CHAPTER IV
EXAMPLES

Our first example shows the case where the growth in equality condition in Corollary
35 is equalities with linearly independent continued fractions of simple shape.

Example 1. 1) Consider the continued fractions in F, «@  [a1®3,»5®7,...], 02 =
[x2,X4,Xe, X8 ...]. Corollary 3.5 shows that «1,02 and 1 are linearly independent over
Fg(x).

2) Consider the N continued fractions in F, ai = EAHLxn3+1,..], a2 =
kn+2,xn2+2,xn3+2, : ajv = [X2N,xn 2+n ,xn3+n ,] We see that |anj+i| =
gNn+l+i+1 _ glanj\. Let £ > 1 Choose No E N such that for all n > No, we get
nlogn > £ Then we have (3.16) of Corollary 34. To verify (3.17) of Corollary 34,
choose Ni > No such that for all > Ni, gNn+N+1 > 2gN2. Then

=K 9 v (4 )

By Corollary 34, Oil, @2, ..., an- and 1 are linearly independent over Fq(x).

Our next example is quite interesting. In the case of real numbers, it involves several
earlier works, see e.g. [3] and [7], where certain real series are shown to have explicit
continued fraction expansions.

Let /3> 1be a real irrational number and g £ F9[x]\F¢. Define

<*mu=f> - -wp=Ff>9-"eF (41)

where ¢, = 0 if there isnoj E Nwith [jP] = ,and ¢, = g — 1ifthere isj £ N with
[iP] = . The following auxiliary result is Lemma 1 of []
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Lemma 4.1. Let [bob\, sz, '.] be the simple continued fraction of 1/(5 and Pn/qnits nth

convergent. Then the dui introduced above are determined as follows:
1. Gdj—g —1fork=12,.,& and C,= 0for all other V< siec t 1= -

2. 1f > 2and qn < V < gn+1, then q, = Ol ), where rn{v) denotes the smallest
positive residue of V (mod gn).

Just as in the case of real continued fractions, [7], the continued fraction expansion
of the lacunary series a (@) in F can also be found explicitly as in the following theorem.

Theorem 4.2. Let /3> 1 be a real irrational number. Let [bo,bi,b2|||] be the simple
continued fraction of 1/(3, Pn/gn its nth convergent and let g s Fg[EE]\Fq. [f

AOIZgho, Ani= ¥ MR (> ) (4)

then ag(/3) = [A0,Ai,A2,. .}
Proof. With an defined ahove, for > 0, let

P2=0,pP-1=1 pn=Anpn-1+pn-2 Q-ZZI)Q-lz O,Qn—AnQn-l'l'( -2
(43)
We claim that, for > 1

«e"EyV"ox (44)

Since the verifications for hoth pn and Qn are the same, we only provide that of the
former. When = 1 since 60 = 0, Tlo = 0, then o = AgP-1+ P-2 = 0, and S0
Pi=APo+P-1=13Since '=&o+ -I=&,hylLemmadl

E = E =B jV “'+ylll=0+£f =
.., the claim holds for =1 When =2 wehave o=1 !=&Po=0andPi=1
By (4.2), (4.3) and Lemma 4.1,

P2 = JZO *1+1 =  6261+1-61 + gb2b1+1'Zd + + 61+1+ 1
=

1. 9Q2- 2b1 | n92-(&2-1)6i j 0Q2-h2bi _ ~  gq2-kbi _ o 902~u,
fe=1 11=15 ~~1
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which yields (4.4) for =2 Now let > 2and assume (4.4) is true up to . Then with
(4.3), (44) and gn+1=bn+xgn + -1, We get

- Antlpn+ pot - E oziofe)h -~ 4+ . g TR bneiln

Al gQntl-jI*+bn+ICin)

_n_gqn+1-M
++&9 A =1y

and the claim is verified. Observe that

ey A
IR ARG

bn+ICn

e 9on+lHAgn) =\ Qf 1 VHM

On the other hand, since
_ / 24 7 -1—rp~ A
on= 14 +--4 & 24 31-1
and [0,Al, A2,..., An] =PniQn, We have

p
a'W)- Qn
( - A ) £ = |5_9n| ( -l) 61 >0 ( -)' 0)

Example 2. Let /3> 1be a real irrational number, [8,b\, &,. 14 and pn/qn be the
real simple continued fraction of 1/(3 and its nth convergent. Let ! 2 F5[x]\F5
be such that !l > | 21- Assume that the real simple continued fraction of 1//3 has
unbounded partial quotients. Let [Ao,a1, A2,...,an...] and cn( 1)/Dn(!) be the
continued fraction of «5L(/3) and its nth convergent. Let [Bo,B\,p2)...,BN,...] and
On( 2)/Pn ( 2) be the continued fraction of «%2(3) and its nth convergent. By Theorem

4, = 9160 _ 0, A,: Dn(91)-£ A <»>1)

and
Bo=9260=0 0= COAL(92)= A=Al (> 1),
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Since the continued fraction of 1//? has unbounded partial quotients, there is a sequence
of positive integers ( *) such that bn... = 00 (k — 00). Let . = 0. Choose £m0 —
lem=q (k> 1) and forall « > 0, choose cn = q ( k < n < *+). Then we have (3.3)
and (3.4) of Theorem 3.3. To verify (3.5) and (3.6), choose

o (0
and for all k > o, * < < rik+:, chooSE

in = \Bn+il
IIW
Then
k .
AT LIAro b2 Bni 1 .4 'mnz Bn2 Bna+:
J:(g Tiitrs}2 Ar o Ani Ans AR Anar

Bnks. Bkl Bnkettl
Anks 1 ANk+i-1 ANks+a

Bnkel(2) A oL

\Bﬂk+1( |)"'®|
gy Ink+1-1 ka4 1-1)9n for 1+ Qnk+1-1
+

985 W

92 IU+-1 sznk+l+|-|)(9nfc+l-l)
~W oo

: nk+1+1
=W\ 91
-0 A>0)

By Theorem 3.3, agi(/3),ag2(0) and 1 are linearly independent over Fg(z).

Next we show that agi(/3),ag2((3) are algebraically independent over Fq(x). Since
DN — oo > M- B choose /o( ) = ean — o ( —»00). Then
FD,( )1> 1.( )[Zn( -)|. Since the continued fraction of 1/3 has unbounded partial
quotients, there is a subsequence ( /) such that bnk — 00 (4 -> 00). Take fi(k) =
(bowr: —1) 100 2 @ Then fi(k) -» 00 (4 -> 00). Moreover we obtain

AY( )= 1 ASD A < IR < TARL = [A 4

Theorem 3.16 implies that a5l (/3) and otg2(f3) are algebraically independent over Fq(x).
The last example comes from one of our recent results, Theorem o of [27], which
displays another type of lacunary series having explicit continued fractions.
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Theorem 4.3. Let 1 be a fixed positive integer, {&i}j>la sequence of positive integers,
(aOi>/ a sequence of nonzero polynomials over Fg, subject to the condition that if I = 1,
then a\ and those ai (i > 2) for which ki = 2 are non-constant polynomials over Fg. Let
the sequence {Qi}j>1 be defined by

Qi=1, Q2 Q3,..,Q ie¥qg[x]\Fg; Qu=au_ 1Qkrl1Qt~2 —Qu-~/ («>1J + 1),

(UBN).
Assume that
Loif 1 > o, then <2 3| —Qj;
2. ki>2 (i>1).
If ¢ ()= [&0; &, M ( > 1+ 1) then there exists 3 G Fg\ {0} such that
C(u+1)=1fhoib\,bn,@3 , bn, bn—, hx],

where = Ott: U] Moreover, if (2) QSt -'iQi and ail polynomials Qf (i > /)
are monic, then (3= (—)n {Lc.(hnh, i *1ehi)}-2 , where 1.c.(p) denotes the leading

coefficient ofp(x) G Fq[X].

Example 3. Letj - , 2 Letg; e Fgfaj] be monic with deg-Ej > . and |£4] > HEY
Let1=1, ky= v+« (2>1)e Letgjj = anda,j=1(2>2). Let Qij = 1 Define
Qqui= Ljlied and g - aS“_?@“HJ ( > 2). Then

Qi

Qz,i= A ZEp

Qilj —&7514 4

Quj= Ej: <3 = fif" -
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Define cj(1) = ch = E <1077 «ns Cj(00) = (j = 12)
Here Cj(l) = 1=[], c ()- 1+ 1/€j = [I,P]]. Thus, by Theorem 4.3, we have

C;(3) = [L.EY,-E¥,—E7),
Oj(4) = (1B, -3, -8, -2, 52, 2L - E%,
— 2! 2! 2! 312 42! 12! o 413
5) = 1,B},-E},-E},-E;* E} B}, E;' ,—Ej}°,

2! 2! 2! 312 72! 2! 2!
E?,-E? —-E¥ E3* EP E¥, -EJ,

Let a subsequence (nfc)ELO be defined by 0=10, 1= Land h=2nfci+ 1 [k > 2)
Write

P Ef+Ef-204 ...+ 1

Qu, = Ci= E f
We see that ged(p,,i. (,,J) = Lsothat Puj/Quj isassociated with the n,,_ith continued
fraction of Cj(00). In general, write Ci(00) = [cko, Oi\, Q2-,.., an,...], and (72(00) =
[ [ ...] ,.] Choose tnk = g = cnforallk >0and k< < k+1-Then
we have (3.3) and (3.4) of Theorem 3.3. To verify (3.5) and (3.6), for all k > 0 and
Uk < < k+h choose

(= &b and oo P!

Then
N
. . . @ 3A
J(d7tldnit2 iednivt- (11 S0 O 04 15 000 a7

finN+2  Pufi+l— flriN+1
an+l o thijvH- TNVH =V

N+2)!
|@n+22llsni22] 1 (|E2|(N+3)!-1>( +2)

QN2 B2 |Eof? | |
-> @ (At -> o0).
By Theorem 3.3, C(00),C2(o0) and 1 are linearly independent.
We have
|Qu,jl = |E;|" = 00 (u— o0),
and N )
o) - || 2 o T
i izutl VI utly Y




Then _ .
ICi(oo) —pujig 1 E2 (¥

120)- Pu2iQua  El 0 ( —=0).
To verify (3.30) of Theorem 3.15, let M > 0. Since ( + 1) = o (

No such that for all > No
\ELw+l > \EIW and \E2W#H > \Exe 2M

Then, for all '> No,
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00), there exists

Biller < A0 T < g
and so
Pu,1 2 ,
ci( ) oul < oo wand  C2(o0) 0 < ouio 2M

By Theorem 3.15, € 1{00), C2(00) are algebraically independent over Fq(x).
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