Chapter 4
High-Temperatures isotope effect in the presence of a pseudogap

We wish to reexamine Eq.(3.31) from the framework of T. Dahm [Ref.38] to
investigate Egand Tcdependence of isotope exponent (00 1we rewrite Eq.(3.31)

L{co) = 1@ 2®5>\de-t§-n- (’/ﬁﬂ]ﬁo@)}’_@f % (4.1)
2N g A J Je2HEgm 2

We will solve Eq.(4.1) exactly to find the expression of isotope exponent (Ot) in

terms of pseudogap (Eg) and critical temperature (Tc) . this workg (0 ) will be chosen
to be either

A (®) = — constant foran - wave pseudogap
’ (0) = §yC0s20 fora (.. 2-wavepseudogap (42)
(0) = *Sin20 fora 01Xy - wave pseudogap
And "(0)IS the basis function for the pairing symmetry considered by
() 1 for - wave pairing
— — ¢0s20 for dxi_yi - wave pairing (4.3)
I~
dv(©) sin20 for d vL- wave pairing

For s-wave type we write Eq.(4.1) in the form

Ls(aj) = N (4.4)
e2+Eg

By using expansion of tanh(x) in series of simple fraction [81]
f 7DCcN
tanh ‘i : 45
) g k- if )

Substituted Eq.(4.5) back into Eq.(4.4) 1the integral can be performed directly
and we obtain the following result
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L(@) = ,vimte e _g (4.6)
IN(O)T | Vo2 -f . jE5go+(
From the previous chapter, the isotope exponent (ot) is defined by:
dA dLp
1dinTe _ | dLp dcop
2dInco 2 dA dL. " gA dLe
dLp dTc + dLedTc
X is the eigenvalue according to Eq.(3.26) that given by:
VL, +VianLn 1
Afa>6,cop T) = v K
dA V 1 /2,
dLp P el -V LY +aVaVpu ) o p) po
Vot Ly ol D)2+ 4vedvpol) " -V . (4.9

From A0 ,TC) = 1 so atT = Tc we write Eq.(48) in the form

1 = viL 4 gL t+y (vedle-VpoLp +4veovpo(Le)2 .
{reoLe-rpOLpf +4VelvpolL I\V2 = 1 . (4.12)
Yeo™e ' po-~p

Substitute Eq.(4.11) back into Eq.(4.9) and Eq.(4.10) respectively, we obtain

dA = Vpo - VppVeole 412)
~dLp 2- veOlL2- VpOLp '

dA VpO -V p OVeOLp +2VpOVeOl e
_ Vp0-Vp p+2Vp 113
dlLe 2- veOle- VpOLp
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Substitute Eq.(4.12) and (4.13) back into Eq.(4.7), so we get

y jy -v eoLe)éup
uj,
a L) ) (4.14)

2T \p0- vele  +V,0(1- VPOL, - 2vplLe) ?

We re-consider Eq.(4.7) again

_ 1 d\inTec 1 dTe
2 d Inco, 2 Tc da
aTe IT ca (4.15)
di), Cb),

Next, let us consider function L for s-wave pairing and - ave pseudogap that

already defined by Eq.(4.za
4(@p) =

2,1 » 0 d 2+E »2
1 tanh(If2+ £ 2127))
L = +(0)icfe R - (4.16)
0 + 1.1

where Ls(cop) denoted by L1

By using the formula [81]
L xa)dx = f<p(a fyl@\a)did + j -M-fx.a)dx. 417
da g da da  v(a)da
we then find
dL tanh(JAy 2+E 2HTO) a
D= A0)—— 7= = -IN(0)— —1,. (4.18)
dco -
PN
d Lp_ Mitanhdo)l2 + E 2|E% 1 (4.19)
go
dl V(0) fe (4.20)

ar. it
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where h.P = Jsech2(-Js2-+£8/ 12Tc)ds (4.21)

By using the relation

bff -T&rk?

tanhx = 8x2/ (4.23)
*ti(2A:-1)V +4x2

We differentiate Eq.(4.23) on the both sides

1
sech2x = 822 _ . (4.24)
=2k - 1) 72+ 4 {[ik-1fn2+4X2)2
Substitute Eq.(4.24) back into Eq.(4.21) and then perform integration so we
obtain
b = 1 (0A+1)V +(ERUEDS 1) 2 +(EBUTOR+ K ,piT)2)
tan- [ # 4+ 1[?7]2+ <] 42
AR el st |
Now, we substitute Eq.(4.18) - (4.20) back into Eq.(4.14) and rearrange into the
form
tanh("y2 + E 80/2TC)
2mpTcVpo(l-V el e)--] d e
- K + EI°
e WO(l ~fo00£0 ,,-I_EOO (| =A 00 T fe. (426)
where tanh(~ 1+ £ 8/ 1 2£0)

[| +£§

L(@el# 0+ 142« t])):
VAN

4.27
“ Ut # 0+/£0(2¢+])2 4
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We rearrange Eqs.(4.26) - (4.27) and rewrite them in terms of NOV& INOV) 100
JTc1QTcland Eg/Tcnow we obtain the exact expression for oC

l(cop!TC\ 1- NOvedLc)tanh™p/rc)2+(Eg0/rc)2/2) e
Neop/Tey +(EQO/Tey (2(1- NOvedLe)lp + NOVpOL2-2 NOVpoLe)le

v vp©

where

[1£ solr/+W 2« +1))2)

Lep = 47 (4.29)
o [Fin 117 + W zw +1))2

/c!O (2*+1)V +(E80/t i1k «itx 1+ (estitet +(®, )

tm-'" p/Tc) » ~  2AEA

~8\Ego ! Tcf 7 7 72 (4.30)
pk +ifK 2+{Eg0ITcl]

By using these exact expressions for finding the isotope exponent (OC) , we
obtain aCwhich depends on the values of NV, INV , 1G)/T 1CQ/T. ,and EmT, . First

we wish to study the effect of the pseudogap (EgTc) on the value of oc lthe results are
shown in Figure 4-1 (a) and Figure 4-1 (b) for E'Tc=0.1 and 1lrespectively.
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Figure4-1 :shows the value of (x in the presence of the pseudogap for

FgaTc="-1(a) and EguTc=1 (b)with respect to COpTc.
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Results ana Discussions for Figure 4-1(a) and 4-1 ( ) (s-wave superconductors,
simple metals and transition elements ).

From both graphs we can see that the size of a pseudogap does not violate
the BCS ¢c (0.5). This is due to the fact that the pseudogap does not exists in the normal
state of an  wave superconductor. From this result we can take the limit Egpapproaches
zero and consider for the following cases:

1) 'fVed=0 we obtain oc = 0.5 = 0CBSas expected.

2) If Vm=0 we obtain oc = 0 so Tc does not depend on the isotope mass
anymore which is in contradiction to the experimental facts. We therefore conclude that
an electron-phonon interaction is responsible for superconductivity in s-wave
superconductors.

Next we wish to study the effect of the pairing interaction strength on the
isotope exponent. This will be considered in two cases for (1) a dominant phononic part

(NOVp and (2) a dominant electronic part (NOVG) as shown in Figures 4-2(a) and 4-2(h),
respectively.
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Figure4-2: Value of Of with respect to QTc in the presence of a pseudogap
(Eg'Te=1) for the dominant phononic case (a) fnd for the dominant electronic case ( ).

Results and Discussions for Figure 4-2(a) and 4-2 (b) (s-wave superconductors,
simple metals and transition elements ).

1) For a dominant phononic part (Figure 4-2(a)), Of approaches 0tBXS= 0.5 as
we expect for a simple metal.

2) For a dominant electronic part (Figure 4-2(b)), Of approaches zero as we
expect for a transition element.

the following section we will study the influence of a pseudogap on the
isotope effect of the dx. _yi -wave type, we write Eg.(4.1) in the form

s _ 20)d Nono2h ) 431
0@ = . Jso+E@eos220 Y
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By using the expression for tanh(x) in Eq.(4.5) and performing the angular
integration 1we obtain

C,kE>,) = « !

O S+E]JO+(,Te(2n+1)f +"sl+£,,+(xTc(in +1fje 2+(*rc(23+]))2 (

By substituting Eq.(4.32) back into Eq.(4.14) and doing the exact calculation
after arrangement we finally find the isotope exponent expression for dxi_yi -wave

type in terms of NOV6OL NOVIXLco/r0 1CDpTc 1and EgT0in the following form

Vv
(®|0 (I-4N (0)V d e (4.33)

a- KTc |
(L- an(o)veote)(- 2L1-20p+2ep+2dp) + " (\ 4N(o)Vpalp +BN(0)Vpole e +he-e6- de)

where

aP = 4.34

<51 : (434

[ )2+(£,0/rc)2+ 2+ 1))2+3(wp Tc)2+{Eg0/T0)2+{ {2 +1))2» p Tc)2+{ {2 +1))2

(r(2tt+1)) 28 [arctan((0:ep/ T6) 7t{2n + 1)) (EQ/rc) (" 0/rc)2+ W2« +i))2]
1 (M0fre)2+  2«+1))2 (4.35)

Moo= "o((Eg0rt )2 +(a2n+1)fy(coep/ref +(E80/Tef+ (42n+ )27 plTet +<*(2» + 1))2

(M2« + 1)) 2F|"arctan((fflep/ Tc)/ * (2« + 1)), (EQO/ Tc) (e 80/1¢)2 + (ft(2h + 1))2J
1 Ovc) (M0freja+ 2 +1)2 (4.37)
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and

ep < o .A'f 15 “¥)
N N R T FI)EQITOE 0TS + 2 +1)2
v |£gO/TC) + K 2« + 1) J

+V e 0.0 +(*(2*+1))2arctan((«eirerincin + 1) (A 0/1c) /M E g0 1] + («(22+1))2)

where F(cp,k) isthe elliptic integral of the first kind as defined by

FM - |

and £'(",£) isthe elliptic integral of the second kind as defined by
E(c>k) = JVI- k2sin2ada. (4.40)
0

By using these exact expressions (Egs.(3.33) - (3.38)) for finding the isotope
exponent (OC of a dxi_yi - wave superconductor lwe obtain an expression for oc
which depends on the values of NOVG0L NOVpOL CDeTc 1C0p/Te 1and EgoTc. First we wish

to study an effect of the pseudogap (EQTO on O, the results are shown in
Figures 4-3(a) -(c).
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Figures 4-3 (a)-(c): Value of Ct with respect to OQTc for axi_y1 -wave
superconductor in the presence of a pseudogap for EgTc=0.01 (a) 1EgTc=0.1 ( ) and
EQTeL (c) .

Results and Discussions for Figure 4-3(a)-4-3(c) (d-wave superconductor .high Tc
superconductors).

From the above graphs, we find that the ot value depends on the size of the
pseudogap so we can conclude that the pseudogap is generally strongly increases the

ccvalue corresponds to the experimental facts.

Next we wish to study the effect of the pairing interaction strength on the
isotope exponent which we classify into two cases, (1) for a dominant phononic part
(NOVp) and (2) a dominant electronic part (NOVp) as shown in Figures 4-4(a) and 4-4(h),
respectively.
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Figured4-4(a) - 4-4(b) : Value of oc with respect to CQuTcfor a dxi_ . -wave
type in the presence of the pseudogap (E /Tc=0.1) for dominant phononic part (a)
and for the dominant electronic part (b) .
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Results and Discussions for Figure 4-4(a)  4-4 (b) (d-wave superconductors,
high Tcsuperconductors ).

For optimal doping (small pseudogap) maximum in Tcis obtained which give ot
value tends to zero as we expect and oc value at optimal doping may not involves to
the strength of the coupling interaction.
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