
C h a p t e r  3

P r o b l e m  S o l v i n g  M e t h o d o l o g i e s :  

N u m e r i c a l  M e t h o d s

M o s t num erica l m ethods fo r so lv ing  Fokke r-P lanck  equations fa ll in to  tw o  broads 

classes: M on te  C a rlo  s im u la tio n s  (V a lleau  and W h it t in g to n ,  1976) and f in ite  d if­

ference m ethods (the  basic concept o f the  fin ite  difference w il l  be explained in  

m ore d e ta il in  A p p e nd ix  C ). A c tu a lly , the  f in ite  difference schemes are com puta­

t io n a lly  very e ffic ient and produce accurate so lu tions. T h e y  are, however, more 

d iff ic u lt to  im p lem en t because th e y  have various s ta b ility  cons tra in ts  (P a rk  and 

P e tros ian , 1996 and references th e re in ). A lth o u g h  M on te  C a rlo  s im u la tio n s  are 

re la tiv e ly  easy to  im p lem en t, the c o m p u ta tio n a l cost can be ve ry  expensive, be­

cause a very large sample size m ay needed in  order to  o b ta in  an acceptably low  

s ta tis t ic a l e rro r. To  ob ta in  good accuracy w ith o u t needing to  use a very high 

perform ance com puter system , the ap prop ria te  m ethod  fo r US to  use is the  fin ite
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difference m ethod.

W e n u m e ric a lly  s im u la te  the  tra n s p o rt o f energetic charged p artic les (e.g., 

cosmic rays) in  space, m om entum , and p itch  angle using a Fokke r-P la n c k  equation 

th a t  includes various tra n s p o rt processes (E q u a tio n  (2 .12)) and the  effect o f a 

va riab le  flu id  speed น to  f irs t  order in  {น/ c) (R u ffo lo , 1995).

In  th is  chapter, we w il l  describe the  essential num erica l m ethods and the 

basic ideas re levant to  the  fin ite  difference schemes we use in  o u r s im u la tions. 

M o s t o f a ll, we w ou ld  like  to  in troduce the  concept used to  s im p lify  a com plex 

m u lti-d im e n s io n a l p a rt ia l d iffe re n tia l equation  to  be solvable. A fte r  th a t,  we 

present descrip tive deta ils  ab out a generalized scheme th a t  we had developed fo r 

the  hyperbo lic  (convection) problem s so lv ing  and the  shock tre a tm e n t w i l l  be 

described f in a lly  a t the  end o f th is  chapter.

3 . 1  T h e  O p e r a t o r  S p l i t t i n g  T e c h n i q u e

A s we have seen in  the  previous chapter, the  k in d  o f a m u lti-d im e n s io n a l tra n s p o rt 

eq ua tion  we are concerned w ith  is so com plicated th a t one is unable to  solve i t  

a n a ly tic a lly  (fo r general boundary  cond itions). A n  approp ria te  num erica l m ethod  

is the  o n ly  possible way to  solve th is . T h is  section in troduces a pow erfu l technique 

to  hand le a com plex m u lti-d im e n s io n a l lin e a r p a rtia l d iffe re n tia l equation.

O u r s im u la tio n s  deal w ith  so lv ing  E q u a tio n  (2.12) by means o f a f in ite  

d ifference m ethod . W e exp lo ited  the  concept o f the “op e ra to r s p lit t in g ” tech-
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nique, o r “ fra c tio n a l steps” as i t  is also called (P a rk  and P e tros ian , 1996; and 

th e  references the re in : R ic h tm ye r and M o rto n , 1967, Chap. 8; Press et  al. 1992, 

Chap. 19). O p e ra to r s p lit t in g  is n o t a d is tin c t m e thod  fo r so lv ing  the  Fokker- 

P lanck  equation  its e lf  b u t i t  is o n ly  a way o f reducing a la rger p rob lem  in to  a 

series o f sm a lle r solvable ones. I t  solves a p a rt ia l d iffe re n tia l equation  w ith  a J  

differential  op era to r (C j )

—  =  C \ U  +  c ^ u  +  ... +  £ j - i u  +  C j u ,  (3.1)

using a sequence o f J  f in ite  difference operators ( C j )  to  get

=  L j L j - i . . . L 2 L i u . (3.2)

Each fin ite  difference op era to r L j  solves the  d iffe re n tia l equation  d u / d t  =  

C j U  by advancing the  so lu tio n  A t  in  tim e  fro m  น " to  น "","1 using น " ',"1 =  C j U n .

W e re ly  on the  op era to r s p lit t in g  technique to  im p lem en t a f in ite  d iffe r­

ence m ethod  over o u r rec tangu la r s im u la tio n  dom ain. T h e  num erica l m e thod  is 

a s u b s ta n tia lly  m od ified  version o f th a t o f R u ffo lo  (1995). T h a t  is, in  a sm a ll 

enough t im e  step, we group the  r ig h t hand side o f the  tra n s p o rt equation  in to  

3 groups, in vo lv in g  deriva tives w ith  respect to  r ,  p,  and p,  and then  update 

F  (t , p ,  r , p )  fo r each p a rt consecutively.

In  practice, the  sequence o f steps we used is as fo llows:

1. U pdate  F  fo r //-chang ing processes over a tim e  A t / 2 .
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2. U pdate F  fo r p-changing processes (deceleration) over a t im e  At .

3. U pdate  F  fo r r-chang ing  processes (s tream ing  and convection) over a tim e  

At .  C rossing o f a shock is also trea ted  in  th is  step.

4. U pdate  F  fo r //-chang ing processes over ano the r A t / 2 .

N ote  th a t  //-changing processes are trea ted  tw ice fo r A t / 2  each a t the 

beg inn ing  and end. T h e  reason w hy th e ir  tre a tm e n t is s p lit  in to  tw o  parts  is be­

cause th e ir  sym m e tric  tre a tm e n t in  tim e  im proves the  convergence o f the  m ethod  

to  second order in  A t .  (E ve ry  second te rm  disappears in  the  T a y lo r  series fo r the 

e rro r, w h ich  is com puted w ith  respect to  f  +  A t /2 . )  Steps 2 and 3 do n o t need 

to  be s p lit because these opera tions com m ute to  a reasonable ap p rox im a tion .

A c tu a lly , we adopted the advantages o f the  num erica l so lv ing  p a tte rn  and 

some useful ro u tines  used by R u ffo lo  (1991, 1995). Hence, in  steps 1 and 4, we 

update the  d is tr ib u tio n  fu n c tio n  w ith  h a lf the  effect o f the  p itch  angle scatte ring  

and ad iabatic  focusing te rm  in  E q u a tio n  (2.12), so th a t the  d is tr ib u tio n  fu nc tion  

w ou ld  evolve according to

T h is  is repeated in  step 4 to  account fo r the  second h a lf. T h e  scatte ring  and

d F  d  V
dt  <9// 2 L

IJ.VU cosip • (1 -  S ) F

(3.3)

focusing processes generate a //- f lu x , ร  11, between each p a ir o f ne ighboring  grid 

p o in ts , // arid n  +  A // .  F irs t ,  we have to  specify b ound ary  condtions a t the edges
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o f the  ( t , p , r , p )  dom ain . As p  - *  ± 1 , we require  the  p  flu x ,

S n ( t , p , r , p )  = V ( p v u  cost/m  p u  l  3 9 , ,  9N
k v - *  - + r

<p ( ฟ  d
2 dp, 1 -

P vu  COS' %j) F { t , p , r , p ),

F ( t , p , r , p )

(3.4)

to  vanish so th a t no partic les “ flo w ” to  the  nonphysical region where |/ j| >  1. 

Using  E q u a tio n  (3.4) and the  fin ite -d iffe rence a p p ro x im a tio n  fo r derivatives, we 

o b ta in

รท
V p v u  cos \  p u  / 1 3 . 2 ,  _2 ,

น 1 -  F r  1 2 s in  บ ( 1 - p  >
F ( p  +  A p )  4- F ( p Y

Veste) F ' ( p  +  A p ) - F \ p )  
A  p (3.5)

where P =  p  +  A p / 2  and F'  =  ( E 1 / E ) F  =  [1 — (p v u ) / c 2] F . T h e  effective 

sca tte ring  coeffic ient, p eff(p),  used by Ng and W ong  (1979) w ith  a f in ite  difference 

m ethod  to  solve the  tra n s p o rt equation num erica lly , can be w r it te n  as (R u ffo lo  

1991, 1995)

ฟ ฬ  =  2L ( z ) (1 ~  fj2\ ^ n h { v [ I { p  +  A p / 2 )  - I { p  -  A p / 2 ) ] / [ 2 A L { z ) ] Y  (3 '6) 

where

I  ( ฟ  =  s g n ( / i ) y L .  (3.7)

T h e  p - ü ux can be calculated using F  a t the  s ta r t o f the  step (e x p lic it ly ) , a t the 

end o f the  step ( im p lic it ly ) ,  o r a lte rn a tiv e ly  e x p lic it ly  and im p lic it ly  fo r b e tte r 

s ta b ill i ty  and accuracy (C ra n k  and N icolson, 1947); th is  w e ll-know n  m ethod  is 

called the  “ C rank-N ico lson” m ethod. Using the  las t approach, the code f irs t
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solves the  coupled e xp lic it equations,

f  (๗  « -  F W  -  ( I )
A  A  ' Sp i n  +  A p / 2 )  -  ร  11(ท -  Afjb/2)' 
4 ท )  A p (3.8)

fo r each g rid  p o in t ท, then  solves the  im p lic it  equations,

ท ฬ  + A t \  โร,/! (/* +  A ///2 ) -  ( ^ -  A / i/2 ) ] 1.1̂  ,
7 T  --------------------------------------------------------  ^  b ฟ

and repeats the  processes fo r a to ta l o f ท e xp lic it and ท im p lic it  substeps. Each 

substep represents a t im e  increm ent o f A t / ( 4 n ) ,  so these 2ท steps account fo r 

sca tte ring  and focusing over h a lf  o f At .  T h e  num ber ท is repeated ly doubled 

u n t i l  the  re su ltin g  f lu x  changes by less th a n  the preset absolute to lerance o r the 

preset re la tive  tolerance.

In  step 2, we update the  d is tr ib u tio n  fu n c tio n  w ith  the  effect o f ad iabatic  

deceleration, wh ich is the  system atic  decrease in  p  due to  the  divergence o f the 

flu id  flow . T h e  s p lit t in g  equation concerning the deceleration process alone can 

be w r it te n  as

A g a in , in  th is  step, we adopted the so lv ing  m ethodology fro m  R u ffo lo  (1995). B y 

th is  way, the  above equation  can be w r it te n  as

d F ( t ,  ท, r , p )  
dt

(3.11)

where the  deceleration tim e , Td, is given by
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T h is  in  tu rn  gives US

|pF((,M,r,p) = พ ),  (3-13)

fo r a fixed reference m om en tum  Po, wh ich has the  so lu tio n

p F ( t  +  A t , p , r , p )  -  p  eAt/TdF( t ,  p , z , p  eAt/Td). (3.14)

T h e n  the  so lu tio n  can be solved d ire c tly  ( fo r m ore deta ils  see R u ffo lo  (1995)).

In  step 3 we im p lem en t T V D  d ifferencing (Sweby, 1984; explained in  

d e ta il in  the  nex t section), tested and m od ified  fo r a general C o u ra n t num ber 

(N u ta ro , R iyavong  and R u ffo lo , 2000), and tre a t partic les crossing the  shock, 

a llo w in g  US to  p rop erly  deal w ith  a g rad ua lly  va ry ing  น cos ใp o r a d iscontinuous 

น. O th e r steps rem a in  the  same as in  R u ffo lo  (1995). A w ay fro m  a shock, step 3 

fo r up d a ting  F  fo r r-chang ing  processes involves so lv ing

- ~ F  (t, p,  r , p) =  - ^ -  IV cos i> +  u -  F  (t, p ,  r , p ) . (3.15)

where vr ะ= (pv  cos Ip +  น — p 2v 2u c o s 2 Ip/c2) represents the  sp a tia l ve lo c ity  o f the 

p a rtic le  gu id ing  center as viewed in  the fixed fram e.

N o te  th a t in  practice, the independent variab le r  w i l l  be replaced by 2  in  

o u r p rogram . In  the  nex t section we w i l l  use 2  instead o f r  as a sp a tia l coord inate 

to  reduce any confusion ab ou t n o ta tio n .
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3 . 2  T h e  I m p l e m e n t a t i o n  o f  a  G e n e r a l i z e d  T V D  

A l g o r i t h m

T h e  te rm  “ to ta l v a r ia tio n  d im in ish in g  ( T V D )  m e thod ” was f irs t  presented by 

H a rte n  (1983) fo r an osc illa tion -free  scheme. T h e  to ta l v a r ia t io n  ( T V )  o f a func­

t io n  บ  (X) is defined by

T V dU_
d x dx, (3.16)

SO the  T V  o f the  num erica l s o lu tio n  is defined accord ing ly by

T V  ( บ ๆ  =  (3.17)

where i and ท are sp a tia l and tim e  indices respectively, and the  p rin c ip a l requ ire ­

m en t o f such a m e thod  is

T V ( บ n+1) <  T V ( บ 11). (3.18)

T h u s  such a m ethod  is called to ta l v a r ia tio n  d im in ish in g  ( T V D ) .  T h e  m o tiv a tio n  

fo r th is  req u irem en t is to  avoid creating  new m a x im a  o r m in im a  o f th e  fu n c tio n  in  

each t im e  step. A  un ified  descrip tion o f several independently  proposed, second- 

order accurate T V D  schemes was provided by Sweby (1984). T h e  T V D  schemes 

em p loy f lu x  lim ite rs , and are re la ted  to  the  f lu x  corrected tra n s p o rt (F C T )  tech­

nique o f B o ris  and B ook (B o ris  and B ook, 1973; B o ris  et al. 1973; Zelesak, 1979), 

a lth o u g h  d iffe ring  in  the  respect o f being essentia lly  one-step procedures as op­

posed to  the  tw o-step  F C T . T h e  purpose o f f lu x  lim it in g /c o rre c tin g  is to  produce

I  ๆ 4 /1ๆ 044ม 6
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a h igh re so lu tio n  scheme w ith o u t the  spurious osc illa tions  associated w ith  the 

m ore classical second order schemes.

T h e  T V D  scheme th a t  we em ploy is R o e ’s superbee l im ite r  (Roe, 1983), 

w h ich  gives rem arkab ly  sharp profiles fo r the  lin e a r advection equation. O f the 

various schemes, th is  one provides the  m ost aggressive a n tid iffu s io n  th a t  is consis­

te n t w ith  the cond itions  o f Sweby (1984). F o r some app lica tions, th is  scheme can 

y ie ld  profiles th a t are to o  sharp (Jeng and Payne, 1995; A ro ra  and Roe, 1997) b u t 

fo r  o u r ap p lica tio n  the  aggressive a n ti-d iffu s io n  is advantageous because the  key 

goal is to  avoid num erica l d iffus ion . O f various the  schemes reviewed by Sweby 

(1984), th is  scheme gave the  m ost accurate so lu tio n  fo r sharp pulses. In  any case 

the  choice o f a T V D  scheme, i.e., the  choice o f the  flu x  l im ite r ,  is n o t c r itic a l, as 

evidenced by H a tz k y ’s successful ap p lica tio n  (H a tzk y  1996) o f van Leer’s m ethod  

(van Leer, 1974).

N o te  th a t  in  ea rly  w o rk  w ith  น — 0 and vz — /J,v, i.e., neglecting processes 

such as convection and deceleration, E q u a tio n  (3.15) could be solved exac tly  by 

s im p ly  m oving  the  d is tr ib u tio n  fu n c tio n  fro m  one z -g rid  p o in t to  ano the r (R u ffo lo , 

1991):

F ( t  +  A t ,  i A p ,  z,p) =  F( t ,  i A p ,  z  — i A z , p ) ,  (3.19)

w here i labels the  /i-g r id  po in ts, p, =  i A p ,  and A z  =  A p v A t .  In  th is  case the 

C o u ra n t num ber 7  =  vz A t / A z  was the in teger i, and w ith  no fin ite -d iffe rence  ap­

p ro x im a tio n , there  was no num erica l d iffus ion . F o r a non-zero (b u t s t i l l  sm a ll) น, 

th is  approach was m od ified  (R u ffo lo , 1995) by occasionally m ov ing  the  d is tr ib u ­
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t io n  fo rw a rd  by an a d d itio n a l step, A z . T h u s  num erica l d iffus ion  was s t i l l  absent, 

and a sharp pulse o r g rad ient in  the  d is tr ib u tio n  fu n c tio n  could be m a in ta in ed  

in ta c t. W h ile  th is  m ethod  also gave the  proper convection speed on average, i t  

led to  a som ew hat irre g u la r d is tr ib u tio n  fu n c tio n  and s t i l l  required the  ve ry  sm a ll 

g rid  spacing A 2  =  A/ j , v A t ,  leading to  a slow ru n  tim e .

T h e  T V D  m ethod  offers the  p o ss ib ility  o f a sm oo the r and m ore accurate 

so lu tio n , and avo id ing  the assum ption V ะร> น used in  p revious w ork. However, 

s tandard  im p le m e n ta tio n s  o f T V D  im p ly  a l im ita t io n  on the  C o u ra n t num ber, 

7  =  v zA t / A z ,  so th a t  0 <  7  <  1. For th is  ap p lica tion , we w an t to  be able 

to  set 7  >  1 in  order to  use a sm a lle r A z , e ith e r fo r g reater f le x ib ility , fo r a 

com parison w ith  previous resu lts  fo r A z  =  A / i v A t ,  o r fo r im proved num erica l 

accuracy. In  fact, o u r resu lts  w i l l  show th a t  w h ile  A z  can be increased to  values 

much h igher th a n  those used in  Ref. 18, leading to  a faster ru n n in g  speed, a c tu a lly  

se ttin g  A z  >  VZA t  ( 7  <  1) y ie lds an unacceptable e rro r fo r  some cases o f in te rest. 

The re fo re , we have developed a genera liza tion  o f the  T V D  ro u tin e  to  a llow  a 

general value o f 7 , wh ich can also va ry  w ith  pos ition .

L e t us f irs t  consider the  case where V2 is independent o f z. In  o u r general­

ized T V D  technique, we f irs t move F  by an in teg ra l num ber o f steps, g, wh ich is 

ob ta ined  by round ing  7  downward. For exam ple, i f  7  =  3.4, F  is moved fo rw ard  

by 3 z -g rid  po in ts . T h e n  the  rem ainder ๆ' =  7  — g (0.4 in  th is  case) is between 0
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and 1 and is accounted fo r by the  usual T V D  d ifferencing:

Fe <-  Fe-g -  - ^ , ร'e+1/2 +  ร'1-1/2 (3-20)

where S'e+i / 2  denotes the  flu x  fro m  2 -cell i  to  i  +  1 due to  ๆ' and is calculated 

fro m

ร e+1/2 =  v l+l /2Fi-g  +  —̂ 4. ! /2(1 — 1 1 + 1 / 2 ) (Fe-g+l ~~ Ft -g)  <Pt-gi (3-21)

where 'ๆe+1!2 and v 't+ 1!2 are ๆ' and v'z =  ๆ' A z / A t ,  respectively, a t z  =  Z£ +  A z / 2 ,  

and if I is R o e ’s superbee l im ite r  (Roe, 1983) given by

0 re <  0

2 re 0 < re <  0.5

1 0.5 < 7 7  < 1

re 1 < re <  2

2 re > 2

(3.22)

fo r r e =  (Fe — Fe- \ ) / (Fe+\  — Fe). N o te  th a t  f e  — 1 corresponds to  the  Lax- 

W e n d ro ff technique (L a x  and W end ro ff, 1960), w h ich  converges to  second order 

in  A 2 ; in  choosing f e  th a t is som etim es d iffe ren t fro m  u n ity , the  T V D  m ethods 

sacrifice convergence speed (then  converging to  f irs t order in  A z )  fo r the guarantee 

(E q u a tio n  (3 .18)) th a t  no new m in im a  or m a x im a  are in troduced  by the  second 

(a n ti-d iffu s ive ) te rm  on the  r ig h t hand side o f E q u a tio n  (3.20).

N e x t, we should  consider va ria tio n s  in  v z and hence 7  as a fu n c tio n  o f 2. 

In  the  generalized m ethod  described above, va ria tio n s  w ith in  the  range 0 <  ๆ' <  1
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are acceptable as in  the  s tandard  im p le m e n ta tio n  o f T V D ,  b u t w h a t i f  7  crosses 

an in te g ra l value, i.e., g (the  greatest in teger <  7 ) changes fro m  one p o in t to  the 

nex t?  To  take th is  p o ss ib ility  in to  account, F  over a t im e  step A t  is updated by

F( 4—
t - 9 +£

L m — i - g .

F „ —  (Si A  z  ^ +1/ 2 S t - 1 / 2 ) ) (3.23)

where g+ (c/_) is the  rounded-down in teger corresponding to  7 M-1/2 (7* - 1/ 2 )- T h is  

fo rm u la  is sub ject to  the  con s tra in t th a t g+ <  (?_ +  1; i f  g+ — g_ +  1 we in te rp re t 

the  sum  to  be zero. In  practice th a t  c o n s tra in t can o ften  be avoided by reducing 

A t ,  and in  physical s itu a tio n s  where vz (z)  is d iscontinuous, one should use a 

special tre a tm e n t such as th a t  described shortly .

I t  is s tra ig h tfo rw a rd  to  dem onstra te  the  consistency o f th is  generalized 

T V D  m ethod , i.e., th a t in  the lim its  A t  —» 0 and A z  —»• 0 one recovers Equa­

tio n  (3.15). A  deta iled  discussion o f the  consistency o f s tandard  T V D  m ethods 

is given by Sweby (1984). Consistency o f the  present m e thod  can also be dem on­

s tra ted  by means o f T a y lo r series expansions, assum ing th a t  f"  =  d 2f / d z 2 and 

d v z/ d z  ex ist in  the  region o f in te rest. N o te  th a t 77 =  1 — [ f " ( z i ) / f ' ( z i ) \  A z  +  

0 ( A z 2), so in  the  l im i t  o f a sm a ll step size the f lu x  l im ite r  (fit is given by 1 or 77 . 

T h is  l im i t  also im p lies th a t  g+ ■■= or <?_ ±  1. A n  im p o rta n t step in  the  T a y lo r 

series analysis is to  recognize th a t  g A z / A t  ะ= V2 — v'z .

In  a ll cases, E q u a tio n  (3.15) is reproduced fo r the  p o in t o f in te rest, (tn, zi) ,  

w ith  e rro r O ( A t )  + 0 ( A z )  o r O ( A t )  +  0 ( A z 2). As m entioned  earlie r, fo r the case 

where g+ =  g- — g, the  convergence is o n ly  to  second order in  A z  when ip =  1,
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i.e ., fo r b o th  Ift-g (used in  ร ^ 1/ 2, according to  E q u a tio n  (3 .21)) and tpt-g- 1  (used 

in  ร'e_ 1,2). O the rw ise  the  convergence is to  f irs t  order in  A z.  W h e n  g+ =  g_  +  1 , 

the  convergence is also to  f irs t  order. However, when 0 + =  <7_ — 1 , the  order o f 

convergence again depends on w he the r If is 1 o r r.  I f  ( f t -g-+i  (used in  ร 'e+1/ 2) and 

1 (used in  ร'e_ 1/ 2) are b o th  1 o r b o th  the  corresponding value o f r ,  then  the 

convergence is to  f irs t  order; o therw ise the  convergence is to  second order because 

o f the  sym m e try  o f the  resu ltin g  fo rm u la  fo r Ft-

O u r tests have shown th a t  there is no noticeab le change in  perform ance 

fo r ๆ' values near 0 or 1, so the generalized T V D  m ethod  does give US freedom 

to  use any continuous fu n c tio n  v z (z)  and any A z.  N e x t, we consider the case 

o f a d isc o n tin u ity  in  v z (z),  wh ich we tre a t by means o f special m atch ing  condi­

tio n s  a t the  d iscon tin u ity . Phys ica lly , th is  s itu a tio n  o ften  corresponds to  a shock 

d isc o n tin u ity  in  a flu id  flow . Here, we discuss o u r im p le m e n ta tio n  o f th is  T V D  

m ethod  fo r the  p rob lem  o f energetic charged p artic le  tra n s p o rt across an oblique 

m ag ne to -hyd rod ynam ic  shock. As described in  section 1, th is  s itu a tio n  is im p o r­

ta n t  fo r m odeling  the  acceleration o f charged partic les (cosmic rays) th ro u g h o u t 

the  universe, w h ich  in  m ost cases is believed to  occur a t a shock, as we ll as the 

effect o f the  shock on ex is ting  cosmic rays.

C onsidering  the  so lu tio n  o f the tra n s p o rt E q u a tio n  (2 .12), in  the fram e­

w o rk  o f op era to r s p litt in g , step 3 corresponds to  sp a tia l m o tions  (stream ing  +  

convection), so the  tre a tm e n t o f partic les crossing the  shock is n a tu ra lly  included 

in  th is  step (see nex t section). W e tre a t the tra n s p o rt o f partic les fro m  a given cell
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by considering w h e the r the  partic les encounter the  shock d u ring  a tim e  increm ent 

A t .  I f  no t, then  we use the  generalized T V D  scheme as above.

3 . 3  S p h e r i c a l  S h o c k  T r e a t m e n t

T h e  tra n s p o rt p rob lem  concerning a shock is special because o f the  d rastic  change 

in  the flu id  speed, m agnetic  fie ld , etc.,  in  a very th in  layer between the upstream  

and dow nstream  sides, wh ich we tre a t as a d isc o n tin u ity  in  our m odel. T h e  

physical param eters on e ith e r side are n o t the  same. T h e  T V D  scheme is no 

longer ap p rop ria te  fo r the  partic les encountering  the shock. W e need some special 

assum ptions o r mechanisms to  describe partic les crossing the  shock. Here, we 

exp lo ited  the  basic idea fo llo w in g  R u ffo lo  (1999).

T h e  o lder lite ra tu re  has discussed tw o mechanisms, the  firs t-o rd e r Ferm i 

acceleration (F e rm i 1954; P a rke r 1958) (see m ore deta ils  in  A p p end ix  A ) and 

the  shock d r if t  m echanism  (Schatzm an, 1963), in  wh ich partic les d r if t  along an 

ob lique shock fro n t due to  the  sharp g rad ient in  the m agnetic  fie ld , and th is  d r if t  

is a long the d ire c tio n  o f the electric fie ld  so th a t partic les can gain a sub stan tia l 

a m o u n t o f energy in  one encounter w ith  the shock.

M ore  recently, i t  has been shown th a t the  d is tin c tio n  between these two 

m echanisms vanishes under a tra n s fo rm a tio n  to  an approp ria te  fram e o f reference 

w h ich  is called the  de H o ffm a n n -T e lle r (shock) fram e (de H o ffm ann  and Te lle r, 

1950). T h e  e lectric  fie ld  is zero in  th is  fram e. T h e  en tire  energy change due to
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b o th  m echanisms is accounted fo r by tra n s fo rm in g  the  p a rtic le  m om en tum  from  

the  loca l flu id  fram e in to  the  shock fram e, considering the  energy-conserving 

shock encounter in  the  shock fram e, and then  tra n s fo rm in g  the  m om en tum  in to  

the  new loca l f lu id  fram e (Decker, 1983; R iyavong, 1996; R u ffo lo , 1999).

In  practice, the  sp a tia l s im u la tio n  leng th  is d iv ided in to  tw o  sides down­

s tream  (r <  r sh, where r sh is the  shock rad ius) and upstream  (r >  r sh), where 

the  shock is s ta tio n a ry  and fo rm s a ra d ia l boundary between these tw o regions. 

A c tu a lly , we w i l l  suppose th a t  the  shock boundary  is th in ; i t  should  be much less 

th a n  the  g yrorad ius o f a charged partic le . I f  partic les encouter the  shock, we firs t 

p e rfo rm  a Lo ren tz  tra n s fo rm a tio n  o f p  and p  in to  the  shock fram e. In  general, 

fo r a s ta tic  m agnetic  fie ld , F  =  qv  X B  is perpend icu lar to  V, so the  ra te  o f doing 

w o rk  on the  p a rtic le , F  • V, is zero; thus the  m om entum  in  the  shock fram e is 

conserved th ro u g h o u t the  encounter. R u ffo lo  (1999) used the  com m on approx i­

m a tio n  th a t  the  m agnetic  m om ent p 2( 1 — p 2) /  ( 2 me B)  is conserved as partic les 

cross o r are reflected by shock (Decker, 1983). Here we instead e xp lo it a hy­

b rid  o rb it- f in ite  difference tre a tm e n t o f oblique shock acclereation (Sanguansak 

and R u ffo lo , 1999), w h ich  n u m e ric a lly  calculates energetic p a rtic le  o rb its  near 

an ob lique shock fo r a grid  o f m om entum -space coord inates, w ith o u t using the 

assum ption  o f m agnetic  m om ent conservation. In  th is  way, the  tra n s p o rt equa­

t io n  on e ith e r side o f the  shock, which incorporates s tream ing , convection and 

p itch  angle sca tte ring  and also includes ad iabatic  focusing and deceleration, is 

solved using a w e ll-tested  f in ite  difference code. F in a lly , we p e rfo rm  a Lo ren tz
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tra n fo rm a tio n  of p a n d  p  back  in to  th e  local w ind fram e.

N o te  th a t  th e  T V D  a lg o rith m  effectively sp lits  a  cell in to  frac tio n s of 

p a rtic le s  d estin ed  to  move to  two d ifferent sp a tia l loca tio n s. H ere ap p ly  a  sim ila r 

m e th o d , since w hen p a rtic le s  cross th e  shock, som e p a rtic le s  m ig h t be  tra n sp o r te d  

to  q u ite  d ifferen t p  values as well. N ote  th a t  for th e  n o n re la tiv is tic  fluid speeds 

a n d  en erg e tic  cosm ic ray  p a rtic le  speed  considered  here, th e  frac tio n a l change in 

m o m en tu m  for an  in d iv id u a l shock en co u n te r is n o t large. In  o th e r  work, th is  

n u m erica l m e th o d  has been  ap p lied  for a g rid  of p po in ts . H ere we have tre a te d  

one p value an d  sim p ly  assum ed  F  oc p - 7 , th ro u g h  th e re  a re  p rob lem s w ith  th is  

a ssu m p tio n  w hen u /v  is n o t sm all (Ruffolo, 1999).
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