Bose-Einstein Condensation:
An Overview

In 1924 the young physicist named Satyendra Nath Bose from Decca Uni-
versity in India sent Albert Einstein a paper, in which Planck distribution law for
photons was derived by entirely statistical arguments [L] without resorting to re-
sults from classical electrodynamics. Einstein apart from realized its significance
to the description of light, he also extended Bose’s idea applying to the matter as
well. He came up with the papers in 1924 and 1925 [2, 3, 4] which fully described
the quantum theory for bosonic particles.

In the second paper, Einstein predicted that at sufficient low temperature
the particles would be stayed together in the lowest single-particle state. This
phenomenon was called Bose-Einstein condensation (BEC) after Bose and Ein-
stein in honour of their contribution. BEC is a phase transition that differ from
any phase transitions because BEC is possible even in a perfectly noninteract-
ing gas, while other phase transitions occur because of interations between the
constituent particles.

The dynamical behavior of a gas at room temperature is not affected by the
fact that one atom cannot be distinguished from another. But at sufficiently low
temperature, the atomic de Broglie waves of neighboring atoms in an assembly
start overlapping, giving rise to the quantum statistical effects that discrimi-
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nate between fermions and bosons. Pauli exclusion principle prohibits any two
fermions from occupying exactly the same quantum state. On the other hand,
bosons are not limited in this way, and an arbitrary number of bosons can occupy
the same quantum state.

The process of condensation is driven by the quantum statistics as follow
(see e.g. [5])-: each collision between atoms results in scattering into any pair of
states allowed by energy and momentum conservation. When, however, one takes
quantum statistics into account, one finds that scattering is enhanced into those
states that already have some atoms in them. And since at low temperature the
total energy to be distribute between the atoms is small the accessible states is
then reduced. The preferential energy distribution is that most of atoms occupy
the ground state and the remaining atoms have more energy at their disposal.

Einstein’s original of BEC was in an ideal gas but the first experiments in
BEC were in superfluid helium, a liquid. The beautiful and startling experiment
on viscosity, vortices, and heat-flow in liquid helium, and the ground-breaking
theory those experiments inspired, more or less defined the field of Bose-Einstein
condensation for four decades and more. However, liquid interact quite strongly.
It masks the clear understanding of quantum statistical nature of BEC phase
transition. So the realization of BEC in system of weakly interacting gas had
long been one of the major goals in atomic physics. Because of weakly interacting
feature, they can be immediately applied the perturbation theory to the system
of ideal gas.
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Figure L1 is a qualitative phase-diagram which shows the general features
common to any atomic system. The solid line is a phase boundary. At low
densities and high temperatures, everything is vapor. At high densities and lower
temperatures, everything is condensed, into solid or liquid form. Under the solid
line is a thermodynamical forbidden region. And BEC is always deep down in
the forbidden region. So liquid helium is the only substance that can be Bose
condensed under normal thermal equilibrium conditions.
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Fl(gure 1.1: Generic J)hase-diagram common to all atoms. The dotted line shows the boundary
befween non-BEC and BEC. The solid line shows the boundary between allowed and forbidden
regions of the temRerature-dens_lty space. Note that at low and intermediate densities, BEC
exists only in the thermodynamically forbidden regime.

To enter in the forbidden region, we have to avoid the atoms to start forming
the molecule, which led the system to a condensed phase, in the absence of nuclé-
ation site, the system will reach a metastable phase allowing to realize BEC. The
need to maintain metastability require very low densities, hence low temperature.
This stringent conditions make BEC in pure form so elusive and require 70 years
since it first propose by Einstein.



4

Efforts to make a dilute BEC in an atomic gas were spurred by provocative
papers by Hecht [6] and Stwalley and Nosanow [7]. They argues on the basis of
the quantum theory of corresponding states that spin-polarized hydrogen would
remain a gas down to zero temperature, and thus would be a great candidate for
making an weakly interacting BEC, In 1980, spin-polarized hydrogen was first
stabilized by Silvera and Walraven [8], and by mid-80s spin-polarized hydrogen
had been brought within a factor of 50 of condensing [9] These experiments
were performed in a dilution refrigerator, in a cell whose walls were coated with
superfluid liquid helium. Hydrogen is first cooled there, then trapped by a mag-
netic field and further cooled by evaporation, This approach has come very close
to observing Bose-Einstein condensation, but is limited by the recombination of
individual atoms to form molecules and by detection efficiency.

At ultra cold temperature, atoms stick to all surfaces so for cooling to work
efficiently they must be thermally isolated from their surroundings. This is done
by trapping atoms with magnetic fields or with laser light inside ultrahigh vac-
uum chambers. Precooling is a requisite for trapping. Atom traps can confine
particles only with a maximum energy of one Kelvin at best, and in many cases
the trap depth is just a few millikelvin. The precooling is done by laser cool-
ing. This technique was first suggested by Wineland and Dehmelt [10], Hansch
and Schawlow [11], Letokhov [12). A full account of this development is given
in [13, 14, 15] and in the Nobel lecture of Chu, Cohen-Tannoudji and Phillips
[16, 17, 18]. In Ketterle group with sodium the sample was reduced the tempera-
ture from 600 kelvin (correspond to 800 m/s) to 1 kelvin (correspond to 30 m/s).
This is sufficiently cold to capture atoms in a magneto-optical trap (MOT) [19],
which consist of six laser beams intersecting at the center of the trap (see Figure
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1.2). The laser beams provide restoring forces and compress the atoms to a small
cloud of about two millimeter in size, At the same time, they cool the atoms

about 1 millikelvin.

distance from trap centre

Figure 1.2: (a) A typical magneto-optical trap configuration. Three pairs of counter-
Propagatmgz laser beam ‘with_opposite circular polarizations (<+ and a~) and a frequency
uned S|I§1h Ity below the atomic resonance (by the amount A) are superimposed on a magnetic
quadrupole field produced by a pair of anti-Helmholtz coils. As shown in (b? (in one dimen-
sion), the Zeeman sublevels of an atom are shifted by the local magnetic field in such a way
that (due to selection rules) the atom tunes into resonance with the laser field propagating in
the opposite direction to the atom’s displacement from the originjhence, the net force on the
atom IS alwa%s towards, the origin. In practice, additional repumping laser beams are required
to maintain the atoms in the cOrrect hyperfine levels and these beams are spatially distriouted
50 as_to create a “dark spot” in the center of the cloud where atoms are “hidden” from the
trapplng beams in an uncoupled hyperfine level;this reduces trap loss and heating due to light
scattering allowing higher densities to be attained before transfer to a purely magnetic trap.

By 1990 it was clear that there were fairly strict limits to both the temper-
ature and density obtainable with laser cooling. Theory caught up with experi-
ment and showed that the sub-Doppler temperatures were due to a combination
of light-shifts and optical pumping that became known as Sysiphus cooling. Ran-
dom momentum fluctuations from rescattered photons limit the ultimate temper-
ature to about a factor of ten above the recoil limit [20]. The rescattered photons
are also responsible for a density limit - the outward flux of scattered photons
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WhICh rests in & strong repulsive liht pressure force (eakening the trappmg
potentia) 2z, Momentum Huctuations and trap loss ansing from liht-assiste
oolisions fimited temperature and densty as el . The prouct of the ool
ness imit and the densty imit works oufto & Eg)hasespace (ensity of ahout 10+
WhICh 15 five oroers of magniue too low for BEC.

To overcome ths, an acditional cooing Steo is apolied. Al the laser beams
are then Swiched off - the missing prase-space densiy are gained In using evap
Orafive cooling In & magnedc trap @ee g, 13 800 R, 19)

Below the Recoil Limit -
Evaporative Cooling

F|gure 1.3: Schematic of evaporative cooling.

Evaporative cooling is done by contnuously removing the high-eneray tail of
tie thermal distrbution from the trap. The evaporated atoms carry away e
tfian the average enery, which means that the temperature of the remaning



Figure 1.4: Schematics of the evaporative cooling process in a magnetic trap confi?uration,
() Cloverleaf configuration of trapping coils used by Mewes et. al. g323]. The central (outer)
colls provide axial (radial) confinement. The rf field induces spinflips of hot atoms. By adjusting
the frequency. of the rf field, the effective depth of the trap is altered, facilitating évaporative
cooling a depicted in ( ).

atoms ceoreases. The igh energy tail s constantly repopulated by colisions
S maintaining the cooing [yocess. In & inhomogeneous trap, decreasing tem
Derature In turn means decreasing ocoupied volume, One can actualy inoreases
he: densty of e remaining atoms even though the total number of confined
atoms cexyeses. Evaporative cooling 1S common phenomenon in dally e - It's
0W ot water 000l down in & bantub or in & cup of coffee. The techniue of
Avaporative cooth Was developed af MIT by Greytak, Kleponer and collbora
tors & a method for cooling atomic hyeogen which had preconle by ayogenc
method (24, The essentl conaiton for tiS techniaue s a fetme of the atomic
saJnPIe longer than the colisional thermalization time, This requires a trap with
Pt confinement, since thi allows high densies and hece fast retnemmalzation

UITeS,

In these experiments, the evaporation of atoms was controlled by rf radiation
(see Figure 1.4). This technique was proposed by Pritchard [25] and Walraven
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(26] an first realized by Kettere's %rouk) [271. The radlo frequency radiation
s the spin of the atom. AS a restt, the afractve trapping force: tums into
3 repulsive forog and expels the atoms from the trap.  This Stheme is energy:
Selectve becale te resonance fiequency IS proporional 10 the magnetic fied

an] therefore to the potential energy

Evaporative cooing in a purely opfical trap wes realized in Stanford n the
stmmer of 19% (28] The comoination of 3ser cooling and evaporative cooling
Was the most important Sigle step toaras Bose-Einstein conaensaton n dilte
afomic (ases becase it closea e ap bedween aser cooling Which only work at
Jow densiy and evaporatve cooling Which requres figh densiy

‘The:Successtu in comoining [aser cooling and evaporaive cooling led to 8
realization ofBEC in GR0 by . E Wieman ana £ A Comel'sgroup at JILA n
Boulder in June 19% &%9]. A ewmonths later Ketterle'Sgroup aiso obtained BEC
In 2Na 3], Prior to the realzation, much clScussion AS ceoted 0 the question
of an unamb|%uous sionature for the presece of BEC, When the breakthrough
(e, 10 dloubt remainedt & can be senin F|?ures L5and 16, the appeaance
0f & central condersed atomic cloud s menfest,

In concersed mafter theorK,,ground, state 5 0ne of the main ineress, Thus
e ropose to LS. Feyrmen path ntegration, as atool, to denve the ground tate
Prope s 0f BEC In the weaKly llute gas rapped In & inhomogeneous magnedc
el0, Also e consicer only 10 the repuisive interaction between the paricles
This system at ulracold temperature, s dominated by the two-oody calisions
(good 0olisions) which preval the: formation of molecle nucleation'calsed by
tree-hody colisions (bad collisions). Hence the system remain in & metastatle




F,i%ure ].5 Observation of BEC in rubidium by JILA group. The upper left sequence of
PIC ures shows the shadow created hy absorption in the expanding atomic cloud released from
he trap. Below, the same data Eiré shown in another rePresentatlon, where the distribution
of the atoms in the cloud is depicted. In the first frame to the left, we see the Situation just
before the condensation sets in, in the middle a condensate peak with a thermal background
is observed, whereas the third figure shows the situation where almost all atoms participate
in the condensate. The thermal cloud is seen as a spherically symmetric broad background,
whereas the sharp peak describing the condensate displays the squeezed shape expected in an
asymmetric trap. The diagram to the right cuts through the atomic cloud when it'is cooled by
more and more atoms being evaporated.” The figures are from publication [29]

state for  long time: (oompave to the rethermalized tme).  The: condiion for
(iution alows . to aRprommate MWO-00a) colsion a2 hard Sphere interaction,
The mooel of hard sprere alows . o highlight that Interaction betveen ajoms
mack a sgnificant ol in the Phenqmenon_ And prove to gve & much more
accurate Tesls than the nonin eracnn(?7 narticles proposed by Einstein, Conse
%uently, this gve  confdence to the teorist that the approximation an the
Meory aie a0ceptatle and precictatle

This thesis i or?anized 2 folows: Chapter 2 contalns the ,exPIanatjon 0
thie Feynmen path infegration, Also it es demonstrated that this formalisim i
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Figure 1.6; Observations of BEC in sodium atoms achieved in the MIT group. These pictures
arg obtained as those presented in Fig. L5 The left-hand side shows shadow images as in Figure
1.5, where the density of the condensate is seen to grow with decreasing temperature from left
to H?_ht. The right-hand diagrams show cuts through the density as the condensate develops.
The Tigure is from publication [30].

equvalent o the more conventional formalism. The exaimples of the free particle
ANy} harmonic oscilator are shown In e Section 22 Section 23 the Telation
Defiegn paih |nte?rat|on an stafisical mechanics s explained. The variaiona
method n path integral approach is presented in Section 24,

 Chapter 3 contains the theoretical acoount for BEC in adilute weakly inter
acing bose ges. This chapter is based on the mean field approach which shomn
to work qute well In Section 31 the ickal case s shown. In Section 32 the i
teraction case IS Shown 10 e more accurate than the ideal cage. In Chiapter 4 the
(etal o calculation Is presented. In the final chiapter conclusions and ascussiors
a8 (e,
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