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Appendix A

Electron velocity

Since the E v.s. k curves correspond to the dispersion relationship for elec-
tron waves, the group velocity for electronic transport can be calculated if the E
v.S. k relations are known as a function of k,

di0 1/dE\
9 dk hdk.) (A)

whenever E is of the form nax2/ 2m* vg = hk/m*] for a free electron vg = hk/m.

The conditions required for m*vg = hk can be seen by expressing these
various quantities in terms of the E v.s. k dependence. In order for the relation to
hold [n2/ (d2E/ dk2)][(dE/dk)/hf must be equal to hk. This leads to the differential

equation M in
K = k00 (A2

which has solutions of the form
E=Ah2+B (A3

where A and B are not functions of k. Thus the relationship m#vg = hk holds
for an energy band with extremum at k = 0, but does not hold as written for an
energy band with extremum at some non-zero value of k, such as k = k'. In this
case, we need to write mwvg = h{k' —k).

In general, in three dimensions

vs = iv kB(K) (A4)
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Wher £ 0 dE
=e'dk: +e2a” +e3dk3 (AY)
=elkl+ 22+ e3m (A6)

The physical meaning of VK-E'(K) is that it is the derivative of E(k) in the direction
normal to the energy surface at the point k. The velocity is zero at band extrema
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Figure A.l: Typical variation of group velocity vy and effective mass m* as a
function of k.

and at zone faces. Representative E(k) variations are shown in Fig. A.l in
one dimension, together with the dependence of v on k. In thermal equilibrium
there are an equal number of electron-occupied states with positive velocity and
with negative velocity; hence there is no net charge transport. There is also no
way to cause an imbalance in the velocities by the application of an electric field



30

since, in spite of the effects of the field, an equal number of positive and negative
velocities remain. Therefore there is no net charge transport, e.g., why there is no
conductivity due to the valence electrons in the filled band of an insulator, and
why a partially filled band is the requirement for electrical conduction.



Appendix B

Effective mass

In Appendix A we introduced the concept of an effective mass as a way of
describing a situation where the energy depended on k in the same way as for free
electrons, but the proportionality constant was not the same as for the free elec-
trons. The proportionality constant is not the same as for free electrons because
we are dealing with electrons in a periodic potential; many of their properties
are like those of free electrons hut some "fudge factor” needs to be introduced to
account for the actual environment. The relationship between this effective mass
m* that enters the energy relation: E = hX2/2m*, and the E vs k dependence,
can be obtained in the following way.

The significance of mass is as a proportionality factor between force and
acceleration, so that we can calculate the acceleration experienced by an electron,
e.g., If we apply an electric field. Now the effect of an external force can be
described in terms of the change in momentum caused by the force acting for a
time, 1.e.,

Felt = dp = hdk (B.I)

P pi (B.2)

dt
This is a general relationship correlating the effect of an external force F
with the time rate of change of k. Under the action of an external force F, the
k of all occupied states changes with a rate equal to F/h. If F is positive, the
k of all occupied states s shifted toward positive k values, and vice versa if F is
negative. Ifa band isonly partially filled, net transport is possible, since now there
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IS an unbalance hetween occupied positive-velocity states and occupied negative-
velocity states in the presence of an external force such as an electric held.

But we would like to be able to write F = m*a for this case, or
F=m (B3)

where m* isa proportionality constant between force and acceleration, and hence
called aneffective mass. Let’s see what form m* must have inorder forEgs. (B.2)
and (B.3) to be consistent. Since in one dimension

dg Id/'dE\ 1dkdkdE\
dt hdt\dk| hdk \dt dk

we can substitute from Eq. (B.2) to obtain

we conclude that the effective mass m* must be defined as

m = 02E/dk2

for the one-dimensional case. For a free electron m* —m, for an electron displaying
free behavior m* = constant, and for a general case, m* is a function of E and
ceases to be an especially helpful construct.

The effective mass of two illustrative band shapes is also given in Fig. A.l.
The effective mass m* is positive for electrons at the bottom of a band and negative
for electrons at the top of a band. A negative mass simply implies that the induced
acceleration is in the opposite direction to the force that caused it. This provides
an example of the effective mass including effects of the crystal potential; the
existence of a negative effective mass is the result of Bragg reflection effects in
which an electron acted on by a force in one direction is actually accelerated in
the opposite direction because it undergoes reflection at the zone face. As shown
in Fig. A.l. in one dimension the effective mass becomes infinite at some point
within the zone, but three-dimensional effects allow the electron to gain energy
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beyond the point by shifting to a different k direction since TO does not become
infinite for the same E(k) for all k directions.

Geometrically the velocity of an electron as given by Eq. (A.l) is the slope
of the E vs k curve, whereas the effective mass of an electron as given by Eq.
(B.6) Is the reciprocal of the curvature of the E vs k plot.

To calculate the effective mass in a three-dimensional case, we replace Eq.(B.4)
by

Do _ 29 (F- Vi), (B7)
If the components of the acceleration are ai and of the force are Fj, then the tensor
element (1/to*) is the proportionality constant between the ith component of the

acceleration and the jth component of the force, and is given by

P o
07~ hadkidk] (B8



Appendix C

Mathematica program for
electron field emission of
armchair carbon nanotube

In this Appendix, we show first a simple program for generating parameters
of integration boundary, which is discussed in Chapter 4. The next program is used
to calculate the result of I-V characteristic of electron field emission of armchair
carbon nanotube which is also already discuss in Chapter 4. Any reader can use
these codes by citing the content of this thesis.

¢.1 Parameters for carbon nanotube field emis-
510N

This program need just a few parameters to input. Following here is a example
to input parameter and call the program for I-V characteristic curve result. The
parameters used here are armchair carbon nanotube (5,5) and integration range
which can be receive from first program fkr and the range of external applied
electric field in this case in from Oto 10 V/pm and the last parameter is the working
temperature which we use 300 K as a room temperature for our calculation.

Example: Input and output of the program fkr 1 CNTFieldEmission and
Graphic result for |-V characteristic of carbon nanotube.



MatrixForm [kr5=fkr[5]]

-1, -0.6/51 5 -0.675185,

-1, -U.544209 -0. 544209 0 \

-0.901241, -0.168064} 0168064 O
-0.734885, 0} 0.7 ]
{-8] (O} |C

-0.734 85, 0} 0734885 1
-0.901241, 0168064 -0.168064, 0 030121 1]
-1, -0.544209 -0.544209, 0f 0}

1 0675185 -0.675185, 0 ,\
-1, 0709957 -0.709957,

cnt5=CNTFieldEmissi( [5,kr5,10 300] Chop

60 0.0000138183.0. 00173236,0 0194133,0.0827728,0.217667,
434258,0.728996,1.09072,1.50561}

Pcnts=ListPlot[cnt5 AxesLabeU{FontForm["F (V/f

D™ "Arial-Bold",12}],FontFormf | (pA)" {"Arial-
Bold,12}]},PlotRange-~{{0,210.5},{0,1.75}}];
|(IA)
1751
15
1.25
1
15
0.5
0.25 1
4 6 i FVIC)

Figure C.|: Input and output of the program fkr, CNT field,

C.2 Carbon nanotube field emission program
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Following here is source code for integration limit fkr and current |-V characteristic

of carbon nanotube program.



3G

clear[ Eaqp]
t=2.5;(*eV 1)
acc=.144 ; (* rm ¥
a=aacv~3 : (* nm *)

anp[]{_, g, n] |.:ty/ 1+4 Cos[ﬂ] Cos[-lf-ﬂ-%'g--@‘)-]1+4C'os['--l-(--(l-oﬁ-@)-]’2

Clear [DEagp]
DEagplk_,  qi_: 5] :=d_Eaqp[k, qi, ]
dear [fkr]
fkr[n_] := Rfcdule[£qi, kpeak, krange, krangeo) ,
gi=Tableli, {X,2 )]?
kpeak = (Solve! Ea*qplk, , ]==5+p, {k}] &<?0qi) ;
krange = Table[Take[Table[ kpeak! [j, i, 1, 2]] (10~9a) / 7T, {i. Length[kpeak]]], {2, 3]] .
'j, Length[qi]}];
trange:TahIe[lf[Abs[ Im{krange! [i, 1]]]] >0, {} , krange! [i] ]], {i. Length[krange]}];
rangeo=

Table[If[i~ , « -, 0}, {- ,1}},

{{Max[-1, FindRootfqe hbarnl N0, {k, -1f[4 Abs[i- ] < 7 1]l 2109 HIIL, 2]]
) 01 11[9FindFooife Dol 11 =g g, 1, I 2] )
0, (Findroot[qe ZEBP L =0 gk rrpgabsii-nl < 2, =AY (1L, 2]

s LI 20

kr
Table!
{!'Flatten [krangeo! [qi] ]][[1] ], If[Length [krange! [qi] ]] <1, krangeo! [qi] ][[L, 2]],
krange![qi, 1]]]} , I f[Length[krange![qi] ]] <1, {},
[krange! [qi, 1]], Min[krangeo[[qi] ] [[L,2] ] 1Last! Flatten [krangeo! [qi] ]]1]]}],
If[ Length!krangeo! [qi/ 2] ]] <2, {}, £ -angeo[ [qi] ] [[2, 1] ], krangeo! [qi]] [[2, 2]]}]} .
(qi, 2n]];
Return[kr] ]

Figure C.2: Limit of integration program fkr source code.



Clear [CUTFieldSnission]
CNTFieldQmssion; .«  F :20, T :300] .-
Module[{qi, kpeak, krange, krangeo, kb, a, acc, a, L, R, hbar, me, meff, qe, p, £I>1

(» Material Parameters *)

kb=1.3306503 10"23; <* mkg -2Krl ¥
a= ;

acc=.144; (* nm *)

a=accV3; (* nm*

L=am/"3; (t nm¥)

R=L/ (2 ); (* nm?¥

hbar = 1.05457143 10~34; (* m2kg/s *
ire =9.10938188 10'31; (* kg *)

meff =0.06 me; (* kg *)

ge= 1.6021910"13; (* C ¥

p=0; {r eV ¥

1=47; (* eV ¥

(* Electron Field Ehiission +)

fl =

Table[

10s
Sum[
NIntegrate]

Piar {fEaaplk, ai. 1.7, ko] qe DEAgplk, , gi]

Nintegrate]» 2meffqge (p+1- (—-) x- Eqplk, qi, ]) 10",
(M+5- Eagplk, qi, ]
' Vi (aR) "y

{k, kr[[qi, 1, 1] Pi/ (1094a), kr[[qi, L,2]] Pi/ (10'9a)}] +

If[Length[kr{[qi, 2]]] <1, 0,

NiIntegrate]!?— (f[Eaqp[k, qi, ], T, kb] qeDE)agplk, , qi] ),
{k, kr[[ai, 2, 1]] Pi/ (Hr9a), kr[[qi, 2, 2]] Pi/ (10"9a)}]] +

[f[Length[kr[[qi, 3]]] <1, 0,

Nlntegrate]-r!]%a D‘[anp[k, qi, ], T, kb] geDE”qp[k, , qi]

Expl[- 2 Nlntegrate].!t2rreffqe {p+1- I-Vl) x- EMigpfk, qi, ]Z

109, {x, 0, (p+1- \E/]/aQ(F;[lE) qi, ] }]]]‘

{k, kr[[qi, 3, 1]] Pi/ (10"9a) Lkr[[qi, 3,21 ] Pi/ (10"9a)}] ], {qi, 2 )1, (v,
Return [f1]]

Figure C.3: Program CNTFieldEmission source code.
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