
C H A PT E R  III
LINEAR AND ALGEBRAIC INDEPENDENCE

From here, our main concern is the function field Fg((a:"1)) denoted by F. The 
infinite valuation |-| over Fg(æ), the field of rational functions over Fg, is defined as 
follows: for f ( x ) / g ( x )  £ Fg(a;)\{0}, set

Then F is the completion of Fg(æ), with respect to this valuation. The extension of the 
valuation to F is also denoted by |-|. The continued fractions considered here are RCF.

3.1 Linear independence
First we start with a definition.

D efin ition  3.1. Let E  be an extension field of K  and a i, « 2 , . . . ,  a n  £ E .
Then a \ , a 2 , . . .  , a n are linearly independent over K  if for all ai, 0 2 , . .  ■ , On £ h โ,

Recently, Hancl, [11], has given an interesting criterion for linear independence of 
real continued fractions as follows:

Theorem  3.2. L e t  e >  1 be a  r e a l  n u m b e r ,  N  £ N a n d  { a n , j } ^ =  0 (j =  1 ,2 , . . . ,  N )  b e  N  

s e q u e n c e s  o f  p o s i t i v e  i n t e g e r s  s u c h  t h a t

aiCKi +  a2a 2 +  . . .  +  ana n =  0 =$■  ai = a2 = . . .  — an = 0.

(3.1)

(3.2)

h o ld  f o r  e v e r y  s u f f i c i e n t l y  l a r g e  p o s i t i v e  i n t e g e r  ท  a n d  j  £ { 1 ,2 , ...,1V  — 1} . T h e n  th e  

c o n t i n u e d  f r a c t i o n s ,  Oij : =  [ao j; a \  j , ...] ( j  =  1 , 2 , . . . ,  N ) a n d  t h e  n u m b e r  1 a r e  l i n e a r l y  

i n d e p e n d e n t  o v e r  Q.
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We have known that rationality can be characterized by considering (Ruban) con­
tinued fractions, that is, finite continued fractions represent rationals and conversely. 
Moreover, it is well-known that (infinite) periodic (Ruban) continued fractions represent 
quadratic irrationals and conversely. There are quadratic irrationals linearly dependent 
as well as quadratic irrationals which are linearly independent over ¥ q ( x )  as seen the 
following examples.
Exam ples 1) Let /  =  [x], g =  [2x, x] G F3 ((x-1 )). Then f  — 2x +  2y/x2 +  1 and 
g = 2 \/x 2 +  1 and so X +  /  =  g i,e, f ,g ,  1 are linearly dependent over Fs(x).
2) Let น — [ x , 2 x ] , v  =  [x2 ,2x2] G F3 ((x-1 )). Then น =  V x 2 +  1 and V =  \ / x 4 +  1. 
If น , V , 1  are linearly dependent, then there are A , B , C  G F3 [x] not all zero such that 
A  +  B y f f î T I  =  C y / x ^ T 1. Thus A 2 +  2ÆBvx2T T  +  B 2 ( x 2 +  1 ) =  c 2 ( x 4 +  1 ) and 
so A B  =  0. If B  =  0, then A  =  C y / x 4 +  1 is irrational which is a contradiction. Hence 
B / 0  and so A  =  0 yielding x2 + l = (cy

X4 + 1 = [ b J
which is a contradiction since X2 +  1 and X4 +  1 are relatively prime and both are not 
perfect squares. Hence น , V , 1 are linearly independent over F3 (x).

The criterion for linear independence using partial quotients of RCF is not easy to 
find for such elements. Here, we propose such a criterion for linear independence. We 
observe that, this criterion cannot be used for the above examples.

Extending the result of Hancl [11], in this section we establish a sufficient condition 
for linear independence of continued fractions in F. This criterion is based on a suitable 
growth condition of the partial quotients involved.

Theorem  3.3. L e t  N  G N a n d  { a n j } ^ L 0  ( j  =  1 ,2 , . . . , IV) b e  N  s e q u e n c e s  o f  n o n ­
c o n s t a n t  p o l y n o m i a l s  o v e r F q .  A s s u m e  t h a t  th e r e  e x i s t s  a n  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  

i n t e g e r s  ท0 =  0  <  ท1 <  ท2 < .. ■ w i t h  th e  f o l l o w i n g  p r o p e r t i e s :

l&Tifcj+il ะ̂  laท*; j  Ieท*:! (3-3)
เ^ทj+ i| ^ |®nj|cn {'^k ^  ri ^  r ik -\-1 ; £ No), (3-4)

\a ท*; + 1,11 — laท*:,iv| ท̂*;! (3.5)
|®ท+1 ,1 เ ^ |®ท,พ| d n (îTfc < ท < Tik+1 ; k  G No), (3-6)
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w h e r e  รทk, รทk, c n, d n  a r e  p o s i t i v e  r e a l  n u m b e r s  s u b j e c t  t o  t h e  c o n d i t i o n s  t h a t

c n > c >  0 ( ท k  <  ท  <  r i k +1 ; k  G No),
oo ๐๐
J"J(cni+l • • ■ cni+i - l £7îj+i) =  0๐ =  JJ(dnj+l • - - d n i + 1- \ Ô n i+ 1 ) .
3= 0  3=0

T h e n  d j  : =  [do j ,  di j , ...] (j  =  1 ,2 , . . . ,  iV) a n d  1 are l i n e a r l y  i n d e p e n d e n t  o v e r  Fg(x).
P r o o f .  We start with the case N  =  1. Here CKi := [do,i,di,i,...]  is an infinite continued 
fraction and so « 1  is irrational, i.e., CK1 and 1 are linearly independent over F?(æ). Hence­
forth, take N  > 2 .  Assume that 1, CKi, « 2 , . . . ,  d N  are linearly dependent over F9 [æ]. Then 
there exist A l ,  A-2 , ■ . ., AIV, Ajv+ 1  G Fç[æ] not all zero such that

Aiv+ 1  =  y :  A j d j .  (3.7)
3=1

Write each continued fraction d j  ( j  =  1 ,2 , . . . ,  AT) as
a , =  A i  +  r „ j ,  (3.8)

where C n j / D n j  =  [doj, di j , . . . ,  a„j] is the ท th convergence of d j  and R n j  is its remain­
der. Note that

R n , j
a n + l  , j D n j

# 0 . (3.9)

Substituting (3.8) into (3.7), we obtain

A n +1 =  A j (  y p l  +  R n j ) .
3 = 1  n , j

Multiplying both sides of the last equation by IljLi D n , j i  we obtain

M ท f A n +1 y 2  A j  n ’
เ iV N  N
I 1 7  D n ,j — I I  D n j  y ^  A j R n j (3.10)

V 3= 1 ' 3=1 3=1 3=1
in F9[x], which we next show to be nonzero. By (3.3) and (3.4), for j  G {1, 2 , . . . ,  N  — 1} , 
k  G No, we have

D n k , j + l \  — \a n k , j + l a n k - l , j + l  ' ■ -a lj+ l|
k

=  n  \a n k - i J + i  ■ ■ ■ a n j b _ i + i j + 1 1  ' ' ' \a n i - i , j + i  ' ' ■ 0 ท 0 + 1 , j + 1 13 = 1
k k — 1

—  I K  la n i j l  H ( c73i + l cni-|-2 ■ ■ • cn ; + i - l )  | a r i i + l , j a n ;+ 2 j  • • • a n i+ i-X , j  
3=0 3=0
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We conclude that, for j  G { 1 , 2 , . . . ,  N  — 1} , k  G No,
k - 1

\Dnkj + l \  > (cni + lCni+2 cni+1- !  £ทi+1) l-Drifcjl . (3-11)
i=0

Since n ” o K + lCni+ 2  ■ ' ' cn .+ i-ie"i+i) =  ๐°! there exists N o  G N such that for all j  G 
{ 1 , 2 , . . . ,  N  — 1} , and all k  >  N o ,  we have

\ D n k , j + l \  >  \ D n k , j \ - (3.12)

Let l be the least positive integer such that A l  ^ 0. For j  G { l  +  1, l +  2 , . . . ,  N }  , k  G No, 
by (3.4) and (3.11),

R™k, l a n k  +  l , j D n k j
— n̂  + l

D n k J D n k , j - 1 D n k ,l+1
R ^ k  ง ่ a n k + ^ , ^ n k:l D n k j - 1 D n k , j - 2 D n k ,l

i - l^  < + 1  

> 0 ~ l

k - 1 า 20-/)
J J ( cnj +  l cni+2 ■ ■ ■ c n i + i - l £ n i + i )

น=0
k - 1
J J ( cn ;+ lcni+2 ■ ■ ■ cn i+ i - l en i+ i)  

_i=0

20-/)

Since n i=o(c”i+ iCni+ 2  ■ ' ■ c n-i+1- 
j  G {i +  1, l  +  2 , . . . ,  A/-} , and all k  >  N i ,  we have

i£ni 1) =  oo, there exists All >  Afo such that for all

''ทk ,1
''ทk ,3

> 71;
l.e.

\ R n k , l M  >  \ R n h j A j \  ( j  G { l  +  1, l  +  2, . . . 1 IV}). (3.13)

Then from (3.10) and (3.13), for all k  >  N i ,

1 M n J  =
iV

E A i R n kt i =  m a x  <
l < i < N J J  1 R n k ,j

t = /
AT

V J=1 y 0 = 1

=  J J  \Dnk,j\\A-iRnk,i\ ^  0. (3.15)
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Now we prove that IMnJ  < 1 for k  sufficiently large. Prom (3.14), we obtain

\M n k \ =  n  \D n k , M l R n k A  =  -J-  (using (3-9))

I4inf=2\ D n k , j \  .  141 U j = 2  \D n k M  0 , | \  ( Q t o n

4 + 1  K f c + 1141
, l | | - D n fc,l| C nk + i \ o - n k + l , l \ \ D  

{ a n k : N O ,n k - l , N  - - - a p y v ) ^ - 1

n k >11

{Pjn k — l , N Q ‘n k —‘2 , N  ' ' ' ^ n f c - i  +  l j i v )

4 + 1  K i l

141
f f i i f c + l , l® 7 i f c , l  ' ' ’ ®2,1

(f Iin k , N O 'n k _ i , N  ■ ■ ■ f f i l i , n )

4 + 1  K i l

( f f i l i

a n k + l , l a n k , l  ■ ■ ■ a J i i + l , l  

- l , N C L n i - 2 , N  - - - a n 0+].,./v ) ^ - 1

a n k , l a n k - l , l  ' ' ■ a n k - 1 + 2 , 1

0 " n \ , l a n \ —1,1 ' ' ' a n o + 2 , l

< 1_ \ Al. [ — - T [ { d n i + 1d n i + 2- - - d n i+ 1- i ô n i+ 1) (by (3.5) and (3.6))
O K i l t o

I -̂4. I  ̂ ^< 1 1 1 โ TT{ d n i + 1 + 2  ■ ■ ■ d n i+ 1- i ô n i+ 1)
c Kl I t o

Since n S o  (๘ท i + i d ni+2 - - - d n i+ 1 - ! รทi+1) =  oo, there exists N 2 >  N \  such that, for all 
k >  IV2 , \ M nk \ < 1. From this and (3.14), we obtain 0 < \ M n k \ <  1 for k >  N 2, which is 
not tenable because M nk G Fg[:r]\ {0}. □

The criterion of Hancl follows, in the case of F, by choosing cn =  £ 77 =  1 +  e / (ท log ท), 
where £ is a positive real number > 1  and 67! =  1 +  1 /n.

Corollary 3.4. L e t  £ >  1 b e  a  r e a l  n u m b e r ,  N  G N, {ara j } 4 o  (j  =  1,2, . . . ,1V) be N  

s e q u e n c e s  o f  n o n - c o n s t a n t  p o l y n o m i a l s  o v e r  Fg s u c h  t h a t

|®nj+l| — |®njl ( 1  ~b 1 y  J (3.16)\  ท  log ท J
|ffii+l,l| > \ o - n , N \ N  ^1 +  (3-17)

h o ld  f o r  e v e r y  s u f f i c i e n t l y  l a r g e  p o s i t i v e  i n t e g e r  ท  a n d  j  =  1 , 2 , . . . ,  N  — 1. T h e n  a j  := 
[aoj, น1 j , ...] ( j  =  1 , 2 , . . . ,  N )  a n d  1 a r e  l i n e a r l y  i n d e p e n d e n t  o v e r  Fç(x).

An immediate consequence of our main result is the following particularly pleasing 
result which holds for both the real number and the formal series cases.
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Corollary 3.5. L e t  a i  =  [0 0 , 0 1 , 0 2 , . . . ] ,  « 2  =  [&0 , b i, 6 2 , . . . ]  be tw o  c o n tin u e d  fr a c t io n s  
w h o se  p a r tia l  q u o t ie n ts  are s u b je c t to  th e  c o n d itio n s

ç I Oral 5; \bท I ^  q |®n+l|.

T h e n  0 :1 , 0 2  a n d  1 are lin e a r ly  in d e p e n d e n t.

3.2 Algebraic independence
In  th is  sec tio n  we s ta r t  w ith  a  defin ition .

D efin ition  3.6. L et E  b e  a n  ex ten sio n  field o f K  an d  O i , 0 2 , . . . ,  a n E E .  T h e n  O i , . . . ,  a n 
are  algebraically independent over K  if for a ll h ( y i , y 2 , . .  ■ , y n ) €  K [ y i , y 2 , . . . ,  y n],

In  th e  rea l case, L aohakoso l [14] gave a  c rite rio n  for a lg eb ra ic  in d ep en d en ce  for two 
co n tin u ed  frac tion s.

Theorem  3.7. L e t  A  =  [0 0 , O i ,  0 2 , . . . ]  a n d  B  =  [6 0 , h ,  6 2 , • ■ •] be c o n tin u e d  fr a c t io n s  
w ith  p o s it iv e  in te g ra l p a r t ia l  q u o tie n ts . L e t  r  >  1, ( r i j )  be a n  in c re a s in g  seq u en ce  o f  
p o s itiv e  in te g e rs  a n d  le t f  (ท) be a n  in te g e r-v a lu e d  fu n c t io n  o n  th e  n o n  n e g a tiv e  in te g e rs  
ท w ith  f  (ท j )  —>•๐๐ as j  —> 0 ๐. I f

th e n  A  a n d  B  are a lgeb ra ica lly  in d e p e n d e n t o v e r  Q.

L a te r  A d am s [1] e x te n d e d  th is  re su lt as follows:

Theorem  3.8. L e t  o i , . . . , a j v  be N  real n u m b e rs . A s s u m e  th a t  w e are g iv e n  in te g e rs  
P n ,j 1 Q n,j (n  =  1 , 2 , . . . ; !  <  j  <  N )  w ith  q n j  —> ๐0  ( ท —> 0 ๐), a n d  th a t , f o r  all

F u r th e r  a s s u m e  th a t  f o r  each j  =  1 ,2 , . . . , 7 V  a n d  a ll p o s i t iv e  in te g e rs  D  th ere  is  an  
N o  =  N o { D )  s u c h  th a t, f o r  a ll ท >  N o ,

h ( a i , a 2 , . . . ,  a n ) =  0  => h  =  0 .

r ~ l a n >  bท >  Ï ' 1} (ท =  1 , 2 , 3 , . . . ) ,

(3.18)

0 <  IO i j  P n , j / Q n , j \  K'  l/(9 n ,lQ n ,2  ' ' ■ Q n , j ) (3.19)

T h e n  a  1 , . . .  , 0 ]V are a lgeb ra ica lly  in d e p e n d e n t.
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A p-adic analogue of an independence criterion of Adams was established by Lao- 
hakosol [16] as follows:

Theorem  3.9. L e t  a i , . . . ,  a w  be N  n u m b e r s  i n p Z p \  {0}. L e t  A n j , B n j  (ทะ= 1,21. . . ;  j  =  
1,2 ,..., N )  be r a t i o n a l  i n t e g e r s  w i t h

M n j  =  max { \ A n j \ ,  \ B n J }  ->• oo (ท -* oo).

F o r  j  =  2 , . . .  5 N ,  a s s u m e  t h a t

lim พ ] - !  —  A n j - i / B n  J_1 =  0. (3.20)ท ->CX5 I d j  — A n j / B n j \ p

F u r t h e r  a s s u m e  t h a t  f o r  e a c h  j  =  1,2, .. .,AT a n d  a l l  p o s i t i v e  i n t e g e r s  D ,  th e r e  i s  a n  

N o  =  N o ( D )  s u c h  t h a t ,  f o r  a l l  ท  >  N o ,

0 <£ พ j  Ayjj/B n j \ p  <  ( M n î ■ • ■ (3.21)

T h e n  a \ , . . . ,  CCJV a r e  a l g e b r a i c a l l y  i n d e p e n d e n t .

Theorem  3.10. L e t  a \ , . . .  , aiv b e  N  n u m b e r s  i n  p T j p \  {0} w i t h  R C F s

Oij =  [oo,j> ai,ji a2,ji • • ■] (j  =  1J • ■ • ) N ).

S u p p o s e  th e r e  a r e  c o n s t a n t s  T, r  > 1 a n d  a  f u n c t i o n  g ( i )  f o r  i  — 1 ,2 , . . .  w i t h  g { i )  —> 

oo (j —y oo), a n d  a n  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  ท1 < ท2  <  . . .  s u c h  t h a t  f o r  

a l l  ท  ะ=  0 ,1 , . . .  a n d  j  =  2, 3 , . . . ,  N  w e  h a v e

พท,!\p >  (V 2 \a n-k  11 \py k (k =  1 ,2 , . . . , AT), (3.22)
พท,j —lip ^ c|nn J Ipi (3.23)

พทi,j\p  > (3.24)

T h e n  C*1 , . . . ,  Ofjv ace a l g e b r a i c a l l y  i n d e p e n d e n t .

Theorem  3.11. L e t  « 1 , . . .  ,ajv 6 e JV n u m b e r s  i n  p h p \  {0} w i t h  S C F s

cxj [0; Co j ,  ๘0  j) Cl j ,  ๘! j; C2 j ,  ๘2 ,j) • • •] (.7 1) ■ • ■ ! -̂ 0"

S u p p o s e  th e r e  a r e  c o n s t a n t s  r ,r  > 1 a n d  a  f u n c t i o n  g ( i )  f o r  i  =  1 ,2 , . . .  w i t h  g ( i )  —» 
oo (i —» oo) a n d  a n  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  ท 1 <  ท 2 < ■ ■  ■ s u c h  t h a t ,  f o r
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a l l  n  =  0 , 1 , ,  a n d  j  — 2 , 3 , . . . ,  N  w e  h a v e

cท,! >  c n — f c , l  (* =  !>•■ ., ท), (3.25)
c ท,j —1 — r c n , j i (3.26)

c m , j  >  41-1,1 • (3.27)

T h e n  a x , , a  AT a r e  a l g e b r a i c a l l y  i n d e p e n d e n t .

The following lemma can be easily proved by using Lemma 2.8 (iii).

Lem m a 3.12. L e t  (  =  [ a o , a . \ , . . .  , a n , . . . } ,  a n d  £ =  [0 0 ,  เ 3 \ , . . . ,  P n , . . . ]  be  c o n t i n u e d  

f r a c t i o n s  i n  F .  I f  \ a n \ >  r n \(3n \ f o r  a l l  ท  E  N, t h e n  |Aî(C)l >  r i r2 - ■ I A l (01 f o r  a ^  

n  E  N.

Our main result is:

Theorem  3.13. L e t  (  =  [ao, ax , . . . ,  a n, ...], a n d  £  =  [Ah0 1 , .  ■ ■ , เ3ท , . . .] be c o n t i n u e d

f r a c t i o n s  i n  F .  A s s u m e
( i )  \oเท \ > r n \/3ท\ (ท E  N) w h e r e  r n  E  M w i t h

ท1̂ อ  (ท •■ - r n ) 2 r n + i

( ท )  f o r  a n y  n o n n e g a t i v e  i n t e g e r s  A ,  B ,  th e r e  i s  a n  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  

( n j )  s u c h  t h a t

■ h:;  ,1: . . : ไ;
T h e n  (  a n d  £ a r e  a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  F9 (x).

IA'«j+1
r | A - - - A n IB =  oo.

P r o o f .  Assume the result false, then there would exist a nonzero polynomial

P ( S ,T )  =  E E  พ 13 ร 1T 3 E  Fg[x][5,T]

such that p (£,£) =  0. We may assume that p ( ร ,  T )  is one with minimum total degree 
mi +  m2  among such polynomials.
Consider, for fixed ท,

P n - = P f C n i 0  <7»(0\ v v  ( C n i O Y  ( C n i O V
\ D J X y D j £ ) ) =  ^ 0 ^ 0 W i j \ m < ) J  \ D n ( O j  -



32

Now putting <Î1 := สั!(ท, 0  =  c -  C'n(C)/Ai(C) and ร2 ■ = ร2(ท , O  =  c -  C n { Ç ) / D n {Ç ).
Then we get

P n  =  P ( Ç - S i , t - S 2 )  =  $ > i j  (C -  พ ่ (£ -  fcÿ  =  ฟ !  +  พ:2 Ô 2 +  0(|<5|2), (3.28)

where เส์เ =  max(|Æi|, 1̂ 2 1)า

พ1 =  -  E  & and w2 =  - E M i r è ’- 1.
y  i , j

If ฆ;! =  0 or ฆ;2  =  0, then (  and £ would satisfy

^ i w i3 ร 1- 1 =  0  or ^ j w i j & T i - 1 =  0 ,
y  y

whose total degree is lower than 7ท1 +  777,2 - Then ฆ;!,น;2 are not zero. 
By Lemma 3.12, we have

Si D n ( O D n + 1 ( 0 1ร'
ร 2 D n (C)L>„+i(C) ~  (ท ••- ทท)2 ทท+ 1

0  (ท —y oo).

Consequently,
0 ( H 2)

as ท  —> oo. Then there exists N q g N such that for all 77 > N o ,

ร1 ๐ (^ เ2) 1น1 -  , < เฆ;2 เ

By (3.28), for all ท  >  N o ,  we get

=  \พ 2 1 +  0 .
By this and Lemma 2.8 (iii), for all 77 > N o ,  we have 

1 1 < \p ท. I = \พ 2 \

i.e.
|otL • • ■ «ท!™1 IA • ■ ■ All™2 = เ^»1(C)|mi เ^ท(Ol"*2 - ' ±n ' ~  |/?1 ■ ••/?« H / W I ’

lAi+ll
|a i - - -a „ |mi |A - " A i |ma“2 “  |W21

which is a contradiction.

Corollary 3.14. Let c =  [cüo, « 1 , . . . ,  On,...] a n d  £ =  [/3o, /0 1 , . . . ,  เ3ท , ...] b e  c o n t i n u e d  
f r a c t i o n s  i n  F .  L e t  r  b e  a  r e a l  n u m b e r  s u c h  t h a t  r  > 1, (ท j )  b e  a n  i n c r e a s i n g  s e q u e n c e  o f
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p o s i t i v e  i n t e g e r s  a n d  l e t  f  (ท) b e  a n  i n t e g e r - v a l u e d  f u n c t i o n  w i t h  f  (ท j )  —) oo ( j  —> oo).
I f

r ~ l \oเท \ >  |/?n| > \ a n- 1|/(n_1) (ท =  1,2,3, . . . ) ,  
t/ien £ a n d  Ç a r e  a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  Fg(x).

A general Liouville type algebraic criterion:

Theorem  3.15. L e t a \ , a 2, . . .  ,O L N  G F- A s s u m e  t h a t  w e  a r e  g i v e n  p o l y n o m i a l s  Cn,j,D n,j 
(ท =  1 ,2 ,3 , . . . ;  1 <  j  < N )  w i t h  \Dn,j\ —> oo ( ท —) oo). A s s u m e  t h a t ,  f o r  a l l  j  =  

2 , . . . , IV,

limท—too
C n  j —l C n , j

a i - 1 กบ ท ,j —1 / a i  บ  . = 0. (3.29)

F u r t h e r  a s s u m e  t h a t  f o r  e a c h  j  =  1 ,2 , . . . ,  iV a n d  a l l  p o s i t i v e  i n t e g e r s  M  t h e r e  i s  a n  

N o  — iVo(M) s u c h  t h a t ,  f o r  a l l  ท  > N o ,

0 < c ท,J
J ท, j

< \Dn,iD n,2 - - - Dn,j\M
T h e n  a \ , . . .  , a .N  a r e  a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  Fg(æ).

(3.30)

P r o o f .  We proceed by induction on N .
For N  =  1, suppose that 0เ1 is algebraic over Fq(x). If a \  is algebraic of degree 1, 

then a \  G F9 (æ), say A j B .  By (3.30), there is an N q — N q ( 2 )  such that, for all ท > N o ,

so that, for all ท ' >  N o ,

0 < A Cn, 1 
B  Dn,i I Â J F

1
\BD n,i < AD n,i -  B C n,i <

\ D n , ll2 'B D n,i
Now we have |-Dn,i| <  |f?| which is a contradiction since \Dn\ —> oo (ท —)- oo). If a i  is 
algebraic of degree m >  1, then, by Mahler [21], there is a constant K  > 0 such that for
all ท G N,

a i Cn,1
'ท, 1 > \B ท ,1

By (3.30), there is an IVo =  N o { m  +  1) such that, for all ท > N o ,

\แท,1 < Oi 1 - Cn, 1
'ท,1 < \Dn, 11-+1 0 (ท —)- oo.)
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which is a contradiction. We conclude that « 1  is thus transcendental, and we are done 
in this case.

Now consider N  >  1 . Assume that it is true for N  — 1. Suppose that the result 
were false for N ,  then there would exist a nonzero polynomial / (Ti,T2 , . . .  ,Tjv) with 
integral coefficients of minimal total degree such that / (ai,  « 2 ) - ■ - , Oat) =  0. Expanding 
the polynomial /  about Ox,. . . ,  Oat, we get

f (T u T2, . . . , T N) =  J 2  V ) ( T1 -  « i r  - - - (TN -  <x n Y \
where (น ) =  ( v \ , V 2 , . . . , VAf), and

hพ  ^  {น1 + v+ . . .  + vN)\ \ d T ? d T ?  •. • d T v/  / ( a i ’a2’ " ' ’a N ๆ  '
Clearly, /i(0 ,...,0 ) =  / (« 1 5 « 2 , . . .  , a N ) =  0. For % =: 1 ,2 , . . . ,  N ,  set H i  =  h (01 10^ !^ ,0 ,...,0 )-
Let TLn ( T i , . . .  , Tjv) :ะ= ฐ ^ - / (T1 , . . . ,  Tjv). We observe that Tjv occurs in / .  Then ffjv Y  

0 and i f  at =  ?fjy(Q!i, 0 2 , • • ., Ojv)- We claim that ifyv 7  ̂ 0. Suppose not. If T/v occurs in 
?f jv(r1 , . . . ,  Tjv), then (o i, 0 2 , • . . ,  Oat) is a root of a nonzero polynomial of smaller degree 
than / ,  which is a contradiction. Thus Tjv does not occur in ffjv(2 1 , . . . , T/v). It means 
0 1 , 0 2 , . . .  , ojv- x are algebraically dependent, contradicting the induction hypothesis, 
and the claim is verified.

Now putting
6 j { ท )  =  ^ - - a j  ( j  =  1 , 2 , ,  N ) .  

u ท,.i
By (3.30) and ท sufficiently large, we get \ 8 ท(ท) I ^  0. Consider

Cn, 1 Cn,2/ a•ท,N

=  Ê v ) ( W " ) > ”  (ท))*'"
=  (« ท ) )  +  £  h M ( ร , ( ท ) ) - '  •••(«1. (ท))*'"

*=1 h(y)ÏHi,(v)ÏO

ร » ( ท )  +  H»)+0(IM")l)},= w "’ น “ ‘พ ิ
for ท sufficiently large. Since

a 1 +  1.'*'''-■ พ

if , f l H  +  . . .  +  +  0 ( |J w(n)|)^ i V  (ท)
< max { ^  ^1 (ท)

(ท)

SN  {ท )

H„ - 1frv-1 (ท)
8N {ท) , 0 ( |^ (ท )|) }

0  ( ท —> oo),
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we have

and so
max H 1

/

ร1 (ท)
S  N  ( ท ) ‘ท—1 'Ôn - i ( ท )

ô N ( n ) , 0 ( M « ) l ) } < I A v |

C j i ,  1 C n , 2  C n , N
A ,1 ’ A , 2  ’ ’ A l,TV =  |A(™ )Av| ~h 0

for ท sufficiently large. Let ๓ 1 ,๓ 2 , . . .  , 1ท พ  denote the degrees of /  in Ti , Ï 2 , . . .  , T/v, 
respectively. Then, for ท  sufficiently large,

D Z - - - K n
< f  A,1 A,2 A,JV \ 

V A . l ’ A , 2! ’ a ,at/ =  \0 n ( ท ) H n \ =  l-Hjvl Ciท ,N
'ท,N

Choose M  = max {m i, m 2 , . . . ,  miv} +  1. By (3.30), there exists N i  =  N \ ( M )  such that 
for all ท >  Ni ,

ท๓1 n mA,1 ' ' ' A,mN
N

< \h n \ a&N - ท, N
'ท,N < \ H n \

| A ,1 - - - A ,jv |M
l.e.

\Hn  I > V l . . . ท JW—TTijV 
ท ,N -» oo ( ท—» 0 ๐),

which is a contradiction. Hence a i , . . . ,  ajv are algebraically independent. □
We apply Theorem 3.15 to construct a class of algebraically independent of Liouville 

type.

Theorem  3.16. F o r  j  =  1 ,2 ,1. . ,  iV, 1๗ a.j =  [doj, ท1 j , ...] 6 e c o n t i n u e d  f r a c t i o n s  in  

F , A j / A j  =  [«Oj) ai j i  • • • > anj]- £๗ /i( i) , / 2 พ  6 e f/ie i n t e g e r - v a l u e d  f u n c t i o n  w i th  

f i ( i ) ,  / 2 ( 0  -» 0 ๐ (i —>■ 0 ๐). A s s u m e  t h a t  th e r e  i s  a n  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  

i n t e g e r s  (n i) s u c h  t h a t  f o r  a l l  i  =  1 , 2 , . . .  1

K + I j l  >  I A ^ i K1 1 ( j  =  l , 2 , . . . , N ) ,  (3.31)
| A j - i |  > / 2 พ  | A j |  (j =  2 , 3 , . . . , IV;«  =  ท น ท i +  1 ). (3.32)

T/mn a i , . . .  , aiv are a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  Fq ( x ) .

P r o o f .  For each j  =  2, 3 , . . . ,  TV we have
a j - 1 — A i  j - i / A i  j -1 A i +1 j  A i  j 1A

a j  ~  A i j / A i j A i +1 j -1 A i  j -1 -  / 2 « 2
0  ( i  —» 00) .
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Now let j  G {2 ,3 , . . .  , N }  and M g N. To verify (3.30) of Theorem 3.15 we use
Dnui
D n i  ,j D r ,  na, j a n i + l , j

Since f i ( i )  —> oo ( i  -> oo), 3 N o  =  iVo(M) G N such that, for all i  >  N o ,  f i { i )  >  j M  >  1. 
From this and (3.31), (3.32), we have

\ D n 1,1D n u 2 ■ ■ ■ £ > ,14 j \ M  <  \ D n J M  <  \ D n u I p )  <  |a „ .+ ij|.
Hence for i  >  N o ,  we get

I D n i j  I |£>n i , \ D n i f i • • • D n i jl l-Dn*, 1 D n  412 £>n4 , j I
By Theorem 3.15 we have « 1 , . . . ,  ajv are algebraically independent over Fq ( x ) .  □

Moreover we obtain the following theorem.
Corollary 3.17. L e t  c t j  =  [a0  j ,  0เ 1 j , . . . ,  a n>j , . . .] G F  a n d  C n j / D n j  (ท  ะ=  1 ,2,3, . . .  ; 1 < 
j  <  N )  b e  t h e  c o n t i n u e d  f r a c t i o n s  a n d  t h e i r  c o n v e r g e n t ,  r e s p e c t i v e l y .  S u p p o s e  t h e r e  a r e  

c o n s t a n t s  r, r  > 1 a n d  a  f u n c t i o n  g ( i ) , i  G N, w i t h  g ( i )  -> oo (i —> oo) a n d  a n  i n c r e a s i n g  

s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  ท1 < ท2  < . . .  s u c h  t h a t ,  f o r  a l l  j  =  1 , . . .  , N ,  w e  h a v e

|®ท;+1 ,1 I ^ \a n i —k , i I { k  =  1 , 2 , . . .  ,T ii 1), (3.33)
|anj - i |  >  r  \a n j \  {ท  G N), (3.34)

K i+i , j | > K , i | s(i). (3-35)
T h e n  a \ ,  « 2 , . . . ,  ajv are a l g e b r a i c a l l y  i n d e p e n d e n t  o v e r  Fg(æ).
P r o o f .  By Lemma 2.8 (iv) and (3.34) we have

D n ,  ,3
'ทi,j

\ D n t j —il =  \a,n j —\ ü n —\  j — 1 ■ - • ai j —il > r เนท jdji—i j  • • • aij l  — r  \ D n j  

Choose / 2 (1 ) =  r n i . Then we have (3.31) of Theorem 3.16. By (3.33),we have
ni n i 1 1

=  < 1\D n i t l \  = ^[ an;-(fc-1),1 < TT I/'T*’-1I K ' i
k = 1 fc=l

From this and (3.35), we get

< K + 1 J
Choose f i ( i )  =  g { i ) r / (r — 1). Then we have (3.32) of Theorem 3.16. □
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As an application, we shall prove

Corollary 3.18. L e t  b e  a  s t r i c t l y  i n c r e a s i n g  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  s u c h

t h a t  limsup^ .0 0  k u + i / k u =  0 0 . L e t  ฐ!,g 2 , . . . , ฐ;V £  F  b e  s u c h  t h a t  เฐ/v| < เฐjv-il < 
. . .  < เฐ! I. S e t  o t j  =  1 g j K  ( j  =  1,2 5. . . ,  TV). T h e n  O'!,. . . ,  OAT a r e  a lg e b r a i c a l l y

i n d e p e n d e n t  o v e r  Fq ( x ) .

P r o o f .  Let 1 < j  <  N  and M  > 0. Set D n j  — g j n. Then
1 ท  - C n ’jfcn+1

y j
a 3 ท . บ ท , j

Since limsup^ 0 0  k v + i / k v  =  oo, there is J o  =  Jo(M) such that, for all l  >  J o ,

Isi- ■ 9 „ r < l 9 f ”,+,/‘“,)| (j =  1,2,
Then, for all l  >  J o , we obtain

g kni+1 ~  \ g i - - - 9 n \ kn‘ M '

By (3.36) we conclude that, for all l  >  J o ,

9kni+1 ~  \gi ■ ■ -เ -  .
By (3.36) we have, for all j  =  2 , . . . ,  N ,

a j - 1 ~  C n i , j - l / D n i , j - l
o t j  — C n i j / D n i j ^  - > 0  G -too) .

By Theorem 3.15, a i , . . . ,  O j \  are algebraically independent over Fg(x). □
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