u) since fn is boqnded.l
q % q-1 1 d = X y q-1 y = £ p
fEnl.gl an fEnlgl e1gp = § X119 hggm = f o
&
= $CE) £ HpllE N, =gl {fh_nrglqd/_w}" for all nelN . 1f

lg1%m = 0 for/atl neN ., Them [g]d = 0 a.e. on X
5'17 ‘ /‘ | y‘] »

0
hence /C (-glqd/\« =0, hence pge& Lq(/u) and fg|l = O0< ().
& , q
since [gf & ﬂgﬂq, we see that [‘g"q = [gl], Lf there exists

for all néeN

n € N. such that ]glqd 2, I Since L C I
o Iﬁn / n n+1l

o
we have S |g[qd PO ton alln Zz0,. Since f [g[qd/u£
E En

n
i i
gl {fn Iglqd/A}p for all n €N , {fE ]g]q(y(}pg ¢l Eor all
n n '

1
) .
nn . llence {gXXE lg!qd/M}l £ ||pll for all nzn . Since
n
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0 4’xE lg‘qs ’xl: fgiqs-.. and 1_.1_m’XE ‘g‘q(x) - 'g|(1()\) for
1 2 l—s3c0 N

all x€ X, by Lebesgue's Monotone Convergence Theorem, we have

lim f'xn]g]qy J‘x'glqd/u

n-—eo X
hence - 1 1
lim X (g% . B lgl q
Lin {fx; 181%9m}% = {f [619m} .
Therefore

L
.{jxlgl“a/«}“ < st

that is [{g“qg I < e « Hence gGLq(/A) and (2) holds.
by G P P E by -
}orrall e, eelfim), ’jxfgd/A yxflg%l
£-f )gd < £-f amg|f-€ Il Jigh by lolder®
Ux( 1 s,/“l fxl el amslie=c 0l Jlgl by r's
inequality. llence the map fh—»f fgﬁ/« is continuous on Lp5m)

Now E”L/A) contains 9 ={s is a quaternion simple

measurable function}. By Theorem 4592, ? is dense in
p 24 i : p
L }/A), hence L &ﬁ&) is dense in L ﬁ/A).
To show that g(f) = f fgd for all fe LP{ Y. 46
e /A /A

SRR [ih e
f e L £/A)h [hen there exists a scquence (fn)néﬁl ig L S/A)

such that limn fn = fs Since ¢ is continuous, lim ¢(f Jia
' N—s o0 : n—e
#(£). llence lim fF gdM = g(f). Since the map

N—e X

fk_¢f fé/u is continuous on L ﬁ/A), laim f f bjM = S;fggﬂ.

Hence ¢(f) = f Fgdas - # ., :
X

5.20 Theorem Let//A be a quaternion(Borel) mcasure on a

J—ulgcbru M in a topolggical spoce X.. "Lf fE Ll£/4), then
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f eq jfhd/lul

X X o
([fx(a/«)f) thfd/w )

for some quaternion(Borel) measurable function h such that

|h|= 1 on. X«

Proof By Theorem 5,17, there is a quaternion(Borel)
measurable function h such that |hl= 1 on X und./M(E) =

Slu&ul for all BeM. By Theorem 4.69, we have the theorem.#
E

5.21 'Lheorem Let//A and A be quaternion(BBorel) measures
on a @-algebra M in“a topological spuce X. If f€ Llﬁ/a+-A)

then
£d XNk fd fdA
frapp Ay s il

( (d +A ) €e]=If (a £) + d)\‘f-
[Sx (o +A )} EETEEEY F) [fx( )E] )

Proof  Ca3g~llF =‘XE<for some E57n. Sincq/M +A

is a quaternion measure, we have K X4 ( +)\) = ( + A )(E)
; y f g (M L
= MEE)+ N{E)Us X dmMm + K. dA-,
/4 X E/M X E

Gase 31 F: b8 simple, Then

n
o= : IX
. L—ldl E
where Xi,...,.dn are. Jdrastinet values of-f and Ei = f—l(cii)
Fap-all a = b BegsWenccs Then

]

n
5xfd(/A+/\) S‘Xﬁdi'xﬁid(/u-rh) o :v( ’X d(/-‘\+/\)

n : n
f el o JRE +}‘ p e s 4 a'A
xl=l A Ei/M' xl:l ¥ Ei



197

= £d fdA .
e v S g

Case III f3 O, Then there exists a sequence (s ) N ©Of
prats S0ENE it n‘né€
simple mecasurable functions such thut()éSls $,% .. and

lim sl(x) = f(x) for all x€ X. By Lebesgue's Monotone
I

n —j 00

Convergence Theorem, we have

1im S pd M fkfd/u

n—on X
and
lim s dA = SN 7 4
n-—-mrx" fX
Also, lim (s d(m+A) = ( fa(ms+A). DBut 1im [ s d(m+ X)
: n—eafx 24 /“ fX //A n—a«fx ) -/M

= lim | s dM 4+ 1im { s d) = fd fdA . llence
n-—soeIX' n n—,ufx 7 fx <X *fx

Fa(m+ A L /BB FaX .
a2 L R,

Case IV f is recal.  ZTHER R el -f . By Case 111, we sec

that

5xfd(/4+/\ ) =j'x<.f*-f">d(/u+A )
S loety /\ =1 £ d A
jx (Med) fx (Mad)
=J‘ f+d/« sk c%4a -(f [7dm -[ £7ar )
X . X LN .4
s E e f 388 £Y=£7)aA
f, ¢ )am +jx( )

el el Tl .
g; /ﬁ‘ fX

Case V. f is quuternion, Then f = fl+i{")+jf3+kf4 for somc

4

rcal measurable functions ffv 154, By Case'lv, we see that
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f}'(fa(/uds) =fxfla(/«+/\ “ifx%d‘(/f + A )+jjxr3d(/,(+A }
kfxf4(ly4+A )
='(Xfld/u +§xfld)\ +i(fxf2a +fxfgd)\ )+
j(fxfsd +fxf3dA )+k(j‘xf4d/A+fxf4d>\ )

X

=\ £ +fd .#
el ns B,

5.22 Definition Lot/ﬁﬂ bl Jd Aguaternion Borel measure on a
§-alpgebra M in a topotoygicul—spuace X. //A is called regular

if Ml is rcegular.
//A 3

The map

fr—\ fd ([\ (am)£])
fx dm S'x 1
is’ a bounded left(righitd=lspear functiondal on Co(X) whose

norm is no luarger than Jﬁd(X) .

5.23 The Ricsz Representation Theorem .Let X be a locally

compact, 6=-compact Hausdorff space. To each bLounded left
(ripht) linc¢:dr. fuactionali @ on CO(X), there corresponds a
unique quaternion regular Dorel HC&SHTU//4 such that
(1) p(t) = § eam (L[ (dpm)E])

x/u Sx d
For -aky fe.CO(X). aorvovers it & andfﬁ\ are related as in

(L) ehen

(2) gll = /NHX%

v ' . ~ L
Proof Uniguvncss of M bupp050//& and//« are
td <

quaternion regular lorel measurces such that
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S}:fk’l/‘A y fxf3/( \

for all fé€ CO(X). Note that f € CO(X)-.:;[" is bounded =

-~

Fe LY (M), Then
(3) E fd(m — ') =0
T
for, all EG.CO(X). Let/u' =/4 -/t«’. By Theorem 5.17, there
exists a quaternion Borel function h such that [h{= 1 on X and
Vgemjd/u Shd/ul . + For any sequence (fn)nGN of CO(X),.
7
(X Tl E -t £ 4 since £ d = 0 by (3
‘/«l)/«( [/A( §A50m (3))
e L4 7, ol ” ;
=S hhdiml = £ hdlml =| (h=f )hdiml|
X /“ fX n /A KX n ,}’“

Lol /
éfxln-fnidyl ;

Since C_(X) is demse in Ll(y«”n %ot he Ll(/lu'l), therc exists

a scequence (f )neN in C (XPrguct, that € -——)H in Ll()ﬁ\"l), éo

g \h-—f ld//\ Ih-—f “ —3 0 as n=—>3e0 ,

chce/«(“)() - O S i ee J,u"(n 4/.«](1:) /m(x) = 0 for
all L‘Gm /“ 0. §iliclidmplies Lhdt/A _/A

If (gll= O, then g=0, so put/u.EO. Assume without
loss of gencrality that |glf = 1 ( Lf O< gl # 1, then we put
e Wg_ﬂ_)' Let

C"C'(X) ={re C.(X)/ £ is non ncgative reall.

For fEC:(X), define
AE = sup{|#(h)] / heC_(X), [n]s ey

i
and for ¢ €-(0,a ), - AlcE}. = ¢Af,  Also, fop fecc(X),

Then A£3 0 for all fg c (X}, 0%k S Pdn C:(X)mg/\fls Mg
L 4

ACIEL) = sup{lg(n)| / hecC_(X), |n|< el
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£ suplligh Inl/ neC (X),|nl € 1£1})
= sup{linl/ mec (x), Inf<ifl} ¢ el ,

hence
(4) ()] <« ACLELD) < lIEN o
Let f,gAGC:(X). To show thut A(f+g) = Af+Ag. To prove this
let €0 be given. Then there exist h,,h, € C_(X) such that
(hllé - !hglé g and

AEL|g(h )l +€ , Agglg(ny)]+€ .

S 54 &= 0[ = é

Let a&, agze # ve such that ld&l | Ql 1 and

cg(h) =[pn ), Lglny) = [p(ny)],

. . Then

Af + Ag < |g(h )l +[g(hy)| + 28

L #(h ) + Ag(h,) + 2¢

p(olih, + o(zng) +\

ACIh,} +]hg] ) + 2& (by the definition of A )

n

& A(P+g) + 2% (since lhl|+|h2|$ f+g )
Since £¢> O is arbitrary, Af + Apg < A(f+g).

Let heg CC(X) such that |[h] £ f+g. Let
L]

={x€ X/ £(x)+g(x) >07, and define

f h h ;

Balx) = O if x4 V.

h, (x)
Then hl and h2 are contingouston V. ‘Let x0¢ Vi - lThen
h(x ) = O since [hl € f+g. DBy tie definition of h,,
[hl(x)lé [h(x)| Ffor all x€X. Lct £>0 bLe given., since h

is continuoug at X,» there exists a nbhd N of xé such that

(h(x)—h(xo)[< € for all x€ N, so [hl(x)—hl(xo)[=(hl(x)|5



I h(x)| =|h(x)—h(xo)l< € for all x €N, Thus hl. is continuous

\
at xo. This shows that hl is continuous on X. Since
lnll & |h| and h€ C.(X), it follows that h € C_(X).

Jimilarly, l12‘£ CC(X) ¥

Because¢ h +h, = h and jhl] &, |hQ|5 g, we have
lg(n)] =1g(n +hy)] =]g(h )+(hy)] < |#(h )] +18(hy)] £ AF + Ag
(since fhll;é f and Af = sup{]gb(h)l/ héCcv(X), |hi Sf}).
llence A(f+g) € Af + Ag. ' Thus A(f+g) = Af + Ag for all

i +
f,gECc(X).

Let. £ be a“TegaX/functiony fECC(X).V Since 2% =
|El +f and 2f° =[f| -f, we have £¥,£7¢ C;(X). Define
Af = AET = AE7.

e E e f1+if +jt'3+kf4€Cc(X) for some real measurable

?
functions fl', is 4, we define

Af = /\f1+1Af2+jAf3+kAf4.
From the proof of Theorem 4,70, we have A is a positive
left linear functional on CC(X).. By Theorem 4,76, there
exists a §-finite positive Borel ricasure A such that

Af = Sxqu.

for uil F€C_(X) and A is regular if ) (X)< e . From the
proof of Theorem 4,76, since X is open din X,

(X)) = sup {AE/ Feg xy;ogegil.
1f fGCC(X) is such that OSFf< 1, "Af wA{lE]) &I} € 1 by

(4), so A(X)€1. By (4) again, [p(F)) £ ACIEl) = { 1£1¢A
. X

= llell, (Il in LY(A)) for all £€C_(X). lience
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¢:CC(X)——>H is left linear with ||gf €1, with respect to
Ll( A )=-norm on Cc(X) (CC(X)'QLL? ){)). ' By Theorem 5,15
(Hahn-Banach), there is a norm-prescrving extension of ¢ to
a left lincar functional on Ll()\ ) By Theorem 5,19 (the
case p = 1 ), there exists a Borel function géLw( A ).

such that ’

p(f) = {xfgaA

for all EGCC(X) and |gl €1 a.e. [A] on X (because [lgfleo=
gl € 1= jg(x)] € 1 for almost all x¢€ X). By Theorem 1.43,
CC(X) is dense in CO(X). Leyr E€ CO(X). Then there exists

a sequence ('fn)nCN in CC(X) such that fn——->f as n—ad

Since ¢ is continuous, 1lim ¢‘(fn) ="p(f), hence
0N =3 o0
/ /
lim yfngd/\ = #(f). Since the map fl———)f fgdA is continuous
n— o X X
on C_(X), we have lim y fngdA = S‘ fgdA . lience
n—c0 X X .
(5) p(£) = f £ga)
X

for all F&€C_(X). For EeM, define AA(E) = Cadk " %his

o .'E
M is a quateranion measure on M fuaand f fd/M = S‘ fgdd =
% X X

g(f) for all f€ C_(X).  Hence (1) holds.

Since llgfl = 1 and from (5), we have

fxlg(dA 3 sup{lg(£)l/ £€c (X), Ifh &1}
= gl (by Theorcm 5.14) = 1,

since jgig 1 avei (A1 on X and AEX)< 1, {1e1dd £ A(x) £1,

‘\' x

1.0 Thus f jg‘d/\ = )\(X) = 4.
X

]

hence A(X) = 1 and S-(g[d/\
X



Since /A(E) = S‘ gd) for all Eem, by Theorem 5.18, we have
E . .

I(E) = [dA
miE) SEtgd

for all Eém . llence

Imiex) = fxtgld/\ =1 =gl .

\

5.24 Definition. Suppose Jd is a §-algebra in a set X and

g is a 6-algebra in a set Y. A measurable rectangle of

XxY is a set of the form AxB where A€ ,BE‘! .

If Qs= RlU ,,.URn where cach Ri is a
measurable rectangle and le\Rj = goif i # j, we say that

Qécg’, the class of all elementary sets. Then every

measuruble rectangle is an elecmentary set.

25 Definition ng is defined to be the smallest

6 -algebra in XxY containing all mcasurable rectungles.,

5.26 Definition Let E&XxY, and x€X, y€ Y, we define

B, wi{ve ¥7 (n,3)€ By, B =ix€1y (x/v)eg}

E, and EY are called the x-section of E and the y-section

~of E, respectively. Note that E.& Y-and EY¢ x.

.27 dheorem: 1f E € ng, then Exej for sl %% X and

t¥¢ 5 Ffor all y€ Y.
Proof See [9].
.28 Theorem 1f P Qé% s EBEN POQ, P~ Qi and PUDH belong

w%

Proof  See [9].



‘5429 Theorem gx g'is the smallest monctone class which

contains all elementary sets.,

Proof 3See [9)]. #

5.30 Definition Let f Le a function on XxY. For each
x€ X, let fx be the function on Y defined by

£ (y) = £(x,y)
and for each y€ Y, lct £Y be the function on X defined by

£¥(x) = £(x,y).

5.31 Theorem Let f be an —r 7) - measurable
function on XxY. Then

(a) for all xé€X, fx is a gr—-xneasuruble
function,

0 oFar nall yG.Y; £Y is an & — measurable

function.

Proof[9]Let V be an open set in H . Then f-l(V)
€ 5xT ¢ £71v) = fix, )€ XYL E4x.v)€ vi). Let xex,
y€Y. Then (£7%4v)) €T and (£F71(v))¥€ 5 by Theorem 5.27.
-1 ’ goie . 4 -
But (£7(V)), ={y'€¥ f(x,y)ev] ={yew ¢ (v)ev}= eSt(v)
e T and (e (vy)Y {Hex/ E(x,y)ev}={xex; e¥(x)ev]-

(BT i e 5

5.32 Theorem Suppose that (X, § M) und (Y,g,)) are
quaternion measure spuces, Q€ 5 x9Y and [M(n)/u(.a) &
}MI(A) K81 Por. ail akid ned 5 tis

@) = JATEQ,  Yix) = Jmlie”)



for all x€ X, yevY, Then P is g—x:acaauruble, ¥ is

g—meusur‘able anl Jlx?d/u. = fy‘}'d/\ « Note that if S:{g&,X};

‘5={¢,Y},/K(x) = i and A(Y) = j, then l/\l(Y)/u (X) # )«!(x)/\(r),

Proof The definition of (‘f and w make sense by

Theorem 5,.27.

Let - be the class of all Q €qu for which the
conclusion of tae theorem holds. Ye claim that _a has the
following properties:

(a) -~ contains all neasurable rectangles.

{b) If Q2 rens € n such that ng WE ..., then

{ey “1F (Qi)iew is a disjoint collection of menbers
®
P ha { P
of .a., then iL=JlQi=JL. .

£3): It AxBégxg, Ql,QQ,,...é -+ and AxB?_Ql?, Q,2
w o
ve e Ehen inQiE__n__ -

For eagh Q& 5x7, let

‘ y
Poix) = 141020, Yoly) = jul(Q")
for all  x& X. ‘vE&Y,

o prove (a), let A €4 & BE(J o oblien (foB(x) =

M‘((Ax_"))x) iAl(B) A (x) for all x€X and ¥

AXB(y) g

]

tul( (ax3)Y) iml(A) X (y) for all y€ Y. llence ¥ is
& J B

AxB

5-::1@05'41‘.‘::1)10 ‘F is g—z.-::';;sur:.:blo (‘ Q’ d =
: ax3 4 J‘( A;KB/‘

Py

Bx !)«l(3)’XAa/u = 1)".(3)/4{;.) anl SY\};xBa»\ = jyyAt(A)’xBaA



& By. Ml . 3 |
I/.«I(A))\(l) But | l(sw(A)‘ }u\((x))\(n). s
S.x (PAch_l/A ? SY.%\X Bd/\ p

To prove (b), for all x€X for all yey,

(0, 1.8 i isBuas aleemii

¥ o0
Then for all x€ X, limIAl((Q.),) = ALY, (@), =
. ) n—y 00 _
" o0
'/\l((ingi)x) and for all ye Y, lim f/u[(Qy) " y‘l(ingi) e

.._.;

0
00 . since 1M(Q) € 1N (Qy) € ... and Ml €

i) € .05 B (2B (F) SSacnnd V. (V) &V (#) €.,
T o Q, a, %0,

and lim (PQ (x) = ((.o (x) and 1lim ‘VQ (v) = Y (y) for
Ne— e ;Y lQ n —>e0 iL--'?.lQi

all x€X for all ye€¥X./ by Lebesgue's Monotone Convergence

Theorem, we see that LP“’ is J-—meusurable, Ly.o is
z1% 121

J-meaaurable lim S Q’ d/A = y (? w /A and

1im " (‘PQ dA y k}!.,a d) . Since Qné..n. for all neMN |

fvheh T i= lQ

S.(? d/A = f\}' d/\ for- all neEN . It followe that
X Qn 1

fvg e

J. £

Fo - prove fe) et QJ‘,Q:2 € be.such that anQg = $.

For x€ X, LteUQ,)(x) = MV, = 1AL, U (Q,),) -

IAL(Qp), + TM(gy), - But JAl(q), + M), =



(e £ %) (X) for all x€ X. Then (x) = ¥ {x
Mk %, R ®qua, g \%d 3

@. (x) for all xe€ X. Since @ and @_ are $-measurable
Q, Q Q,

¥ is 9 -mcasurable. Similarly, VY is 4-—measurable
Ve,

v,
dm = + @ yam = du+[ @ a
fx(tequ/M yx( (()Ql My g fXQQl/A J)c QQ/A
SwaldA *J\YWQQLM = SZ{( WQ]_*&PQQ)GA f lUQg (since

L as proof similar to ¢ -
L4 T i B A8 Nl

L?QQ)- Hence QlUQ2€ s, 59 &= Ql,Qg,...,QneJL for all

' e 8
neN and QNQ; = ¢ if i # 3, thea Y Q€5 for all nelN

n
Let P_ = .L_JlQi for all'n€fN. Then P_€ 5 for all neWN

o

Cc e ¢ 2 :
and P P2_ B e o/ BY BBV Ve Tave 1.L=)1p.1.é e, N L e
)

o0
ol # j_L:JJ.Qi’ so U Q9805

To prove (A} let—%6-%y—V & Wl Then

(axB) 2 (Q,), 2 (Qy), 2 ... and (axB)¥2l2¢)2... .

Sy ]
Then Lim [A10(Q ),) = IAI(,Q,(Q) ) = V'l((inQi)x._) and

n—yo0
1im 1Ml(QY) }M'(( n AL 1in ‘{’Q (x) = M ta)
ﬂ—no , n—se«© “n iQJ.Qi
and 1lim \VQ el E ¥ o ty) Since Q € = for all n\EN,
bl 7 i219%
W o0 is 3.—x:wa:surable and Y,o & J -mecasurable., From
J'.Q:lQi iz 1 i

‘-FQn(x) = (Mo ) € M (axB) = JAI(B) X, (x) for all n&N



for all xgx, S'xl?\l(n)’X.Ad}u! = ‘)\I(B)/I/AHA) € » ¢ 80

f)\l(B)’XAé Ll(/u). Sinilarly, Y’Qn(y) él/AA!(A) ’XB(y) for all

n €N for all veY and JAAI(A)’XBGLL()\). By Lebesgue's

Dominated Convergence Theorem, we have

lim fcp dpm = S\(_, am ii_n;onLVQnd)\ =£{_\y~ dX s

n—wX ® G j_QlQi

Since for all n€ N, QS A, 5“PQ d/4 = f ‘VQ dA for all
X *n ¥ v n

n€/N . Hence W 4 Y dA .+ So we have (d).
5.8,

1..-1. T=l-ti

o0
Mow, let X = ig__)lxi and Y = jg Yj be disjoint unions;

where Xié d for all i€MN and Yjeq for 411 3 & N. For
m,n€MN , Q€ XxY, define

an = Qﬁ(anYm) '

Let M = {Qe qu/ ane.n, for all m,n € N}. Then b)) and

(d) shows that N is a monotone class.

To show %S'm s e W B,ézr e ‘Fhen for all

m,ne N, (AXB)N\(X _xY ) = (ANX )x(BNY )€ o by (a). Then

v

AxB € m . Hence M contains all measurable rectangle, DBy
e )y (f = m ¢« Sinve & x { is the smallest monotone class

which contains % . 5 x g cm. By the definition of M it

m Qqu . llence m=5x7

Let Q€5xg, so Qém ~ - Then ans_n, for all

m,n €N . Q= QN (xxY) = Qr\(m},{m(xnx&'mn = U,,,(Qn(xanm’)

m, n€
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. ‘hict .lb a disjoint union. - B c), we have
”m,n€~an W 1 J y (c),

Q€ ., #

Remark: Since @ (x) = MI(QX) = I’XQ(x,y)d'N(y) and
: ¥

Y(y) =;/4’(Qy) = yx’XQ(x,y)d/Lul(x), the conclusion

d = d) can be written in the form
fagm <[
f am 00 [2y0x)a Al (y) -feAmn | 2o napmx

(f S Ftxema 1Al ) )am (x) 25 [ XU viafmitxa A .

5.33 Definition Let (X, 57“) and Y, q,)l) be quaternion
measure spaces such that MI(B)M(A) =/(/M[(A) )\(B) for all
A€ 5,Béq. ir Qexx(f, we define

OaxA (@ = § Q)M () - J e d i .

We call/ux)) the product of quaternion measurcs/&( and A.
/ﬂx /\ is really a quaternion mcasure on & xq follows

immediately from Theorem 4.67.

5.34 The Fubini Theorcem Let (x, 3 ,/A) and (Y,.g,h) be

quaternion mcasure spaces such that I’)\l(B)/M(A) = i/Ml(A)/\(B)
for all A€ J, Be 7 « Supposc T is an 5xg -measurable
function on XxY, l
{a) If OSEE®  apd ir
(1) @ (x) =j‘ £ Al Wy =S'fyd/w.( (xEX, yET);
Y X 9

then ¢ is J-nmeasurable and Y is (j-muasurable, and

(2) fqu/u i fXXdeS/«A 5, g ok fy_‘;’d)
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(b) 1f f is quaternion and |fl<e® | then the

Y

functions ¥ anda ¥ , defined by‘(l), are in Ll(/u) and

Ll(). ), respectively, and (2) holds.

Proof of (a) Let O<f< e , and let (f(x) .~.j‘ £, a14l
Y

VYi(iy) = gfyd},ul for all x€X, y€ Y. By Theorem 5.31,
X

fx is g—measurable and fy is 5-measurable.. Then the

definition of (-? and 9’ make sense,

Suppose Q€& § x g and (f = ’XQ' Then W(x) =Yy('XQ)xdlM

=SY( LMEL [Al(Q.) for all x€ X and Y(y) = fx(/xq)yd}“‘

= V(X y)dmt = |m(QY) for all ye Y. By Theorem 5.32,
fx griue 2

: q
(P is J-—measurable, 9" is f| -measurable and S'Qd/« =§ \rdA .
X Y

But f4dm - fxlf\i (Qd4M = (MxA)(Q) = [  Xd(mxA) and

XxY

vax = { tmieVrax = (uxA)y(qQ) = XA axA). T :
SY fy/u /ﬂ YXxYQ /x ence

(a) holds for all non negative simple 5xq—measurable

functions.

Let f be such that O<f < _ Then there exists a
sequence of simple mcasurable functions (Sn)néN such that

Oésls 825 ivs and 13m sn(x,y) = f(x,y) for all. x&€ X Eor all
n— o0

y&Y, TFor each neWN | Jet (-(n(x) - Sy(sn)xdh\l , Wn(y) =

Xx(sn)yd/Wl for all x&€X, y€ Y. Then we have (en is
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;-mousurablc, ¥: " is 1-measuruble and f({»’ d/b\ =
n : £ ; x B

s d( xA) = Y a) for all n&€/N . By Lebesgue's
SXxYn & yY e

Monotone Convergence Thecorem, lim s d(/U\x/\) =
n
N—am XxY

ny.fd(/iXJ\ Yo Since for all'x€ X, Os('sl)x5 (82)x‘$"’

and l;m(sn)x(y) = fx(y) Far w1l vy& ¥, by Lebesgue's Monotone
n—sc0

Convergence Theorem, lim f(sn)xdb\l = jfxd"\l and
n—w Y ¥

0 S,( (), d1Al £ _{(SQ)Xdl/\i £ ...+ Then lim ¢ (x) = ((x)
’ Y n—>o00

and O £ C?l(x) . Qg(‘x) S/ St By Lebesgue's Monotone

Convergence Theorem, Y¥ is d-measurable and lim S\(p (VA =
n—e X i :

g Qd/‘( s Biwilariy, Y is 7-mcasuruble and lim ‘( YdA =
: n
X n—se Y

Yd) . But for &ll n€N,  d H s d ) .
j.Y '(x nl/ fXxYn( o

f‘f’ndl\ « Hence
Y

Joam - ( Fa(uxA) = fyxyd,\ ¢

XxY

Proof of (b) Let f be a quaternion measurable

function and [fl < #0 . Sipce !/MX/\I(XXY)<°°

£ dluxAl < o cett(mxA).
Iny J,«x y SO /Ax

Step 1 -f i8-real. then | o ¥l .. Lot

]
"

¥ (%) jy(f*)xdu\!, £, (x) XY(f-')xd!f\\,

Y, () fx(f*)yay«t. Yotwd = § eaapur



e

for all x€X for all y€Y. By (a), we have
i iy
@ du = fra(uxA) = | ydp
J‘x lv/“ ijY g frl
Y, am = ETd{pmxA) = } ¥odd &
J\X 2/4 fXx.Y-' /“ jY 2
Since (£%) = ((f*)x| £]flceo and 1AI(Y)<ea. @ (x)<

for all x€X. Similarly, lf2(x)<ao for all x&6X, Yl(y)<oo

for all yé€Y and Wg(y)<oo for all y€Y. Since [ANY)co
b4 :
and ul(xy<oo, U, G €1t (u) ana W, ¥,er’(A). since

F et

x - (£7), end S = (2% (7)Y, @(x) =Lffxd|/“

X

i fy(f+)xdlA] - jy(f")xd!/\l = ¥ (x) - W,(x) and W(y) =
¥ i J 7, e 5 D :

gxf apul = Jx'(f*) aju! fx(f Waml = ¥ (y) - Yy(5).

Hence @eLl(m) and /Ye BB,  Thus [ pau = Ak L
n M fx/* fxq’l/“

fxﬂ?gd/u Sxxyf*dy«xA) - fxxyf'fd.(/ux.x\) = leVld,\ -
S‘ "('Qd/\ = flf‘d/\ . lence
;

Y

fx"’d/* o Sxxy'fd(/“x,\) = fY‘l’d/\ x

Step Il F is quaterniony Theg I = f‘l+if0+jf3+kf4 for some
‘ s

real measurable functions £, 1<€4., Since £, = (fl)x+i(f2)x
+3(05) +K(0,),, @(x) = {fodtz\l - SY(fl)xdlM +ify(f2)xdl>\!

+jfy(f3)xd|)\| +kfy(f4)xdl/\| g (fl)y+i(f2)'y+j(f3)y

LR, jf"ay«l "
X
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J e )Yapm vif (£5)%apal +iJ (E517 ) ok f (E)Yaml o Let
X X BRI

?r(x) = fy(si)xdm and let VY/(y) = Sx(fl')ydy“l g 1,
2.3,4¢ "By Step I, Ql’e Ll(/a) and ‘i’l’e Ll()), ! = 1,2,3,4.

and @sa
e L4oa

f Erd(mx)) = jsylrd/\ LS 8
XxY : : 4

P Lx)+i @y(x)+3 @o(x) ek ((’4(x)' and Y(y) =

1]

Since ¥ (x)
Vi ei ¥y ¥k Yoy, Pertou) ans Yerl())

and fxq’d/u 3}((91% +ij‘x<?2d/~« +jfxﬂ?sd/a +kj'xte4cy.«

yXfold(/H 7 )+i§Xfo2d‘/'\ xA )+
J‘fxxrfsd.(/Ax A )+ijxyf4d(/u <k
fY‘YldA +iSYLY2d/\ +ij\y3d); +k.j;<y4d;)\
L;dk‘,

lience SXQV - ExXY'fd.(/“x,\) = JYWdA . #

n
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