
C h ap te r 3
T he Case of Function Fields of 
Positive C haracteristics

T h e  m a i n  t h e m e  o f  t h i s  c h a p t e r  i s  t h e  c o n c e p t  o f  u n i f o r m  d i s t r i b u t i o n  o f  s e q u e n c e s  

i n  F g[æ ] , t h e  r i n g  o f  p o l y n o m i a l s  o v e r  a  f i n i t e  f i e l d  F g ,  a n d  F g ( ( : r - 1 ) ) ,  t h e  f i e l d  o f  

f o r m a l  L a u r e n t  p o w e r  s e r i e s  o v e r  F g .

I n  S e c t i o n  1 , w e  i n t r o d u c e  t h e  d e f i n i t i o n s  o f  t h e s e  c o n c e p t s  g i v e n  b y  L . C a r l i t z ( [ 2 ] )  

a n d  J .H .  H o d g e s ( [ 6 ] ) .  I n  S e c t i o n  2 ,  w e  i n t r o d u c e  t h r e e  c r i t e r i a  f o r  t h e  u n i f o r m  d i s -  

t r i b u t i v i t y  o f  s e q u e n c e s  i n  F g[æ ] a n d  F g ( ( : r - 1 ) ) .  T h e s e  c r i t e r i a  w e r e  p r o v e d  b y  L .  

C a r l i t z ( [ 2 ] )  a n d  A .  D i j k s m a ( [ 4 ] ) .

I n  S e c t i o n  3 ,  w e  g i v e  a n d  p r o v e  s o m e  b a s i c  p r o p e r t i e s  o f  u n i f o r m  d i s t r i b u t i o n  i n  

F g[æ ] a n d  F g ( ( x - 1 ) ) .  J .H .  H o d g e s ( [ 7 ] )  s t a t e d  a n d  p r o v e d  a  t h e o r e m  s h o w i n g  a  r e l a t i o n  

b e t w e e n  u n i f o r m  d i s t r i b u t i o n  m o d u l o  1 a n d  u n i f o r m  d i s t r i b u t i o n  m o d u l o  M .  A  s i m p l e  

p r o o f  o f  t h i s  t h e o r e m  i s  g i v e n  h e r e .

I n  S e c t i o n  4 ,  w e  i n t r o d u c e  t h e  s e q u e n c e  (Z n)™=1 i n  F g[æ ] w h i c h  p l a y s  t h e  s a m e  r o l e  

a s  t h e  s e q u e n c e  o f  n o n - n e g a t i v e  in t e g e r s .  T h e  s e q u e n c e  1 w a s  f i r s t  c o n s t r u c t e d

b y  H .G .  M e i y e r  a n d  A .  D i j k s m a  [1 2 ] . T h e r e  w e r e  s e v e r a l  r e s u l t s  c o n c e r n i n g  t h e  

s e q u e n c e  (Z n )™=1 i n  [5] a n d  [1 9 ] . I n  t h i s  S e c t i o n ,  w e  e x t e n d  s o m e  o f  t h e s e  r e s u l t s .
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T h e  l a s t  s e c t i o n  c o v e r s  t h e  c o n c e p t  o f  u n i f o r m  d i s t r i b u t i o n  m o d u l o  1 i n  F g ( ( a ; _ 1 ) )  

in  t h e  m u l t i d i m e n s i o n a l  c a s e .

3.1 Introduction
L e t  $  =  F g[æ ] d e n o t e  t h e  r in g  o f  p o l y n o m i a l s  o v e r  a  f i n i t e  f i e l d  Fg o f  q e l e m e n t s ,  

w h e r e  q — p r f o r  s o m e  p r i m e  n u m b e r  p  a n d  p o s i t i v e  i n t e g e r  r .

L e t  Fg(x) d e n o t e  t h e  f i e l d  o f  f r a c t i o n s  o f  Fg[ x ] . D e f i n e  t h e  r e a l - v a l u e d  v a l u a t i o n  

Moo o n  F q(x)  b y

L e t  =  Fg((x-1)) b e  t h e  c o m p l e t i o n  o f  Fg(x) w i t h  r e s p e c t  t o  Moo- N o w  

c o n s i s t s  o f  a l l  t h e  e x p r e s s i o n s  a  =  YYn=-oo cix i  ( c i  €  Fg). I f  a  h a s  t h e  r e p r e s e n t a t i o n  

a n d  c m ะ 0 ,  t h e n  w e  d e f in e  d e g  ct =  m ;  m o r e o v e r ,  w e  d e f i n e  deg  0  =  — o o .  N o t e  t h a t  

f o r  a  G <L / , w e  h a v e  I a  loo =  qdega. T h e  i n t e g r a l  p a r t  o f  a  i s  d e f i n e d  a s  [a ]  =  YYÏL  0  °ix i 
a n d  t h e  f r a c t i o n a l  p a r t  a s  ( (a ) )  =  Y^7= -oo ° ix i ■

O b v i o u s l y ,  w e  h a v e  [oc +  P] =  [a ]  +  [/3] a n d  ( ( a  +  /?)) =  ( (a ) )  +  ((/3 )) f o r  a l l  a ,  /3 €

I f  a  a n d  p  a r e  e l e m e n t s  o f  w e  s a y  a  =  p ( m o d i )  i f  a  =  p  +  A  f o r  s o m e  d e h  I f  

a  €  <[>' a n d  a  =  A B - 1  f o r  s o m e  A  a n d  B  7^ 0  i n  t h e n  a  i s  c a l l e d  ra tional, o t h e r w i s e  

a  i s  c a l l e d  irrational.

D e f i n i t i o n  3 . 1 . 1  ( L .  C a r l i t z  [ 3 ] ) .  L e t  ( t t n ) “ 1 b e  a  s e q u e n c e  i n  T h e n  t h i s  

s e q u e n c e  i s  s a i d  t o  b e  u n ifo rm ly  d is tr ib u ted  m odulo 1 ( a b b r e v i a t e d  u . d . m o d  1 )  i n  

i f  a n d  o n l y  i f

/  0 ) Î  0;

f ( x )  =  0 .

J i m 0 j f - \ {ท < N  : d e g ( ( ( a „  -  p))) < - k } I =  J -
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f o r  a l l  p o s i t i v e  i n t e g e r s  k  a n d  a l l  /3 €  $ ' .

R e m a r k  3 . 1 . 2 .  L e t  k  b e  a  p o s i t i v e  i n t e g e r .  F o r  e a c h  a , เ3 G w e  d e f in e  

a  ~  เ3 i f  a n d  o n l y  i f  d e g ( ( ( a  — /? ) ) )  <  —k.

T h i s  i s  a n  e q u i v a l e n c e  r e l a t i o n  o n  w h i c h  p a r t i t i o n s  <&' i n t o  qk e q u i v a l e n c e  c l a s s e s .

D e f i n i t i o n  3 . 1 . 3  ( J . H .  H o d g e s  [ 6 ] ) .  L e t  ( j4 „ ) 1 b e  a  s e q u e n c e  o f  e l e m e n t s  i n  <f>. 

L e t  M  e  $  b e  a  p o l y n o m i a l  o f  d e g r e e  m  ^  1. T h e n  t h e  s e q u e n c e  ( .A „ )£ L 1 i s  s a i d  t o  

b e  u n ifo rm ly  d istribu ted  m odulo  M  ( a b b r e v i a t e d  u . d . m o d  M )  i n  $  i f  a n d  o n l y  i f

l i m  -Jr - | { n  < N  : A n =  B  (m o d  M )} \  =  —  f o r  a l l  £ ? € < & .พ —♦ ๐o TV qm

F u r t h e r m o r e ,  w e  s a y  t h a t  1 i s  u n ifo rm ly  d is tr ib u ted  ( a b b r e v i a t e d  u . d . )  i n  $  i f

{A n)^ = 1 i s  u . d . m o d  M  f o r  e v e r y  M  €  $  o f  p o s i t i v e  d e g r e e .

R e m a r k  3 . 1 . 4 .  L e t  M  6  $  b e  a  p o l y n o m i a l  o f  d e g r e e  m  ^  1 . F o r  e a c h  A , B  E <F,

A  ~  B  i f  a n d  o n l y  i f  A  =  B ( m o d  M ) .

T h i s  i s  a n  e q u i v a l e n c e  r e l a t i o n  o n  <F, w h i c h  p a r t i t i o n s  <3? i n t o  qrn e q u i v a l e n c e  c l a s s e s .

3.2 Criteria
I n  t h e  c l a s s i c a l  c a s e ,  W e y l  c r i t e r i o n  m a k e  u s e  o f  t h e  e x p o n e n t i a l  f u n c t i o n  o f  c o m p l e x  

n u m b e r s .  W e  t h e r e f o r e  s t a r t  t h i s  s e c t i o n  b y  d e f i n i n g  a n  a n a l o g o u s  f u n c t i o n  o n  

L e t  f i l ,  / i 2 , . . .  1 / / r b e  a  f i x e d  b a s i s  f o r  t h e  v e c t o r  s p a c e  F q  o v e r  F p  . F o r  g i v e n  a  =  

X T i l - o o  cix i  £  ( s e t  C- 1  =  0  i f  X - 1  d o e s  n o t  a p p e a r  i n  t h e  e x p r e s s i o n  f o r  a ) .  W r i t e
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c _  1 =  a if i i  +  ท2 เ1 2  +  ■ ■ • +  Or hr  w i t h  (Ij G F p  fo r  1 ^  j  ^  r .  W e  d e f i n e  t h e  e x p o n e n t i a l  

f u n c t i o n  e  : $ '  —» c  b y  e ( a )  =  e n‘pa i . T h i s  d e f i n i t i o n  o f  t h e  f u n c t i o n  e (a )  i s  t a k e n  

f r o m  L . C a r l i t z  [3 ]. I t  i s  e a s y  t o  s e e  t h a t  fo r  a , (3 G  e (a  +  (3) =  e (a )  - e ( /? )  a n d  

i f  a  =  /3 (m od  1 ) ,  t h e n  e ( a ) =  e(P ).
T h e  f o l l o w i n g  t h e o r e m  w a s  f i r s t  p r o v e d  b y  L . C a r l i t z  [2 ] . H e r e ,  w e  p r e s e n t  a n o t h e r  

p r o o f .

T h e o r e m  3 . 2 . 1 .  L e t a  G tร '  and M  G a po lyno m ia l o f  degree m  ะ': 1 . The su m

X  e (A a ) =
A£$,deg(A)<m

i f  d e g  ( ( ( a ) ) )  <  - m ,  

i f  d e g ( ( ( a ) ) )  >  - m .

Proof. C a s e  1 . I f  d e g ( ( ( a ) ) )  <  — m ,  t h e n  f o r  e v e r y  A  G $  s u c h  t h a t  d e g H  <  m ,  t h e  

c o e f f i c i e n t  o f  X - 1  o f  A a  i s  0  a n d  h e n c e  e (A a )  =  1; t h e r e f o r e

X  e(Aa) = X  1 = q T n -
^46$, degA<m i= 1

C a s e  2 .  d e g ( ( ( a ) ) )  >  — m .  L e t  $  =  { i  e  $  : d e g ( H )  <  m } .  S i n c e  f o r  e v e r y  A  G 'ร, 
A a  =  A{[a]  +  ((a))) — A [a \  +  A ( ( a ) ) ,  t h e  c o e f f i c i e n t  o f  X - 1  i n  A a  i s  e q u a l  t o  t h e  

c o e f f i c i e n t  o f  X - 1  o f  A ( ( a ) ) .  L e t
- k

( (a ) )  =  X  Cixi' c- k ~ m -
i = —oo

T h u s  f o r  a n y  A  =  am_iXm_1 + am_2Xm~2 +  . . .  +  c q x  +  a 0 G \k , t h e  c o e f f i c i e n t  o f  X-1 
o f  H ( ( a ) )  i s

Qm —lC —m  + &7ท— 2C-m+l + . ••+ C -k -  

N o t e  t h a t  f o r  f i x e d  a G Wq,

I { (^ m —1 ไ • • ‘ ไ —i )  • a %  G  Fqr, Z  h  1 , h , . . . ,  m  1 J a  a m —1^—m~b. .  . T u /c—\ C — k }  I — Q



T h e r e f o r e ,  f o r  f i x e d  f l g F , ,

|{A G T : the coefficient of X"1 of A a  is a} I

=  | { K  GH) ■ ■ • I ®m—l )  • Æj €  F g ,  Î — 0 ,  1 , , m  1 , CL Qm _ i C _ m  T  • ■ • ~h CLk—1 c —fc}  I

M o r e o v e r ,  f o r  e a c h  b\ G F p ,

| { 6  G F g  : b =  bifjL\ +  62/̂ 2 +  ■ • ■ +  br/j,r f o r  s o m e  62,. . .  ,b r G F p } |  =  p r 1 .

H e n c e ,

□

T h i s  l a s t  t h e o r e m  i s  t h e  m a i n  t o o l  i n  t h e  p r o o f  o f  t h e  f o l l o w i n g  c r i t e r i o n  f o r  t h e  

u n i f o r m  d i s t r i b u t i v i t y  o f  s e q u e n c e s  in

T h e o r e m  3 . 2 . 2  ( L . C a r l i t z  [ 3 ] ) .  T he sequence  ( a „ ) “  1 o f  e lem en ts  o / $ '  is u .d .m o d  
1 in  i f  and  only i f

= q

A€<ï>,deg A<m

=  qrm - y - l - ( t h e  s u m  o f  a l l  r o o t s  o f  t h e  p o l y n o m i a l  x p — 1 )

=  qrm- y - 1 . 0

f o r  all c G < h \ { 0 } .
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A s  t o  t h e  c r i t e r i a  f o r  t h e  u n i f o r m  d i s t r i b u t i v i t y  o f  s e q u e n c e s  i n  $ 1 w e  h a v e

Theorem  3.2 .3  (A .D ijksm a [4]). The sequence  ( j4 n ) ^ L j  o f  e lem en ts o f  $  is  
น. d. m od M  in  Q i f  and only i f

fo r  all c 6  4 > \ { 0 }  w ith  d e g ( C )  <  d e g ( M ) .

Theorem  3.2.4 (A .D ijksm a [4]). T he sequence  (An)£L1 o f  e lem en ts  o/<f> is u .d . 
in  $  i f  and  only i f

f o r  all ra tiona l a  €  4 > ' \ { 0 }  such  tha t d e g (a ) <  — 1 .

Corollary 3.2.5 (A .D ijksm a [4]). I f  the sequence o f  e lem en ts o f  has the
property  th a t fo r  so m e M  €  <E> o f degree m  ^  1 the sequence  ( M - 1  Q!n ) £ L 1 is u .d .m o d  
1 in  then  the sequence  ( [ « ท ] ) ” = 1 is u .d .m o d  M  in  <h.

3.3 Basic Properties
A s  i n  t h e  c l a s s i c a l  c a s e ,  w e  g i v e  a n d  p r o v e  s o m e  b a s i c  p r o p e r t i e s  o f  u n i f o r m  d i s t r i b u ­

t i o n  o f  s e q u e n c e s  i n  $  a n d  <E>' . T h e  p r o p e r t y  ( 3 )  i n  t h e  f o l l o w i n g  t h e o r e m  w a s  s t a t e d  

a n d  p r o v e d  b y  J .H .  H o d g e s  [6 ]. H o w e v e r ,  w e  g i v e  a n o t h e r  p r o o f  o f  t h i s  p r o p e r t y .

Theorem  3.3.1 . L e t  ( « „ ) “ _ 1 be u .d .m o d  1 in  a n d  ( A „ ) ^ =1 be u .d .m o d  M  in  <f> 

where w ith  d e g  ( M )  >  0 .

(1 ) I f  A  e  4 > \ { 0 }  and a  e  $>', then  ( A a n +  ck) £ L 1 is  u .d .m o d  1 in
(ร) I f  A , K e §  and  g c d ( K ,M )  =  1, then  ( K A n +  A)%L1 is  u .d .m o d  M  in  <f>.
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(3 ) I f  F  G & w ith  d e g ( - F )  >  0  a n d  F \ M , then  (A n)nL j is u .d .m o d  F  in  $ .

(4 ) I f  CL G F ç \ { 0 }  , A  G $  a n d  is u .d . in  <£>, then  ( a A n +  A ) £ T 1 is u.d.
in  <£>.

Proof. ( 1 )  L e t  A  G < h \ { 0 }  a n d  a  €  F o r  e a c h  c G <h w i t h  c  ^  0 ,  w e  h a v e ,  b y  

T h e o r e m  3 . 2 . 2 ,

I  Y, e(C'(-‘‘“» + “)) = Ji Y  <CAะ«ท + cà))
=  JV Y  ' e (C a )

f u
=  e -^ -— y y  e ( C A a n )  —*■ 0  a s  N  —> 0 ๐

n = l
s i n c e  ( a „ ) ^ L  1 i s  u . d .m o d  1 i n  B y  T h e o r e m  3 . 2 . 2 ,  ( A a n +  1 i s  u . d . m o d  1 in

( 2 )  L e t  A , K  G $  a n d  ( K , M )  =  1 . L e t  c G $  w i t h  c ^ o  a n d  d e g ( C )  <  d e g (M ).  
S i n c e  ( K ,M )  =  1 a n d  d e g ( C ' )  <  d e g ( M ) ,  C K  ^  0 (m o d  M ) .  W r i t e  C K  =  M D  +  R  
w h e r e  R , D  G $  w i t h  d e g ( - R )  <  d e g ( M )  a n d  R  น ิ 0 .  N o w ,  b y  T h e o r e m  3 . 2 . 3 ,  w e  h a v e

i Y  e(CM-\KA> + A)) = j f Y  <CM-'KA„) ■ e(CM~'A)

=  eJ£ Ç ^ Y e

=  e(CMน ิ' A ) Y e ( D A „ ) . e ( R M - ' A „ )

=  ( I M - 'A . )  -  0 as CO

s i n c e  ( A n ) ^ !  i s  u . d .m o d  M  i n  $ ,  b y  T h e o r e m  3 . 2 . 3 ,  ( K A n +  A ) ^ !  i s  u . d . m o d  M  in  

3 >.
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( 3 )  L e t  F  G <Ê>, d e g  ( F ) ^  1 a n d  F \M .  T h e n  M  — F D  f o r  s o m e  D  G $  w i t h  

D  ^  0 . L e t  c G $  w i t h  c ̂ ะ- 0 a n d  d e g ( C )  <  d e g  ( F ) .  S i n c e  ( A n )£ L  1 b e  u . d .m o d  M  
i n  <L, b y  T h e o r e m  3 . 2 . 3 ,  w e  o b t a i n

i  • £  e ( C F - 'A  1, )  =  L  £

=  L  e { ( C D ) M ~ 'A ri) 0  a s  N  ->  o o
ท= 1

B y  T h e o r e m  3 . 2 . 3 ,  (v 4 „ )^ L 1 i s  u . d . m o d  F  in  $

( 4 )  L e t  a  G F g \ { 0 } , a  ^  0  a n d  y l  G <L. L e t  ( A n ) 1 b e  u . d .  i n  4>. T o  s h o w  t h a t

(a A n +  A)™=1 b e  u .d .  i n  <f>, l e t  M  G <f> w i t h  d e g  (M )  >  0 .  T h e n  ( a ,  M )  =  1. B y  

T h e o r e m  3 . 3 . 1 ( 2 ) ,  (a A n+ A)% L1 i s  u . d . m o d  M  in  <L. S i n c e  M  i s  a r b i t r a r y ,  ( a A n+ A ) £ L 1 

i s  u . d .  i n  <f>. □

N o w ,  w e  g i v e  a n d  p r o v e  t h e  f o l l o w i n g  t h e o r e m  s i m i l a r  t o  t h e  r e s u l t  i n  t h e  c l a s s i c a l  

c a s e  ( s e e  T h e o r e m  2 . 1 . 5 ( i i ) ) .

T h e o r e m  3 . 3 . 2 .  L et be u .d .m o d  1 in  <&'. L e t  ( / 3 „ )£ L  1 be a sequence in  I f
l i m  (((an — /? „ )))  exists, th en  ( P n ) n Lx ÎS u -d .m od  1 in  <&'.ท—>๐๐

Proof. L e t  c G $  w i t h  c 0  a n d  d e g  (C )  =  k . L e t  l i m  ( ( ( a n — /? „ )))  =  —ๆ.ท-* ๐๐
T h e n  | ( ( a „  — เ3ท) +  7 เ๐0 —>■ 0  a s  ท —> o o .  T h e r e f o r e  t h e r e  i s  a n  m  € z + d e p e n d i n g  o n  

k  s u c h  t h a t  | ( ( a n — เ3ท))+ 7 เ0 0 <  q~k~ l  f o r  e v e r y  i n t e g e r  ท '^. m .
S i n c e  | ( ( a n -  (3 ท)) +  7เ00 =  gdeg(((“ ท - /3ท))+ 7 ) 1 d e g  (((<*„ -  /?„ )) +  7 )  <  - k  -  1 f o r  e v e r y  

i n t e g e r  ท ^  m .
T h u s  d e g  (C (((p n - a n ) ) - ๆ')) =  d e g  ( - C ( ( ( o ; n - / ? „ ) )  +  7 ) )  =  d e g  ( C ( ( o ; n -  A,1)) + 7 ) <  

— 1 f o r  e v e r y  i n t e g e r  ท '^: 7ท .
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T h i s  i m p l i e s  t h a t  e(C(((/3n — a n)) — 7 ) )  =  1 f o r  e v e r y  i n t e g e r  ท  ^  7 7 1. N o w ,  l e t  N  b e  

a n y  s u f f i c i e n t  l a r g e  n a t u r a l  n u m b e r .  T h e n

^ ! >(^»)
= V  & ( C A ) + w  £ > (CA Jท=1 ท=7ท
= JjT, e(CA.) + Jï E  e(CK + (A, - <*„) - ๆ  + 7))

ท= 1  ท = ไท

= JŸ e(^ Al) + JŸ Xy (“ท + [Al _ “ท] + ((Al ~ “ท)) _ 7 + 7))ท=1 n = m

= J Y  2  ^An) + JY E  e(C'(“ท)) - e(C'([̂ ท -  “ท])) - e(C((Ai -  «ท)) -  7) - e(C7)) 

S i n c e  ( a ) ^ T x  i s  u . d . m o d  1 in

6 ( C A , )  +  £ e ( C “ J - * 0  3 8  w
ท  = 1  ท ะะ:! ท =771

S i n c e  c  i s  a r b i t r a r y ,  b y  T h e o r e m  3 . 2 . 2 ,  (เ3ท)^=1 b e  u . d . m o d  1 i n  □

J .H .  H o d g e s  [7] d i s c o v e r e d  a n d  p r o v e d  a  r e l a t i o n  b e t w e e n  u . d . m o d  1 a n d  u . d . m o d  

M  a n a l o g o u s  t o  t h e  o n e  i n  t h e  c l a s s i c a l  c a s e  ( s e e  T h e o r e m  2 . 4 . 8  i n  C h a p t e r  2 ) .  H e r e ,  

w e  p r e s e n t  a n  e a s i e r  p r o o f .

T h e o r e m  3 . 3 . 3 .  L e t  (cün ) ^ 1 be a sequence in  T h e n  the fo llo w in g  s ta te m e n ts  are 
equivalent:

(1 )  ( a n )£ T  1 is u .d .m o d  1 in

(2)  ( [ M a n ] ) ” = 1 is u .d .m o d  M  fo r  all M  £  & o f  p o sitive  degree.
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(ร) F or each  M e 4> o f  p o sitive  degree, l̂im — E  e(CM~l[Man]) = 0 f o r  all c  e 
<h w ith  c / o  and  d e g ( ( 7 )  <  d e g ( M ) .

1  *
(4 ) F or each A  €  4> w ith  A  ^  0, we have  l i m  —  e ( A a n ) =  0 .' '  n  A  oo N  A—* v '

Proof. B y  T h e o r e m  3 .3 . 1  a n d  C o r o l l a r y  3 . 2 . 5  , w e  h a v e  ( 1 )  =4> ( 2 ) .

B y  T h e o r e m  3 . 2 . 3 ,  w e  h a v e  ( 2 )  =>• ( 3 ) .

T o  s h o w  t h a t  ( 3 )  =4> ( 4 ) ,  l e t  A  e  4> a n d  A  0. L e t  d e g  (y 4 ) =  m  a n d  l e t  

B  =  x m+l +  A .  T h e n  d e g  (^4) <  d e g  ( B ) .  B y  ( 3 ) ,  w e  h a v e

°  =  1t L N ^ e { A B ~ 1[Ban])

=  ^ 100 N  E  e ( A B - \ B a n -  d B a n))))

=  j f e  N  e (A a ท) - e ( - A B ~ \ ( B a n))))

=  N ™ o N  ร  e t A(*n ) de3 ( - A B ~ \ ( B a ท))) <  - ! ) •

1 *

B y  T h e o r e m  3 . 2 . 2  1 w e  h a v e  ( 4 )  =$■  ( 1 ) .  □

3.4 The Sequence (Zn)^ 1
L e t  T  b e  a  o n e - t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  F g a n d  t h e  s e t  { 0 , 1 , 2 , . . . ,  q —1} s u c h  

t h a t  r ( 0 )  =  0 .  W e  e x t e n d  t h e  d o m a i n  a n d  r a n g e  o f  T t o  4> a n d  t h e  s e t  o f  n o n n e g a t i v e  

i n t e g e r s  b y  d e f i n i n g

r ( a n x n +  a n _ i X n _ 1  +  . . .  +  Ü\ X  +  a 0 )  =  r ( a „ ) < j ”  +  r ( a n _ i ) g n _ 1  +  . . .  +  r ( a i ) q  +  r ( a 0 ) .
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W e  o b s e r v e  t h a t  n o w  r  i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  $  a n d  z+ บ  { 0 } .  

W e  c a n  n o w  o r d e r  $  =  { Z \ ,Z 2 , . . . }  b y  s e t t i n g  Z n — T - 1  (ท — 1 )  f o r  a l l  p o s i t i v e  

i n t e g e r s  ท . J .H .  H o d g e s  [6 ] s h o w e d  t h a t  t h e  s e q u e n c e  (Z n )%L1 i s  u . d .  in  $ .  H .G .  

M e ij e r  a n d  A .  D i j k s m a  [12] p r o v e d  t h a t  t h e  s e q u e n c e  (Z na ) ^ = 1 i s  u . d . m o d  1 in  i f  

a n d  o n l y  i f  a  i s  a n  i r r a t i o n a l  e l e m e n t  o f  T h e y  a l s o  s h o w e d  t h a t  t h e  s e q u e n c e  

( [ Z n a ] ) ^ =1 i s  u . d .  i n  $  i f  a n d  o n l y  i f  e i t h e r  a  i s  i r r a t i o n a l  o r  a  i s  a  n o n z e r o  

r a t i o n a l  i n  4?' w i t h  d e g (a ) <  0 .

T h e o r e m  2 . 1 . 1 1  i s  a  f a m o u s  r e s u l t  o f  V a n  d e r  C o r p u t .  I t  s t a t e s  t h a t  t h e  s e q u e n c e  

o f  r e a l  n u m b e r s  i s  u . d .m o d  1  i f  t h e  s e q u e n c e  ( x n+h — Xท)£ 1 1 i s  u . d . m o d  1  f o r

a l l  i n t e g e r s  h  >  1 . T h i s  r e s u l t  h a s  b e e n  g e n e r a l i z e d  t o  s e q u e n c e s  o f  e l e m e n t s  o t h e r  

t h a n  r e a l  n u m b e r s ;  s e e  fo r  e x a m p l e  C h a p t e r  4  in  [8 ].

A l s o ,  A .  D i j k s m a  [5] s h o w e d  t h a t ,  i f  t h e  s e q u e n c e  (g (Z n +  B )  — 1 i s

u . d . m o d  1 i n  <£' f o r  a l l  B  e  <f> \  { 0 } ,  t h e n  ( ฐ ( z „ ) ) ^ =1 i s  u . d . m o d  1 i n  4?'; s e e  T h e o r e m  

3 . 4 . 2 .  M o r e o v e r ,  u s i n g  T h e o r e m  3 . 4 . 2 ,  h e  p r o v e d  a  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  

f o r  t h e  u n i f o r m  d i s t r i b u t i v i t y  m o d u l o  1 in  «fi' o f  t h e  s e q u e n c e  ( / (Z n ))ff=x, w h e r e  f { Y )  
i s  a  p o l y n o m i a l  o v e r  o f  d e g r e e  k  w i t h  0  <  k  < p\ s e e  T h e o r e m  3 . 4 . 4 .

A d d i t i o n a l l y ,  W . A .  W e b b  [19] p r o v e d  a  s i m i l a r  r e s u l t  f o r  u n i f o r m  d i s t r i b u t i o n  

m o d u l o  M  i n  $ ,  s e e  T h e o r e m  3 .4 .9 .

I n  t h i s  s e c t i o n ,  w e  g i v e  a n d  p r o v e  a  s l i g h t  e x t e n s i o n  o f  T h e o r e m  3 . 4 . 4  a n d  a  n e w  

t h e o r e m ,  s e e  T h e o r e m  3 .4 . 5  a n d  3 .4 .6 .  F i n a l l y ,  w e  p r o v e  a  t h e o r e m  s i m i l a r  t o  T h e o r e m  

3 . 4 . 9  in  t h e  c a s e  o f  u n i f o r m  d i s t r i b u t i o n  m o d u l o  1 i n  <&'.

Lem m a 3.4.1 (A . D ijksm a [5]). L e t u  be a com plex-va lued  fu n c tio n  defined on  <f>. 
L et N  and ร be positive  integers such  tha t qs <  N .  I f  N  =  aqs +  b where a and b are
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in tegers such  tha t  0  ^  b ^  qs — 1 , then

qs ( N  +  q ' - b ) - 1 - £>(z„) <  E  HZn)\2 + E  £  “ ( ^ ) “ ( ^  + ̂ ) .
h = 2  f c = l

T heorem  3.4.2 (A. D ijksm a [ 5 ] ) .  L e i  g : 4> —* $ '  6 e  a  fu n c tio n  and  p u t  g B {Z n) =  
g ( Z n +  B )  — g ( Z n) where B  e  <£>. I f  the sequence {gB {Zn))^L  1 i s  u .d .m o d  1 in  <£>' / o r  

all B  e  4 > \ { 0 } ; then  the sequence (g (Z n ) ) ^ >=1 is u .d .m o d  1 in  <f>'.

Lem m a 3.4 .3  (A. Dijksm a [5]). / / û  É  $ '  is irra tio n a l a nd  D  €  $  w ith  D  /  0 ,  

th en  the  sequence  ( a [ Z n D _ 1 ] )^ L 1 i s  u .d .m o d  1 in  <j?'.

T heorem  3.4.4 (A. D ijksm a [5]). Lei f ( Y )  be a p o lyn o m ia l o ver  <f>' o f  degree k  
w ith  0  <  k  < p . T hen  the sequence  ( / i s  u .d .m o d  1 in  4>' i f  and only  
I f  f ( Y )  — f  ( 0 ) has at least one irra tio na l coefficient.

T heorem  3.4.5. L et f ( Y )  =  E f = o a * ^  be a  p o lyn o m ia l o ver  <f>' o f  degree k  >  0 .  

Suppose  th a t 0เ1 is ra tional fo r  all l ^  p. T h en  the sequence ( f ( Z n ))^L 1 is u .d . m od 1 
i f  a n d  on ly  i f  f ( Y )  — f  ( 0 )  has at least one irra tio na l coefficien t.

Proof. F i r s t ,  a s s u m e  C*1  i s  t h e  o n l y  i r r a t i o n a l  c o e f f i c i e n t  o f  f ( Y )  — a 0. T h e n  w e  m a y  

w r i t e  f  ( Y )  =  g [ Y )  +  a i  Y  +  ao  w h e r e  g ( Y )  i s  a  p o l y n o m i a l  o v e r  <£' h a v i n g  r a t i o n a l  

c o e f f i c i e n t s  o n ly .  L e t  D  b e  t h e  l e a s t  c o m m o n  m u l t i p l e  o f  t h e  d e n o m i n a t o r s  o f  t h e s e  

c o e f f i c i e n t s  o f  g (Y ) .  P u t  d e g ( D )  =  d. L e t  A  b e  a  p o s i t i v e  i n t e g e r  a n d  l e t  a  a n d  b b e  

t w o  i n t e g e r s  s u c h  t h a t  N  =  aqd +  b a n d  0  <  b <  qd — 1 . T h e n ,  w e  w r i t e

ท = a q d-\-1

w h e r e  ร 1 =  E n i  e ( f ( Z n))  a n d  £ 2  =  E " = a ^ + 1  e ( f ( Z n )).
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H e r e  ร 2  =  o (N ) ,  ( N  —> o o )  a n d

aqd a —1 (fc-f-l)<?rf
H i =  ^ ^  e (g (Z n) +  a \ Z n +  a o )  =  y ~ ]  e (g (Z i)  +  a u Z /  +  a o ) .

ท= 1  fc=0 l= k q d + 1

N o t e  t h a t ,  f o r  a n y  n o n - n e g a t i v e  i n t e g e r  k  a n d  a n y  i n t e g e r  l s u c h  t h a t  k q d +  1 < l <  

(k  +  1 )qd, w e  c a n  w r i t e  Zi =  A D  +  c  w h e r e  4 ,c  ร $ a n d  d e g ( C )  < d, s o  t h a t  

D [ Z i D ~ l \ =  D [ A  +  C D ~l ] =  D A  — Zi — C \  t h i s  i m p l i e s  t h a t

{Z i  : kqd+ 1 <  l <  ( 1k + l ) q d} =  { Z n+ Z j  : 1 <  j  <  qd} =  { D [ Z nD - l \+ Z j  : 1 <  j  < qd}.

T h u s ,

a —1 (fc+1 )qd qd
H i =  ^  q - d Ê  e (g {D [Z nD - 1] +  Z j)  +  a i {D [Z nD ~ l ) +  z 3) +  a 0).

I t  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  D  t h a t  g (D A  +  B )  =  g { B ) (m o d  1 )  a n d  h e n c e  

e (g (D A  +  B ) )  — e (g (B ))  f o r  a l l  A  a n d  B  i n  $ .

C o n s e q u e n t l y ,

Hi —  q d e (g (Z j)  +  O L \ Z j +  do) e { a \D [ Z nD ~ 1]).
j= 1 ท= 1

B y  L e m m a  3 . 4 . 3 ,  t h e  s e q u e n c e  {a .iD [Z nD ~ l ]}™=1 i s  u . d . m o d  1 i n  t h u s  H i  =  o (N ) .  
H e n c e

j f e i E e t f ( z » ) )  =  0  ■ ■ ■ (*)

L e t  A  b e  a n  a r b i t r a r y  n o n - z e r o  e l e m e n t  o f  <L. T h e n  ( * )  a l s o  h o l d s  f o r  A f ( z „ ) 

i n s t e a d  o f  f ( z n). H e n c e ,  b y  T h e o r e m  3 . 2 . 2 ,  t h e  s e q u e n c e  { f ( Z n)}™= 1 i s  u n i f o r m l y  

d i s t r i b u t e d  m o d u l o  1  in
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W e  n o w  p r o c e e d  b y  i n d u c t i o n  o n  m  6  { 1 , 2 , . .  . p — 1 } .  L e t  p (ทท) b e  t h e  s t a t e m e n t  

“i f  h (Y )  =  Y2i= oP iY l (Pi ร  $ ' , k  >  0 ,  a n d  Pi i s  r a t i o n a l  f o r  a l l  l >  p)  a n d  m  i s  t h e  

l a r g e s t  i n t e g r a l  v a l u e  o f  l s u c h  t h a t  Pi i s  i r r a t i o n a l  t h e n  t h e  s e q u e n c e  (h (Z n))%L 1 i s  

u .d .  m o d  1 i n  B y  t h e  m e t h o d  o f  t h e  f i r s t  s t e p ,  w e  s e e  t h a t  p ( l )  i s  t r u e .  N o w ,  

l e t  m  6  { 1 , 2 , . . .  , p  — 2 }  a n d  a s s u m e  t h a t  p ( m )  i s  t r u e .  L e t  h ( Y ) = ะ E ? = Io f l iY 1 
(Pi €  k  >  0 , a n d  Pi i s  r a t i o n a l  f o r  a l l  l >  p )  w h e r e  m + 1  i s  t h e  l a r g e s t  i n t e g r a l  v a l u e  

o f  l s u c h  t h a t  Pi i s  i r r a t i o n a l .  P u t  f o r  a n  a r b i t r a r y  B  £  $ ,  h B ( Y )  =  h ( Y  +  B ) — h ( Y ) .  
T h e n  hB (Y )  i s  a  p o l y n o m i a l  s a t i s f y i n g  t h e  c o n d i t i o n  o f  t h e  i n d u c t i o n  h y p o t h e s i s  

p r o v id e d  t h a t  B  0 .  H e n c e  t h e  s e q u e n c e  (h B (Z n))^ L 1 i s  u . d . m o d  1 in  f o r  a l l  

B  ^  0  i n  4>. B y  T h e o r e m  3 . 4 . 2 ,  t h i s  i m p l i e s  t h a t  (h (Z n )) ,̂ L l i s  u . d .m o d  1 in  <f>'. 

T h u s ,  p ( m )  i s  t r u e  f o r  m  =  1 , 2 , . . .  ,p  — 1.

C o n v e r s e ly ,  s u p p o s e  f ( Y )  — / ( 0 )  h a s  r a t i o n a l  c o e f f i c i e n t s  o n ly .  L e t  D  b e  t h e  l e a s t  

c o m m o n  m u l t i p l e  o f  t h e  d e n o m i n a t o r s  o f  t h e s e  c o e f f i c i e n t s .

T h e n  e ( D f ( Z n)) =  e ( D f ( 0 ) )  f o r  a l l  Z n e  <&. U s i n g  T h e o r e m  3 . 2 . 2 ,  s i n c e

4  Y .  e ( D / ( Z „ ) )  =  ) )  /  0 ,

t h e  s e q u e n c e  ( / i s  n o t  u . d . m o d  1 i n  <f>'. T h i s  c o m p l e t e s  t h e  p r o o f .  □

Theorem  3 .4 .6 . L et f ( Y )  =  Y%=oa i Y l be a p o lyn o m ia l o ver such th a t a p is 
irrational. I f  there is j  €  { 2 , 3 , . . .  , p  — 1 }  su ch  th a t (Xj is irra tiona l, then  ( f  ( Z n ) ) £ L 1 

is u .d .m o d  1 in

Proof. L e t  j*  b e  t h e  m a x i m u m  o f  j  €  { 2 , 3 , . . .  ,p  — 1 }  s u c h  t h a t  t t j  i s  i r r a t i o n a l .  

L e t  f s ( Y )  = f ( Y  + B )  - f ( Y )  f o r  B  e $ a n d  B  Î  0. N o w ,  f o r  e a c h  B  e <f>\{0}, 
f B (Y )  =  E f o 1 f i iY 1 w i t h  P p - 1  i r r a t i o n a l .  T h u s ,  b y  T h e o r e m  3 .4 .4 ,  t h e  s e q u e n c e  

( f ( Z n +  B )  -  f ( Z „ ) ) £ L i  =  ( f B (Z n ))£ L 1 i s  u . d . m o d  1 i n  f o r  e v e r y  B  €  $ \ { 0 } .  

H e n c e ,  b y  T h e o r e m  3 . 4 . 2 ,  ( / ( Z n ) ) £ L  1 i s  u . d . m o d  1 i n  4>'. □
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Lem m a 3.4.7 . L et น(ท) be a com plex  valued fu n c tio n  such  th a t น(ท) =  0 i f  ท > N .  
T h en

T heorem  3.4.8  (W .A . W ebb [19]). L et (B n)ff=1 be a sequence in  4>. I f  
(B n+k — B n)nL 1 is u .d .m o d  M  (respectively u .d .)  in  fo r  a ll in tegers k  > 0, then  
(B n )£ L  1 is u .d .m o d  M  (respectively  u .d .)  in  4>.

U s i n g  L e m m a  3 . 4 . 7 ,  w e  p r o v e  a  r e s u l t  s i m i l a r  t o  T h e o r e m  3 . 4 . 8  f o r  t h e  c a s e  o f  

u . d . m o d  1 .

T heorem  3.4.9. L et  ( a „ ) “ 1 be a sequence in  I f  ( a n+k -  a „ ) “  1 is  u .d .m o d  1 in  
fo r  all in tegers k  >  0, th en  ( a „ ) ® = 1 is u .d .m o d  1 in  <f>'.

Proof. L e t  c E a n d  c 7^ 0 .  L e t  N  b e  a n y  s u f f i c i e n t  l a r g e  p o s i t i v e  i n t e g e r .  A p p l y  

L e m m a  3 . 4 . 7  w i t h  น (ท )  ะ=  e (C a n) f o r  1  <  ท <  N .  T h e n

where f t z  d eno tes the real p a rt o f  Z E  c .

Proof. S u b s t i t u t e  H  =  y /N  i n  L e m m a  2 .1 .1 0 .

( 3 . 4 .1 )

A l s o ,  f o r  e a c h  i n t e g e r  k  >  0 ,

y :  น(ท)น(ท +  k )  =  ^  e (C a n)e (—C a n+k)

y  ^  ^ ' (  [ ~ ' ( & n + k  ^ ท ) )

= o(N), (3.4.2)
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s i n c e  ( Oin+k — a „ ) “ = 1 i s  u . d .m o d  1 in  N o w ,  b y  L e m m a  3 . 4 . 7 ,  ( 3 . 4 .1 )  a n d  ( 3 . 4 . 2 ) ,

AT 2y /N
2

N  + y /N -  1N  +  jVïvj — 1 ü k

-  +  2 R e  j j v  ร  ( \ / พ ิ- * 0 ^  5 3  น ( ท ) 'น { ท +  k )  J

^ v + 2 i 2 e j ] v  E  ( V ^ V - A : ) - ^  J ] น ( ท ) ฆ ( ท +  f c )  j

L + * ( ! ) •

y /N
1

y /N
S i n c e

l i mN—+0 ๐
y /N

2

N  + V n -  1
=  1,

w e  h a v e
1 * 1 N

l i m  —  y ^  e ( C a „ )  =  l i m  —  y ^  น ( ท )  =  0 .N-Too N  v N—*oo N  _ 1

H e n c e ,  ( ท ท ) ^  i s  u . d . m o d  1 in

3.5 The M ultidimensional Case
D efin ition  3.5.1 (L. Carlitz [3]). L e t  m  b e  a  p o s i t i v e  i n t e g e r .  L e t  ( f2 n )^ L 1 =  
( ( พ ! ( ท ) , พ 2  ( ท ) , . . .  ,Lüm ( ท ) ) ) ® L 1 b e  a  s e q u e n c e  i n  (<h')m . T h e  s e q u e n c e  ( f i n ) £ L 1 i s  s a i d  

t o  b e  u . d . m o d  1  i n  (<L ')m i f  a n d  o n l y  i f

l i m  ๅ— เ{ ท  <  N  : d e g ( ( (พ ุ; • (ท )—/?3')))  <  —k j  f o r  a l l  j  =  1 , 2 , . . . ,  m } |  =  ç - ( fci + fc2 + -+ fc m )N —KX> TV
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for all (P i,. . . ,  Pm) e  ($')m and all kl, . . . ,  km G z+.

Proposition 3.5.2 (L. Carlitz [3]). A sequence (Qn)^L1 =  ((ท;!(ท),ท;2 (ท),. . .  1wm(n)))” i 
is u.d.mod 1 in (<L')m if and only if for every (A \ , . . . ,  Am) E (<L)m\{ (0 ,. . . ,  0)},

1
lim ~-T Y  e(AiU)i(n) +  . . .  +  Amนm(ท)) =  0.

N —>00 iV z--- -ท=1

Proposition 3.5.3. The sequence ((ท;!(ท), LÜ2(ท),. . . ,  ท;,ท(ท)))^ 1 is u.d.mod 1 in 
(<L')m if and only if the sequence (AiU)i(n) +  . . .  +  Amท;m(ท))ท=1 is u.d.mod 1 in 

for every (A l, .. . ,A m) € (<ï>)m\{ (0 ,. . .  ,0)}.

Proof. (= ^ ) Assume that the sequence ((ท;!(ท),ท;2(ท ) , . . . ,ÜJm(ท) ) ) is u.d.mod 1 
in (<£>')m. Let ( A i , . . . ,A m) £ ($)m\{ (0 , . . . ,  0)}. To show that (A\U)i (ท) +  . . .  +

ท;m(ท))^! is u.d.mod 1 in , let c  £ $  and 0. Then (C A i,. . .  ,C A m) 7̂

(0 ,. . . ,  0). By the assumption and Theorem 3.5.2 ,

Y ^  e(C(AiUi(n) +  . . .  + Amนm(ท))) = Y e(CA iVi(n ) +  • ■ • +  CAmนm(ท)) = o(N).
ท=1 ท=1

Hence, by Theorem 3.2.2 , the sequence (AlUi(ท) +  . . .  +  Amท;m(ท ) ) is u.d.mod 1 
in <f>'.
(< = ) Assume that (A\UJi( ท) +  . . .  +  Am CO m( ท))ท°=1 is u.d.mod 1 in <f>' for every 
(A i,... ,A m ) E ( « ท { ( อ , . . .  ,0)}. Let (A i,... ,A m ) E ( $ r \ { ( 0 , . . . ,  0)}. Then 
(AlUJi(ท) +  . . .  +  Amท;m(ท ) ) is U.d.mod 1 in <£'. By Theorem 3.2.2, we have

' Y  e(C(Aiu>i (ท) +  .. .  +  Am CO m (ท))) =  o(N) for all C g $  with c ^ o .  (*)ท=1
Choose c = 1 in (*), we have ((ท;!(ท),ท;2(ท ),...,ท ;,ท (ท )))1 is u.d.mod 1 in ($')m 
by Theorem 3.5.2. □
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P rop osition  3.5.4. I f  the sequence ((ฟ!(ท),ฟ2(ท),- - ., wm(w)))”=i is u.d.mod 1 in 
(<&')™, then (น}j ( ท ) ) " 1 is u.d.mod 1 in for all j  = 1 ,2 ,... 1m, whereas the converse 
need not hold.

P rop osition  3.5.5. If $11 , . . .  ,£m G and l ,£ i , . . .  ,£m are linearly independent over 
then the sequence (Zn£i, ZJ42, . . . ,  Zn^m)^L 1 is u.d.mod 1 in ($')m where (Zn)™=1 

is the sequence defined in section 4 .

Proof. W e  p r o v e  t h i s  t h e o r m  b y  u s i n g  T h e o r e m  3 . 5 . 3 .  L e t  ( A l , . . . ,  A m) G ( $ ' ) m \ { ( 0 , . . . ,  0 ) } .  

W e  w a n t  t o  s h o w  t h a t  ( A \ Z +  . . .  +  A mZ n£m)n=1 i s  u . d . m o d  1 i n  « P . C o n s i d e r  

A \ Z nI,\ +  . . .  +  A m Z nÇm =  Z n (Ai£,i +  . . .  +  A mÇm). S i n c e  ( ^ 4 i , . . . ,  A m) ^  0  a n d  

1> £ 1 J • ■ • J £m  a r e  l i n e a r l y  i n d e p e n d e n t ,  j4 i £ i  + . . .  +  Am ^m  i s  i r r a t i o n a l .  T h u s ,  b y  T h e ­

o r e m  3 . 4 . 4 ,  ( A \ Z n^\  +  . . .  +  A m Z n^m ) ^ - i  =  (Z n (A \^ \  +  . . .  +  A m £ m ) ) £ T  1 i s  u . d . m o d  1 

i n  □
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