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S p h e r i c a l  S h o c k  A c c e l e r a t i o n  

O v e r v i e w

1 . 1  I n t r o d u c t i o n

Cosm ic rays are h igh  energetic pa rtic le s  o r ra d ia tio n  from  ou ts ide  the  E a rth . 1 

Cosm ic rays were discovered several decades ago in  1912 by V ic to r  Hess. T h is  

was a s ta r t in g  p o in t to  s tim u la te  hum an in te res t to  exp lore deeper and deeper 

space a round the p lane t ca lled “ the  E a r th .”  A t  present, the  m ost e x it in g  and  

fu ndam en ta l ideas in  p a rtic le  theo ry  invo lve energy scales we ll beyond the  reach 

o f conven tiona l te rre s tr ia l accelerators where the h ighest energies achieved in  ac­

ce le ra to rs labo ra to rie s  are on ly  abou t 1000 G eV  (1012 eV ), w h ile  the measured  

energy scale fo r cosm ic rays is in  excess o f 1020 eV (Hayash ida et ai, 1994; B ie r-
JMore details of cosmic ray history can be found in Longair (1997).
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m ann et al., 1996; Yosh ida et ai, 1997). A t  the  tim e  cosm ic rays were discovered, 

the  questions a bou t the  cosm ic ray sources and the  app rop ria te  phys ica l p ro ­

cesses th a t energize them  to  such a h igh  energy level consequen tia lly  arose. T h is  

is w hy  some o f the  im p o rta n t fundam en ta l ideas on the  o r ig in  o f cosm ic rays 

were proposed. T he  theories the re in  to  e xp la in  the possible cosm ic ray sources 

and acce lera tion mechanisms have been investiga ted  and developed deeper and  

deeper in  de ta il.

Recently, the  to p ic  o f p a rtic le  acce leration is one o f the  m ost im p o rta n t  

and in te re s tin g  in  p lasm a physics as w e ll as in  cosmic ray astrophysics. The  m ost 

im p o r ta n t and we ll-estab lished , known pa rtic le  acce lera tion process is “ shock  

acce le ra tion .”  A  shock is defined as a d is co n tin u ity  in  the  phys ica l p rope rties  

(pressure, tem pe ra tu re , density, f lu id  speed, m agnetic  fie ld , etc.) (adap ted from  

the  D ic t io n a ry  o f A s tro nom y  ed ited  by I l lin g w o r th  1994; an in te res ted reader is 

suggested to  read Landau  and L ifs h itz , 1963; Parks, 1991; Longa ir, 1997).

T he  concept o f d iffus ive  acce lera tion o f pa rtic le s in  space plasmas has 

been a round  fo r nea rly  five decades. Ferm i (1949) f irs t pos tu la ted  th a t cosm ic 

ra y  acce le ra tion cou ld  resu lt v ia  d iffu s ion  due to  co llis ions w ith  in te rs te lla r clouds  

(m ore  de ta ils  w i l l  be found in  A ppe nd ix  A ). I f  such clouds have random  d irec tio ns  

o f m o tio n , the d iffe ren t rates o f head-on and fo llow ing  co llis ions between the  

cosm ic rays and the  c loud w ou ld  lead to  a net acce leration. The  m ode l is so 

successful th a t i t  has become known as “ Fe rm i acce lera tion .”  T he  mechanism  o f

d iffu s ive  Ferm i acce lera tion a t co llis ion less p lasma shock waves is w ide ly  invoked
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in  astrophysics to  exp la in  the appearance o f non -the rm a l p a rtic le  popu la tions  in  

a va r ie ty  o f env ironm ents, in c lu d in g  sites o f cosm ic ra y  p ro du c tio n . Recently, 

the  ideas o f Ferm i are w ide ly  exp lo ited  to  describe the  acce le ra tion mechanism  

o f charged pa rtic le s  in  the v ic in ity  o f a shock, and the  th eo ry  o f cosm ic ray  

acce le ra tion  a t p lana r shock waves is w e ll established (K rym sk y  1977; A x fo rd , 

Leer and Skadron, 1977).

For a more rea lis tic  s tudy  in  th is  w o rk  we w il l  take the  effects o f shock 

cu rva tu re  in to  account. B y th is  p o in t o f v iew , we are cons idering a “ non -p lana r”  

shock wave fro n t. The  most s tra ig h tfo rw a rd  s im p lif ic a tio n  assum ption  fo r a non- 

p la n a r geom etry is a sphe rica lly  s ym m e tric  wave fron t.

In  the  fo llow ing  section, we w il l  rev iew  the cu rren t s ta tus o f investiga ­

tio n s  in to  various aspects o f the  ideas presented o f mechanisms o f spherica l shock 

acce le ra tion  o f cosm ic rays.

1 . 2  S p h e r i c a l l y  S y m m e t r i c  S h o c k s

M os t a ttem p ts  to  deal w ith  the acce lera tion o f energetic p a rtic le  by non -p lana r  

shocks have been res tric te d  to  cases o f spherica l sym m etry . The  essential d if f ic u lty  

is th a t  the  flow  on e ithe r side o f the  shock is d ive rgen t (V  - V 7̂  0), in  con tras t to  

th e  one-d im ens iona l case, so th a t energy change occurs due to  ad iaba tic  expan­

s ion and compression in  a d d it io n  to  the acce leration associated w ith  the  shock. 

Fu rthe rm o re , in  a non -p lana r geometry, energetic pa rtic le s may d iffuse towards
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th e  shock from  downstream  and also escape upstream  re la tiv e ly  easily, whereas 

in  p lane shocks convection usua lly  dom ina tes the behav io r a t large d istance, b o th  

upstream  and downstream . I t  is n o t su rp ris ing  then , th a t the  ene rgy /m om en tum  

spec tra  produced by non -p lana r shocks are n o t in  general power laws and th a t  

th e  acce le ra tion p roduced by the shock shou ld in  m any cases be p a r t ly  undone  

by ad ia ba tic  expansion in  the downstream  reg ion (A x fo rd , 1981).

F o llow ing  A x fo rd  (1981), in  his in v ite d  paper presented fo r the  17th In ­

te rn a tio n a l Cosm ic Ray Conference (IC R C ), we may class ify stationary, spherica l 

shocks in to  two categories:

S te l la r  w in d  sh o c ks  where a s ta tio n a ry  inw a rd -fac ing  te rm in a l shock is sur­

rounded by an extended reg ion o f the  subsonic flow  extend ing  to  in f in ­

ity . T he  n a tu ra l events w ith  th is  s itu a tio n  are the  s te lla r w ind  te rm in a tio n  

shocks, so lar w in d  te rm in a tio n  shock, ga lac tic  w ind  te rm in a tio n  shocks, 

etc. (J o k ip ii, 1968; K rym sky  and Petukhov, 1980; A x fo rd , 1981; Form an, 

1981; V o lk , 1981; Pe tukhov et al, 1985; W ebb et al, 1985; J o k ip ii, 1986; 

J o k ip ii and M o r f i ll ,  1987; Lee and A x fo rd , 1988; P o tg ie te r and M o raa l, 

1988; M a rk iew icz  et al, 1990; Z iem kiew icz , 1994; A ch te rbe rg  and B a ll, 

1994; Vandas, 1994, 1995a, b; K lepach, P tu sk in  and Z ira kashv ili, 2000).

S te l la r  a c c re t io n  f lo w  sh o c ks  w ith  a s ta tio n a ry  ou tw a rd -fa c ing  shock wh ich  

is the  reverse o f the f irs t case. T h is  case relies on the  accre tion flow  a round  

b lack holes o r neu tron  stars, (he ., com pact ob jec ts ), w h ich  may be found
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as iso la ted ob jec ts w ith in  a ga laxy o r in  an ac tive  ga la c tic  nucleus (A G N )  

(A x fo rd , 1981; Cowsik and Lee, 1981; W ebb and Bogdan, 1987; Kazanas, 

1988; S p ru it, 1988; Schneider and Bogdan, 1989; Becker, 1992; S iem ieniec- 

O ziçb lo  and O strow sk i, 2000).

The  con figu ra tions  are shown schem a tica lly  in  F igu re  (1.1). In  the  no ta ­

t io n  o f A x fo rd  (1981), K  is the d iffu s ion  coeffic ien t and the  arrows ind ica te  the  

m agn itu de  and the d ire c tio n  o f the  f lu id  flow .

(a) STELLAR WIND (b) ACCRETION

F ig u re  1.1: Schematic diagrams depicting two cases o f shock flow, (a) a stellar w ind  

te rm ina tion  shock, and (b) an accretion shock, where Vo is the w ind speed at r -> oo, 

a and /3 are a rb itra ry  parameters, Rs denotes the shock radius and the circles indicate  

the shocks boundary (from  Axford , 1981).

In  b o th  cases the  ene rgy /m om en tum  spectrum  has a given fo rm  and the  

ra d ia l cu rren t vanishes a t r  =  oo, w h ile  pa rtic le s m ay also be in jected  a t the

shock ( r  =  Rs).
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I t  is we ll known th a t low  energy cosm ic rays (up to  a few hundred M eV )  

know n as anomalous cosm ic rays o rig in a te  from  the so lar w in d  bounda ry  (F isk , 

Koz lo vsky  and Ram aty, 1974). M ore energetic cosm ic rays m ay poss ib ly  be gen­

era ted from  a te rm in a tio n  shock o f a s te lla r w ind  where the  mechanism  is very  

s im ila r to  the low  energy case b u t poss ib ly  on a la rge r scale (A x fo rd , 1994; Ros- 

ner and Bodo, 1996; S tanev, 1997). T h a t is the size o f the acce le ra tion s ite  its e lf  

w il l  l im i t  the energy range. U ltra -h ig h  energy (hereafte r U H E ) cosm ic rays, fo r 

w h ich  the  possible energy range m ay exceed 1020 eV, shou ld be energized by an 

enorm ous acce lera tion s tru c tu re  (Becker, 1992).

Indeed, in  na tu re  spherica l shocks are no t on ly  be found  in  s ta tio n a ry  as 

described above b u t also in  a m ov ing  (tim e-dependen t) m anner. Hence, the nex t 

typ e  o f spherica l shock is:

N o n - s ta t io n a r y  sh o c ks  wh ich comprise a ll o f instan taneous m ov ing  shock fro n t 

whe the r inw a rd  o r ou tw a rd  facing. T he  examples o f th is  case are in te r­

p la ne ta ry  shocks, supernova shocks, etc. (e.g., P rischep and P tu sk in , 1981; 

K lepach et al. 2000).

T he  m a in  acce leration mechanism  (non the rm a l process) concerned is Ferm i 

acce le ra tion  as m entioned in  the above section. To avoid confus ion abou t the d is­

cussion o f the two cases o f s ta tiona ry , spherica l shocks, we w il l  describe them

separa te ly  in  de ta il.
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1 .2 .1  A c c r e t io n  F lo w  S h o c k s

The  th eo ry  o f p a rtic le  tra n sp o rt in  sphe rica lly  sym m e tric  m ed ia  is a p r im a ry  

com ponen t in  studies o f the  energ iza tion o f pa rtic le s  in  as trophys ica l w inds and 

accre tion  flows. M os t such studies are based on the fundam en ta l Fokke r-P lanck  

equa tion  describ ing the  effects o f f irs t-o rd e r Ferm i acce leration, spa tia l d iffu s ion  

and b u lk  advection , derived by Parker (1965), Gleeson and A x fo rd  (1967), and  

S k illin g  (1975). For a rev iew  o f the  sub jec t, see Gleeson and W ebb (1980).

T he  accre tion p rob lem  has been addressed by A x fo rd  (1981), in  the  steady  

s ta te  fo r a w ind  speed V\ = v0(r /  Rs)~a, a d iffu s ion  coe ffic ien t chosen to  be 

independen t o f ene rgy /m om en tum , =  K,0(r/Rsy ,  and assum ing in je c tio n  a t 

the  shock such th a t Q oc 5(r — Rs)6(p -  P i )  [the param eters were described in  

F igu re  (1.1 b)]. However, the so lu tions have been ob ta ined  on ly  fo r the  case 

a +  f3 =  1 w ith  an a sym p to tic  fo rm  a t h igh  energies. A lth o u g h  in  general, the  

spec trum  is essentia lly  a power law , the spec tra l index is affected by the  d iffu s ion  

coe ffic ien t th rough  ๆ, where ๆ — VqRs/ kq is a m odu la tio n  param eter. For ๆ —> oo, 

th e  spec tra l index, ๆ, approaches th a t o f the p lana r case as expected, b u t fo r fin ite  

ๆ th e  spec trum  is ha rde r as a resu lt o f the a d d itio n a l acce lera tion associated w ith  

th e  convergence o f the flow  ahead o f the shock. ( In  th is  case, the p a rtic le  pressure 

becomes in f in ite  a t the  shock, requ ir in g  a non -linea r tre a tm en t.) For sm a ll ๆ the  

shock produces less e ffic ien t acce leration and the spectrum  is ve ry so ft, such th a t  

ท —>• 3(1 +  เ3)/4ๆ.
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Cowsik and Lee (1982) ob ta ined  an exact so lu tio n  to  the  Fokker-P lanck  

equa tion  describ ing the  tra n sp o rt o f m onoenergetic pa rtic le s  in je c ted  a t a s ta tio n ­

a ry  s ta nd -o ff shock in  a spherica l accre tion flow  w ith  a m om en tum -independen t 

d iffu s ion  coeffic ient. W ebb and Bogdan (1987) extended the  resu lts o f Cowsik and  

Lee by add ing  a co llis iona l loss te rm  p ro p o rtio n a l to  b o th  the  p a rtic le  m om en tum  

and the  divergence o f the b u lk  flow  ve loc ity . The  d iffu s ion  coe ffic ien t employed  

by Cowsik and Lee (1982) and W ebb and Bogdan (1987) vanished downstream  

from  the  shock, and equals the  p ro d u c t o f the  bu lk  flow  ve lo c ity  and the  rad ius  

in  the  upstream  region. The  correspond ing d iffu s ion  ve lo c ity  equals e ithe r zero 

( r  <  rshock) or the b u lk  flow  ve lo c ity  ( r  >  rshock)- U n fo rtu na te ly , th is  p resc rip tion  

fo r the d iffu s ion  coe ffic ien t prec luded the in te res ting  phys ica l effects associated  

w ith  f in ite  b u t unequa l d iffu s ion  and b u lk  flow  ve locities.

Schneider and Bogdan (1989) remedied th is  sho rtcom ing  by a llow ing  the  

d iffu s io n  coe ffic ien t to  va ry  as a power law  in  rad ius and p a rtic le  m om entum . 

The  m om en tum  loss te rm  appearing in  the tra n spo rt equa tion  s tud ied  by W ebb  

and Bogdan (1987) and Schneider and Bogdan (1989) is d ire c t ly  p ro p o rtio n a l 

to  the  p a rtic le  m om en tum , and there fore provides an app rop ria te  desc rip tion  o f 

th e  losses suffered by cosm ic-ray p ro tons due to  nuclear co llis ions w ith  a free ly  

fa ll in g  background plasma. However, re la tiv is t ic  electrons lose energy p r im a r ily  

v ia  synch ro tron  and inverse C om p ton  em ission, w ith  a ra te  p ro p o rt io n a l to  the  

square o f the p a rtic le  m om entum . Becker (1992) exam ined the  consequences o f 

rep lac ing  the lin ea r loss-te rm  stud ied  p rev ious ly  w ith  a q uad ra tic  dependence,
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re levan t fo r the tra n sp o rt o f re la t iv is t ic  e lectrons. He ob ta ined  the  exact so lu tion  

fo r the  G reen ’s fu n c tio n  describ ing  the tra n sp o rt o f re la t iv is t ic  pa rtic le s  in  the  

steady s ta te , sphe rica lly  s ym m e tric  background flow , in c lu d in g  the  effects o f f irs t-  

o rde r F e rm i acce lera tion , spa tia l d iffus ion , b u lk  advection and losses p ro p o rt io n a l 

to  the  square o f the  p a rtic le  m om entum . The  flow  ve lo c ity  o f the  background  

(sca tte ring ) p lasma and the spa tia l d iffu s ion  coeffic ien t are assumed to  va ry  as 

v(r) oc r~a and K(p,r) oc r^K(p), respective ly, where r is the  rad ius  and K{p) is 

an a rb it ra ry  fu n c tio n  o f the  p a rtic le  m om en tum  p. T he  analysis can accommo­

da te  any separable d iffu s ion  coeffic ien t w ith  a power-law  ra d ia l dependence and  

essentia lly  represents the q uad ra tic  analog to  the linear-loss th eo ry  developed by  

Schnieder and Bogdan (1989).

M ore recently , S iem ienn iec-O ziçb lo and O strow sk i (2000) dem onstra ted  

th a t  the  d iffus ive  acce lera tion in  the accre tion flow  on to  a ga laxy  superc luste r 

can p rov ide  an ex trem e ly  ha rd  spec trum  o f accelerated U H E  p ro tons , by using  

a ID  s teady-s ta te  sym m e tric  m odel. They assumed th a t the  seed pa rtic le s  were 

p rov ided  fo r the cosm ic ray acce lera tion mechanism  by the  galaxies concentra ted  

near the  cen tra l p lane o f a fla ttened  superga lac tic  s tru c tu re . O n b o th  sides the  

s tru c tu re  is accompanied by planar waves. T hey  c la im ed th a t the  m ode l can be 

app lied  to  the  case o f spherica l accre tion shock flow . S ym m e try  w i l l  cause the  

acce le ra tion  process to  be more e ffic ien t th an  in  the p lana r case and the  m ax im um  

energy can reach a value o f 1020 eV.
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1 .2 .2  S t e l la r - W in d  F lo w  S h o c k s

A cce le ra tion  o f cosm ic rays a t the so lar w in d  te rm in a l shock wave was f irs t p ro ­

posed by J o k ip ii and Parker (1967). The  firs t cons ide ra tion  o f the  spherica l 

geom e try  o f the  shock was by J o k ip ii (1968), in  order unders tand the  effects o f a 

curved geom etry o r a d ive rg ing  w in d  on the  shock acce lera tion o f energetic pa r­

tic les . (In fa c t, the case considered in  th a t w o rk  was the fu r th e r acce lera tion o f 

energe tic ga lac tic  cosm ic rays, w h ich  is now believed to  be neg lig ib le .) F o llow ing  

th e  paper the  acce lera tion is s ig n ifican t i f  the p a rtic le  mean free pa th , A, is a round  

1 A U  (A s tro nom ica l U n it , o r the mean d istance from  the  รนท to  the  E a r th ) be­

yond  the  so lar w in d  te rm in a tio n  boundary , p a r t ic u la r ly  fo r low -energy pa rtic le s  

w ith  energies <  1 GeV. The  possible acce lera tion o f so lar cosm ic rays is ind ica ted . 

A n a ly t ic  so lu tions  o f the steady sta te  correspond ing to  e ith e r a m onoenergetic  

ga la c tic  spec trum  o r a cons tan t m onoenergetic source o f so lar pa rtic le s  were p ro ­

posed. T he  pa rtic le  densities are fo rm ed in  a power-law  spec trum  w ith  exponent 

a — — (1 +  3k / 2 V0R), where Vo is the so la r-w ind  ve locity , K is the  d iffu s ion  coef­

fic ie n t and R is the  ra d ia l d istance to  the  w in d  boundary. I f  K were much la rge r  

th a n  Vo-R, the  accelerated pa rtic le  spec trum  wou ld  be very so ft; phys ica lly  th is  is 

because the  pa rtic le s  w ou ld  d iffuse away before ga in ing  appreciab le energy.

However, d u r in g  the  1970’s the anomalous enhancements in  the  low - 

energy spectra  o f cosm ic ray he lium , n itrogen  and oxygen were discovered (Hov- 

es tad t et al., 1973; G a rc ia -M unoz et ai, 1973; M cD ona ld  et al. , 1974). Fo llow ing
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th is  discovery, F isk , K oz lovsky  and R am a ty  (1974) proposed a th eo ry  fo r the  

o r ig in  o f the  so-called “anomalous com ponen t”  (A C ) o f cosm ic rays -  w h a t are 

m ore recen tly  ca lled “ anomalous cosm ic rays (A C R )”  as m en tioned earlie r. In  

th is  m ode l the  A C  comprise in te rs te lla r n e u tra l a tom s th a t have been swept in to  

th e  heliosphere, ion ized by the so lar w ind  o r so lar uv, and then  accelerated to  

energies o f ~  10 M e V /n u c  and greater, p robab ly  a t the  so lar w in d  te rm in a tio n  

shock (Pesses, J o k ip ii and E ich le r 1981).

Cassé and Pau l (1980), using the  prev ious assum ption o f J o k ip ii (1968) 

o f the  possible acce leration o f cosm ic rays a t the te rm in a tio n  shock o f the  solar 

w in d , suggested th a t young stars in  O B  associations cou ld  produce cosm ic rays.

A t  abou t the  same tim e , K rym sky  and Petukov (1980) solved the  tim e -  

dependent tra n sp o rt equa tion  fo r sphe rica lly  s ym m e tric  s te lla r w in d  shock flow . 

The  a n a ly tic a l so lu tions fo r the p a rtic le  dens ity  upstream  and downstream  were 

expressed in  the  fo rm s o f power laws, where the energy spectra l index  e x p lic it ly  

depended on the shock geometery and compression ra t io  -  the ra t io  o f the  flu id  

speed between upstream  and downstream .

Fo llow ing  the sum m ary  paper o f A x fo rd  (1981), the so lu tion  o f the  te r­

m in a l shock p rob lem  fo r w h ich  F0(r,p) —>■ 6{p -  Pi) (m onoenergetic source) as 

r  -»  00 and r2ร =  0 a t r  =  0 (ร' is the  p a rtic le  flu x ) can be w r it te n  in  the  fo rm  o f 

a tw o -te rm  fu n c tio n  o f ViRs/ k\, V2-Rs/^2 and V2/V1. One te rm  is associated w ith  

shock acce lera tion , be ing a power law  as in  the  p lana r case, b u t w ith  a spec tra l 

in dex  no longer dependent on ly  on V2/V 1 (the  compression ra t io  o f the f lu id  from
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upstream  and dow nstream ). T he  o the r one represents the  effects o f dece lera tion  

w ith  the  s te lla r w in d  reg ion (i.e., m odu la tio n ) w h ich  causes some pa rtic le s  to  lose 

energy b u t in  general also lead to  a net acce leration.

Pe tukhov, T u rpanov  and N iko laev (1985) again exam ined the idea o f a 

cosm ic ray source from  s te lla r and solar w in d  te rm in a tio n  shocks. The s tu d y  

fo und  th a t the shock acce lera tion is e ffic ien t enough to  trans fe r a s ig n ifican t frac­

t io n  o f the in flow  p lasma k in e tic  energy to  the accelerated pa rtic le s . For a solar 

w in d  energy dens ity  Ek near the  shock, the  num erica l ca lcu la tio n  ind ica tes th a t  

the  accelerated pa rtic le s (T  >  10 keV ) con ta in  10% o f Ek.

A n o th e r m odel was proposed by Form an, W ebb and A x fo rd  (1981) and  

W ebb, Form an and A x fo rd  (1985) fo r a sphe rica lly  s ym m e tric  shock wave. The  

steady s ta te  was s tud ied  ana ly tica lly , w ith  p a rt ic u la r emphasis on m onoenergetic  

source so lu tions.

For the case o f cosm ic ray acce lera tion a t a s te lla r w in d  te rm in a tio n  shock, 

where the  shock is loca ted a t rad ius r = R from  the s ta r, the  cosm ic rays undergo  

convection , d iffus ion , and ad iaba tic  dece lera tion inside the  shock (0 < r < R), 
where the  flow  is supersonic. T h is  is the  classical m odu la tio n  process in  the  

so la r w in d . In  add itio n , the m ode l inc ludes the effect o f shock acce lera tion a t 

th e  te rm in a tio n  shock. F irs t-o rd e r Ferm i acce leration also occurs a t the shock  

because the cosm ic rays sca tte r in  the downstream  reg ion , ou ts ide  the  shock  

( r  >  R). S teady sta te , sphe rica lly  sym m e tric , a na ly tic  so lu tions  o f the  cosm ic  

ray  tra n sp o rt equa tion are app licab le  to  th is  s itu a tio n , w ith  p a r t ic u la r emphasis
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on m onoenergetic source so lu tions (see F igu re  (1 .2)).

F igu re  1.2: Schematic d iag ram  o f a spherica l shock from  the  s te lla r w ind , w ith  a 

p a rtic le  tra je c to ry  encounte ring the  te rm in a tio n  shock, sca tte rin g  back and fo r th  

and ga in ing  k in e tic  energy. (W ebb et ฟ., 1985)

T he  so lu tions show a cha rac te ris tic  power-law  m om en tum  spec trum  for 

accelerated pa rtic le s and the more com plex spectrum  o f pa rtic le s  th a t are decel­

e ra ted in  the  s te lla r w ind . The power-law  spectra l index depends on the  compres­

sion ra t io  o f the  shock and on the  m odu la tio n  parameters cha rac te riz ing  p ropaga­

t io n  cond itio n s  in  the upstream  and downstream  regions o f the shock. So lu tions  

o f the  tra n sp o rt equations fo r the to ta l dens ity  N (in teg ra ted  over a ll energies), 

pressure Pc, and energy f lu x  Fc o f G a la c tic  cosm ic rays in te ra c tin g  w ith  the  s te l­

la r w in d  and shock are also stud ied . The  dens ity  N(r) increases w ith  rad ius  r ,  

and fo r s trong  shocks w ith  large enough m odu la tio n  param eters there may be a
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s ig n ific a n t enhancement o f the  pressure o f weakly re la t iv is t ic  pa rtic le s  near the  

shock com pared to  the  cosm ic-ray background pressure Poo- The  emergent energy  

f lu x  a t in f in ity  is o f the order o f 47rP2ViPoo (V i is the w in d  ve lo c ity  ups tream  o f  

th e  shock, and R is the  shock rad ius ). T h is  is also o f the  o rde r o f the  m echanica l 

power | M V 2 (M  is mass loss ra te ) in  the w ind . On th is  basis, ea rly -typ e  stars  

cou ld  supp ly  a s ig n ifican t fra c tio n  o f the 3 X 1040 ergs ร - 1 requ ired  to  account fo r  

G a la c tic  cosm ic rays.

N o te  th a t the  so lu tion  bas ica lly  depends on th ree dimensionless param e­

ters:

T he  m odu la tio n  param eters Iๆ and 2ๆ de te rm ine how s tro ng ly  the cosm ic rays  

are affected by the w ind  in  the upstream  and downstream  regions, and rc is 

the  compression ra t io  o f the shock. A l l  pa rtic le s undergo b o th  acce le ra tion and  

dece le ra tion  in  the  s te lla r w ind . T he  so lu tion  consists o f a spec trum  o f pa rtic le s  

w h ich  have a net energy loss and a power-law  spectrum  o f pa rtic le s  w ith  spec tra l 

in dex  He w h ich  have a net energy gain. The cha rac te ris tic  power law  index  / i c 

depends on the m odu la tio n  parameters (E qua tio n  (1 .1 )), in  a d d itio n  to  the shock  

compression ra t io  r c. As Tjx —»• oo and 2ๆ —> oo (R —> 00, the p lane shock l im it ) ,  

jj,c —» 3r c/ ( r c — 1), w h ich is the classical spectra l index ob ta ined  by K rym sky  

(1977); A x fo rd , Leer, and Skadron (1977); B e ll (1978a, b ); and B la nd fo rd  and 

O s tr ik e r (1978) fo r the case o f p lane shocks. As ๆ I —> 0 and ฦ2 —> 0, fj,c —» ๐0, so 

th a t  there are few accelerated pa rtic le s fo r a h ig h ly  curved shock o r one in  wh ich

ViR V2R V i
v 2

(1.1)m =
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th e  coup ling  between the  f lu id  and pa rtic le s  is weak.

J o k ip ii (1986) num e rica lly  s tud ied  the  m a in  features o f a he liospheric  te r ­

m in a tio n  shock on the  m odu la tio n  o f cosm ic rays. He solved the  tim e  dependent, 

tw o -d im ens iona l ( in  ra d ia l d istance and p o la r angle) cosm ic-ray tra n sp o rt equa­

t io n , advancing the so lu tion  in  tim e  u n t i l a tim e -a sym p to tic  steady sta te  was 

reached. The  resu lts o f th is  m ode l seem consistent w ith  some o f the  observed  

fea tures o f the  anomalous cosm ic ray com ponent. For example, the d r i f t  effects 

in  the  m ode l s h ift the  m ax im a  o f the  ca lcu la ted  spectra tow a rd  h ighe r energies 

a fte r the  so lar p o la r ity  reversal o f 1980, as observed by Cum m ings, Stone and  

W ebber (1986).

The  num erica l so lu tion  o f a com bined shock a cce le ra tio n /m odu la tio n  

m ode l is a d if f ic u lt p rob lem , because pa rtic le s  m ig ra te  b o th  up and down in  en­

ergy. T h is  is w hy J o k ip ii (1986) used a tim e-dependen t m ode l and then searched 

fo r  a tim e -a sym p to tic  steady state. P o tg ie te r and M o raa l (1988) dem onstra ted  

th a t  i t  is in  fa c t possible to  handle th is  p rob lem  as a pu re ly  s teady-sta te one. 

The  techn ique was f irs t in troduced  by F isk  and Lee (1980), who app lied  i t  to  

acce le ra tion  in  c o ro ta tin g  in te ra c tio n  regions. The accelerated spectra are the  

expected power laws, p rov ided th a t the d iffu s ion  leng th  scale is much less than  

th e  shock rad ius.

Vandas (1994, 1995a, b) presented a na ly tica l models o f acce leration by  

c y lin d r ic a l and spherica l shocks w ith  zero th ickness and non-zero thickness. He 

has ca lcu la ted  the energy ga in o f e lectrons a t these shocks. E lectrons were d i­
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v ided , accord ing to  th e ir  in te rac tions , in to  th ree groups: re flected, tra n sm itte d , 

and re flected th ro u gh  the tangen t p o in t. T he  energy ga in o f re flected electrons  

is s tro n g ly  affected by the cu rva tu re  and is genera lly  lower th a n  th a t a t a corre­

spond ing  p lana r shock. The energy ga in o f tra n sm itte d  e lectrons is a pp ro x im a te ly  

the  same as th a t a t a correspond ing p lana r shock. The  energy ga in o f the  th ird  

g roup is closer to  th a t o f the  tra n sm itte d  electrons. The  in i t ia l  and fin a l m agnetic  

m om ents o f e lectrons a pp ro x im a te ly  co incide. These stud ies fo llowed Terasawa  

(1979) and Hudson (1965) by d ire c tly  ca lcu la tin g  the  p a rtic le  o rb its .
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