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A p p e n d i c e s



A p p e n d i x  A

F e r m i  A c c e l e r a t i o n

A . l  Second O rder Ferm i Acce lera tion
The Ferm i mechanism  1 was firs t proposed by Ferm i in  1949 as a stochastic  

means by wh ich pa rtic le s  c o llid in g  w ith  clouds in  the in te rs te lla r m ed ium  could  

be accelerated to  h igh  energies. We w il l consider tw o versions o f the mechanism . 

In  th is  section, we consider F e rm i’s o r ig in a l version o f the theory, the problems  

i t  encounters and how i t  can be re inca rna ted  in  a m odern guise. The analysis  

con ta ins some features wh ich are im p o rta n t fo r p a rtic le  acce leration in  general.

In  F e rm i’s o r ig in a l p ic tu re , charged pa rtic le s are reflected from  ‘magnetic  

m ir ro rs ’ associated w ith  irre gu la ritie s  in  the G a la c tic  m agne tic  fie ld . The m irro rs  

are assumed to  move random ly  w ith  ty p ica l ve lo c ity  V, and Ferm i showed th a t  

the  pa rtic le s  gain energy s ta t is t ic a lly  in  these in  these re flections. I f  the partic les  
on ly  rem a in  w ith in  the acce leration region fo r some cha rac te ris tic  tim e  T esc, a 
pow er-law  d is tr ib u t io n  o f the pa rtic le  energies is found.

Modified from Longair (1994)



A . l  S e c o n d  O r d e r  F e r m i  A c c e l e r a t i o n 98

Le t us repea t F e rm i’s o r ig in a l ca lcu la tion , in  wh ich  the  co llis ion  between  
the  p a rtic le  and a m ir ro r , o r massive c loud , takes place such th a t the angle  
between the in i t ia l d ire c tio n  o f the pa rtic le  and the no rm a l to  the  surface o f the  
m ir ro r  is 6, as illu s tra te d  in  F igu re  (A . 1 (a )). Le t US w o rk  o u t the change o f 
energy o f the p a rtic le  in  a single co llis ion . I t  is im p o rta n t to  ca rry  ou t a p roper 
re la t iv is t ic  analysis.

We suppose the c loud is in f in ite ly  massive so th a t its  ve lo c ity  is unchanged  

in  the co llis ion . T he  center o f m om en tum  fram e is there fo re  th a t o f the c loud  

m ov ing  a t the ve lo c ity  V. The  energy o f the p a rtic le  in  th is  fram e is

E '  — ๆv { E  +  V p c o s O )  ( A . l )

where

พ - s r (A .2 )

The  X com ponent o f the re la t iv is t ic  th ree -m om entum  in  the center o f m om en tum  
fram e is

p' X — p' cos 6' =  yๆ ( p cos 9 + VE'
(A .3 )

In  the  co llis ion , the p a r t ic le ’s energy is conserved, E'before — E'after, and its  

m om en tum  in  the  X d ire c tio n  is reversed, p'x —» —p'2.. There fore , tra n s fo rm in g  
back to  the observer’s fram e, we find

E" =  M E' + vy j (A .4 )

S u b s titu t in g  equations ( A . l )  and (A .3 ) in  to  equation (A .4 ) and reca lling  th a t  
Px/E — vcos 6/c2, we can find  the change in  energy o f the  p a rtic le

E" = 7  vE 1 +  2Vv cose + (A .5 )

E xpand ing  to  second order in  v / c ,  we find

E " . E  =  A E = 22 ^ p l  +  2 ( ^ (A .6)
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V V

M M

(a) (b)

F igu re  A . l :  I l lu s tra t in g  the co llis ion  between a p a rtic le  o f mass 771 and a c loud  

o f mass M. (a) A  head-on co llis ion ; (b) a fo llow ing  co llis ion . The  p ro bab ilit ie s  

o f head-on and fo llow in g  co llis ions are p ro p o rtio n a l to  the re la tive  ve loc ities o f 

approach o f the p a rtic le  and the c loud, namely, V + V cos 9 fo r (a) and V — V cos 6 
fo r (b ). Since t? ระ c, the  p ro bab ilit ie s  are p ro p o rtio n a l to  1 +  (V/c)cos6, where

0 <  6 <  7T
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We now  have to  average over the angle 9. Because o f sca tte rin g  by hyd rom ag- 
ne tic  waves o r irre g u la r it ie s  in  the m agne tic  fie ld , i t  is lik e ly  th a t the  p a rtic le  is 
ra n dom ly  scattered in  p itch  angle between encounters w ith  the  clouds, and we 
can there fo re  w o rk  o u t the mean increase in  energy by averag ing over the angle  

6 in  the  expression (A .6). A  c ruc ia l p o in t is th a t there is a s lig h t ly  grea te r p rob ­

a b il i ty  o f head-on encounters as opposed to  the fo llow ing  co llis ions (F igu re  A . l ) .  

I t  w i l l  be observed th a t the p ro b a b ility  o f encounters ta k in g  place a t an angle o f 

inc idence 8 is given by exac tly  the same reasoning wh ich  led to  ra te  o f a rr iv a l o f 

pho tons a t an angle 6 in  the ou r analysis o f inverse C om p ton  sca tte ring . The  on ly  

difference is th a t the pa rtic le s more a t a ve lo c ity  V ra th e r th an  c. For s im p lic ity , 

le t us consider the case o f a re la tiv is t ic  p a rtic le  w ith  V ระ c, in  w h ich  case the  

p ro b a b ility  o f co llis ion  a t angle 9 is p ro p o rtio n a l to  7 i / [ l  +  (V /c )  COS0]. Reca lling  

th a t the  p ro b a b ility  o f the  p itch  angle ly in g  in  the angu la r range 8 to  8 +  d9 is 

p ro p o rtio n a l to  sin 8 dd, we find  on averaging over a ll angles in  the range 0 to  7T 

th a t the  f irs t te rm  in  expression (A .6) in  the l im i t  V —> c becomes

where X = cos 8. Thus, in  the re la tiv is t ic  l im it ,  the average energy gain per 

co llis io n  is

T h is  illu s tra te s  the famous resu lt derived by Ferm i th a t the average increase in  

energy is on ly  second order in  v / c .  I t  is also im m ed ia te ly  apparent th a t th is  
resu lt leads to  an exponen tia l increase in  the energy o f the p a rtic le  since the  
same fra c tio n a l increase occurs per co llis ion . Before lo o k ing  a t th is  p a rt o f the  

ca lcu la tio n  a l i t t le  more deeply, le t US com ple te the essence o f F e rm i’s o rig in a l 

a rgum en t. I f  the mean free pa th  between clouds a long a fie ld  line  is L, the tim e
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between co llis ions is L/(ccos(j)) , where (j) is the  p itc h  angle o f the  p a rtic le  w ith  

respect to  the m agne tic  fie ld  d ire c tio n . We need to  average cos (j) over the  p itch  

angle (j) to  fin d  the  average tim e  between co llis ions, w h ich  is ju s t 2L /c .  There fore , 
we fine a ty p ica l ra te  o f energy increase

dE 4 
dt 3 ( ร ) * - 0* (A .9 )

I t  is assumed th a t the  p a rtic le  remains in  the acce lera ting reg ion fo r a characte r­

is t ic  t im e  Tesc. We now w r ite  down the d iffus ion-loss equation (19.13) and find  

the  so lu tio n  fo r N(E) in  e q u ilib r ium , th a t is,

^ =  DV2N +  E [ m N(E)] A  +  (A .10)

We are in te rested in  the steady-s ta te  so lu tio n  and, hence, dN/dt — 0. We are 

n o t in te rested in  d iffu s ion  and, hence, DV2N = 0, and we assume there are no 

sources, Q{E) — 0. The  energy loss te rm  is b(E) =  —dE/dt, w h ich  in  our case is 

- olE. There fore , equa tion (A .10) reduces to

~ i é a E N  <£ >1- <A -n >

D iffe re n tia t in g  and rea rrang ing  th is  equa tion , we find

There fo re

dN(E) = _ ( 1 + J _ \  N(E) 
dE V UTesc) E

N(E) =  constan t X E~x

(A .12)

(A .13)

where X == 1 +  (a Tesc)-1. I t  can be seen th a t we have succeeded in  de riv in g  a 

pow er-law  energy spectrum .
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A .2 Pa rtic le  acceleration in  s trong shocks: The

firs t o rder Ferm i acceleration
We can rew rite  the  essence o f the Ferm i mechanism  in  a ra th e r s im p le r fash ion i f  

we le t E  =  /3 E 0 be the average energy o f the pa rtic le  a fte r one co llis ion  and p  be 

the p ro b a b ility  th a t the pa rtic le  remains w ith in  the acce le ra ting reg ion a fte r one 

co llis ion . Then, a fte r k  co llis ions, there are N  =  N 0P k pa rtic le s  w ith  energies 

E  ะ= E 0p k . I f  we e lim ina te  k  between these quan tities ,

' " พ " ' » )  -  ln P  ( A H )
1ท(£ /£„) 1ท/ร '  ' '

and hence
(AO
No

In p/ In 0
(A .15)

In  fac t, th is  value o f N is N(> E) since th is  num ber reach energy E and some 

fra c tio n  o f them  go on to  h igher energies. There fore

N{E)dE = constan t X £ - i+ ( in J 7 M )d £  (A .16)

I t  is c lear in  th is  fo rm u la tio n  th a t we have again recovered a power law . To  

make the  equivalence between the f irs t and second versions o f Fe rm i acce leration  

com ple te , we see th a t, from  E qua tion  (A . 13) and the d e fin it io n  of p, p = 1 + 
(1a /M ), where a/M  is the increm en t in  energy per co llis ion  and p  is re la ted to  T.

In  the version o f the o f the Ferm i mechanism described in  previous section, 

a is p ro p o rtio n a l to  ( F /c ) 2, because o f the dece lera ting effect o f the fo llow ing  

co llis ions.

The o rig in a l version o f F e rm i’s theo ry is therefore known as second order 
Fermi acceleration and c lea rly  is a very slow process. We wou ld  do much be tte r  

i f  the re  were on ly  head-on co llis ions. In  th is  case, the energy increase is A E/E  oc
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2v / c ,  th a t is, f irs t o rde r in  v / c ,  and, app rop ria te ly , th is  is ca lled first order Fermi 
acceleration.

A  very, a ttra c tiv e  version o f f irs t o rde r Ferm i acce lera tion in  the presence 
o f s trong  shock waves was discover independen tly  by a num ber o f workers in  the  
la te  1970s. The papers by A x fo rd , Leer and Skadron (1977), K rym sky  (1977), 
B e ll (1978) and B land fo rd  and O s tr ike r (1978) s tim u la ted  an enormous am oun t o f  
in te res t in  th is  process fo r the m any env ironm ents in  w h ich  h igh  energy pa rtic le s  

are found  in  astrophysics. There are tw o d iffe ren t ways o f ta c k lin g  the  p rob lem , 
one s ta r t in g  from  the  d iffu s ion  equation fo r the evo lu tion  o f the  m om en tum  d is ­

t r ib u t io n  o f h igh  energy pa rtic les in  the v ic in ity  o f a s trong  shock (fo r example, 
B la nd fo rd  and O s tr ike r (1978)) and the o the r, a more phys ica l approach, in  wh ich  
the  behav io r o f in d iv id u a l pa rtic le s is fo llowed (fo r example, B e ll (1978)). I w il l 
adop t B e ll’s version o f the theory, w h ich makes the essential physics c lear and  
ind ica tes why th is  vers ion o f f irs t o rder Ferm i acce lera tion resu lts rem a rkab ly  
n a tu ra lly  in  a power-law  energy spectrum  o f h igh  energy partic les.

To illu s tra te  the basic physics o f the acce leration process, le t us consider 
the  case o f a s trong  shock, fo r example, th a t caused by a supernova exp losion, 

p ropaga ting  th ro ugh  the  in te rs te lla r m ed ium . A  flu x  o f h igh  energy pa rtic le s  is 
assumed to  be present b o th  in  fro n t o f and beh ind the shock fro n t. The  pa rtic le s  
are considered to  be o f very h igh  energy, and so the ve lo c ity  o f the shock is 
ve ry much less th a n  the ve loc ities o f the h igh  energy pa rtic les. T he  key p o in t  
abou t the  acce lera tion mechanism  is th a t the h igh energy pa rtic le s  h a rd ly  no tice  
the shock a t a ll, since its  th ickness w il l n o rm a lly  be very much sm a lle r th an  the  
gyro rad iu s  o f a h igh  energy pa rtic le . Because o f tu rbu lence  beh ind  the  shock fro n t 
and irre gu la rit ie s  ahead o f i t ,  when the pa rtic le  pass th rough  the shock in  e ithe r  
d ire c tio n , they  are sca tte red so th a t th e ir  ve lo c ity  d is tr ib u t io n  ra p id ly  becomes 
iso tro p ic  on e ithe r side o f the  shock fro n t. The key p o in t is th a t the d is tr ib u tio n s
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are iso tro p ic  w ith  respect to  the  frames o f reference in  w h ich  the  f lu id  is a t rest 
on e ith e r side o f the  shock.

L e t us consider the case o f a s trong  shock. T h is  is the  case, fo r example, 

fo r the  m a te ria l ejected in  supernova explosions, where the  ve loc ities can be up  to  
abou t 104 km  ร-1 , compared w ith  the sound and A lfven  speeds o f the  in te rs te lla r  

m ed ium , wh ich are a t most abou t 10 km  ร-1 . In  the case o f a s trong  shock, 

the  shock wave trave ls a t a h ig h ly  supersonic ve lo c ity  บ cs, where cs is the  

sound speed in  the am bien t m ed ium  F igu re  (A .2 (a )) . I t  is o ften convenient to  

tra n s fo rm  in to  the fram e o f reference in  w h ich  the shock fro n t is a t rest, and then  

the  ups tream  gas flows in to  the shock fro n t a t ve lo c ity  V\ =  บ and leaves the  

shock w ith  a downstream  ve lo c ity  บ2 (F igu re  A .2 (b )) . The equation o f c o n tin u ity  

requ ires mass to  be conserved th rough  the shock, and so

p m  = P2 V2 (A .17)

In  the case o f a s trong  shock, pi/Pi — (7 +  1 ) / ( t  — 1), where 7  is the ra tio  
o f specific heats o f the  gas. T ak in g  7  =  5 /3  fo r a m ona tom ic  o f fu l ly  ion ized gas, 

we fin d  P2I  pi — 4, and so v2 =  \v\.
Now le t us consider the h igh  energy pa rtic le s  ahead o f the shock. Scat­

te r in g  ensures th a t the  p a rtic le  d is tr ib u t io n  is iso trop ic  in  the fram e o f reference  

in  w h ich  the gas is a t rest. I t  is in s tru c tiv e  to  d raw  d iagram s il lu s tra t in g  the  

dynam ica l s itu a tio n  so fa r as ty p ica l h igh  energy pa rtic le s  upstream  and dow n­

s tream  o f the shock are concerned. Le t US consider the upstream  pa rtic le s firs t. 

T he  shock advances th rough  the m ed ium  a t ve lo c ity  บ, b u t the gas beh ind the  

shock trave ls a t a ve lo c ity  (3 /4 )บ re la tive  to  the upstream  gas (F igu re  A .2 (c )) . 
W hen  a h igh  energy p a rtic le  crosses the shock fro n t, i t  ob ta ins a sm a ll increase 

in  energy o f the o rde r A E/E  ~  u /c , as we w il l  show below. The pa rtic le s are
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th en  sca tte red by the  tu rbu lence  beh ind the shock fro n t so th a t th e ir  v e lo c ity  
d is tr ib u t io n s  become iso trop ic  w ith  respect to  th a t flow .

Now le t us consider the  opposite  process o f the  p a rtic le  d iffu s in g  from  
beh ind  the shock to  the upstream  reg ion in  fro n t o f the  shock (F igu re  A .2 (d )) .  
Now the  ve lo c ity  d is tr ib u t io n  o f the pa rtic le s is iso trop ic  beh ind  the  shock, and, 

when they  cross the  shock fro n t, they  encounter gas m ov ing  towards the  shock 

fro n t, again w ith  the  same ve loc ity , (3 /4 )บ. In  o the r words, the  p a rtic le  unde r­

goes exac tly  the  same process o f rece iv ing a sm a ll increase in  energy A E crossing  

the  shock from  downstream  to  upstream  as i t  d id  in  tra ve lin g  from  ups tream  to  

downstream . T h is  is the  clever aspect o f th is  acce leration mechanism . E very tim e  

the p a rtic le  crosses the  shock fro n t i t  receives an increase o f energy - the re  are 

never crossing in  wh ich  the pa rtic le s lose energy - and the  inc rem en t in  energy is 

the  same go ing in  b o th  d irec tions. Thus, un like  the s tandard  Ferm i mechanism  

in  w h ich  there are b o th  head-on and fo llow ing  co llis ions, in  the case o f the shock 

fro n t, the  co llis ions are always head on and energy is transfe rred  to  the pa rtic les . 

T he  beau ty  o f the mechanism  is the  com ple te sym m e try  between the passage o f 

the  pa rtic le s  from  upstream  to  downstream  and from  downstream  to  upstream  

th ro u gh  the shock wave.

L e t us now be somewhat more q u a n tita t iv e  abou t the ac tua l process o f 
acce le ra tion . B y  s im p le  arguments, due o r ig in a lly  to  B e ll (1978), we can w o rk  ou t 

b o th  /3 and p  fo r th is  cycle. F irs t, we evaluate the  average increase in  energy o f 

the  p a rt ic le  on crossing from  the upstream  to  the  downstream  sides o f the shock. 

The  gas on the downstream  side approaches the p a rtic le  a t a ve lo c ity  V — \ บ 
and so, pe rfo rm ing  a Lo ren tz  tra n s fo rm a tio n , the  p a rt ic le ’s energy when i t  passes 

in to  the  downstream  region is

E '  =  7  v ( E  +  p x V ) (A.18)



where we take the X coo rd ina te  to  be pe rpend icu la r to  the shock. We assume th a t  

the  shock is n o n -re la tiv is tic , V <c c, Vๆ =  1 b u t th a t the  pa rtic le s  are re la t iv is t ic ,  
so th a t we can w r ite  E =  pc, px — (E/c) cos#. Therefore,

AE = pV cos #; ^ ^  =  — cos# (A .19)

We now seek the p ro b a b ility  th a t the pa rtic le s wh ich  cross the shock  

a rrive  a t an angle # per u n it  tim e . T h is  is a s tandard  piece o f k in e tic  theory. The  

num ber o f pa rtic le s  w ith in  the  angles # to  # + d #  is p ro p o rtio n a l to  sin #d#, b u t the  

ra te  a t w h ich  they  approach the shock fro n t is p ro p o rtio n a l to  the  X com ponent 

o f th e ir  ve locities, ccos# . There fore the p ro b a b ility  o f the p a rtic le  crossing the  
shock is p ro p o rtio n a l to  s in #cos#d# . N o rm a liz in g  so th a t the  in teg ra l o f the  

p ro b a b ility  d is tr ib u t io n  over a ll the pa rtic le s  approach ing the  shock is equal to  

un ity , th a t is, those w ith  # in  the range 0 to  7r/2, we find

p(9) = 2 s in #  cos #d# (A .20)
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There fore , the average ga in in  energy on crossing the shock is

{ ^ f ) =  c / / 2cos2(,sin9<M= 3 c  (A '21)
The  p a r t ic le ’ร ve lo c ity  vector is random ized w ith o u t any energy loss by 

sca tte rin g  in  the downstream  region and i t  then recross the shock, as illu s tra te d  

in  F igu re  (A .2 (d )) , when i t  gains ano ther fra c tio na l increase in  energy I (V/c) so 

th a t, in  m ak ing  one round t r ip  across the  shock and back again, the  fra c tio na l 

energy increase is, on average,

4V 
3 ไโ (A .22)

Consequently,
E 4V
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in  one round  tr ip .

To w o rk  o u t the escape p ro b a b ility  p ,  we use a clever a rgum en t due to  
B e ll (1978). A cco rd ing  to  classical k in e tic  theory, the num ber o f pa rtic le s crossing  
the  shock is \Nc, where N  is the  num ber dens ity  o f pa rtic les. T h is  is the average 
num ber o f pa rtic le s crossing the  shock in  e ithe r d ire c tio n , since, as noted above, 

the  pa rtic le s  scarcely no tice  the shock. Downstream , however, the pa rtic le s are 

swept away, o r “ advected” , from  the shock because the pa rtic le s  are iso trop ic  in  

th a t fram e. R e fe rring  to  F igu re  (A .2 (b )) , i t  can be seen th a t the pa rtic le s are 

removed from  the reg ion o f the shock a t a ra te  NV — \N U . Thus, the fra c tio n  

o f the  pa rtic le s  los t per u n it tim e  is \N U /\N c — u/c. Since we assume th a t  
the  shock is n o n -re la t iv it is t ic , i t  can be seen th a t on ly  a very sm a ll fra c tio n  o f 

the  pa rtic le s  is los t per cycle. Thus, p = l — (บ/c). T h is  solves the p rob lem  
since we need I n /? and In P  to  inse rt in to  expression (A .16). Therefore, since

and, hence, the d iffe re n tia l energy spectrum  o f the h igh  energy pa rtic les is

T h is  is the  resu lt we have been seeking. I t  m ay be ob jec ted th a t we have ob ta ined  
a value o f 2 ra th e r th an  2.5 fo r the exponent o f the d iffe re n tia l energy spectrum , 

and th a t p rob lem  cannot be neglected. However, the reason th a t th is  mechanism  

has exc ited  so much in te res t is th a t, fo r the f irs t tim e , there are excellent physica l 
reasons why power-law  energy spectra w ith  a unique spectra l index should occur 
in  diverse astrophys ica l environm ents. In  th is  s im p les t vers ion o f the theory, the  
o n ly  requ irem ents are the  presence o f s trong  shock waves and th a t the ve loc ity  
vectors o f the h igh energy pa rtic les be random ized on e ithe r side o f the shock. I t

l n P  =  l n ( l - f )  =  - £  and ln /3  =  In ( l  +

(A .24)

N(E)dE oc E~2dE (A .25)
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is e n tire ly  p laus ib le  th a t there are s trong  shocks in  m ost sources o f h igh  energy  
pa rtic le s , supernova rem nants, active  ga lac tic  nucle i and the d iffuse com ponents  
o f extended rad io  sources.
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F igu re  A .2: The dynam ics o f h igh  energy pa rtic le s in  the v ic in ity  o f a s trong  

shock wave, (a) A  s trong  shock wave p ropaga ting  a t a supersonic ve loc ity , บ, 
th ro u gh  s ta tio n a ry  in te rs te lla r gas w ith  dens ity  Pi, pressure Pi and tem pe ra tu re  

T\. The  density, pressure and tem pe ra tu re  beh ind the shock are P2, P2 and T 2, 

respective ly, (b) The flow  o f in te rs te lla r gas in  the v ic in ity  o f the  shock fro n t in  

the reference fram e in  wh ich the shock fro n t is a t rest. In  th is  fram e o f reference, 

the  ra t io  o f the upstream  to  the downstream  ve lo c ity  is V1/V2 =  (7 +  l )/(7 — 1). 

For a fu l ly  ion ized plasma, 7  =  5 /3  and the ra tio  o f these ve loc ities is /ฃ 2 =  4

as shown, (c) The flow  o f gas as observed in  the fram e o f reference in  wh ich  

the  ups tream  gas is s ta tio n a ry  and the ve lo c ity  d is tr ib u t io n  o f the h igh energy  

pa rtic le s  is iso trop ic , (d) The flow  o f gas as observed in  the fram e o f reference 

in  w h ich  the downstream  gas is s ta tio na ry  and the ve lo c ity  d is tr ib u t io n  o f h igh

energy pa rtic le s is iso trop ic .



A p p e n d i x  B

F i n i t e  D i f f e r e n c e  M e t h o d

D iffe rence schemes can be developed using Tay lo r series1. T h is  approach is es­

p e c ia lly  useful fo r d e riv in g  fin ite  d ifference app rox im a tion s  o f exact de riva tives  

(b o th  to ta l de riva tives and p a r t ia l de riva tives) th a t appear in  d iffe re n tia l equa­

tions .

i-2 i-1
X

i+1 i+2
-►

F igu re  B . l :  D iscre tized X space.

D ifference fo rm u las fo r func tions  o f a single variab le , fo r example f(x), 
can be developed from  the Tay lo r series fo r a fu n c tio n  o f a single variab le :

f(x) =  fo + r  loA x  +  \ f "  |0A x 2 +  ... +  ^ / (n)|o A xn +  ... ( B . l )

where fo =  / (x 0) , / ' ( x 0), and so on. The con tinuous spa tia l dom a in  D(x) m ust 
be d iscre tized in to  an equa lly  spaced g rid  o f d iscrete po in ts , as illu s tra te d  in

l r T h is  p a r t  w as  c o p ie d  f r o m  H o f fm a n  (1 9 9 2 ).



I l l

F igu re  (B . l ) .  For the  d iscrete g rid ,

f  (X i) =  ft (B .2)

where the  subscrip t i denotes a p a r t ic u la r spa tia l lo ca tion . The  T a y lo r series 

fo r f(x) a t g r id  po in ts  su rround ing  p o in t i can be com bined to  o b ta in  d ifference  

fo rm u las  fo r f'(xi), etc.
D ifference fo rm u las fo r func tions  o f several variab les, fo r example / (x, t), 

can be developed from  the T ay lo r series fo r a fu n c tio n  o f several variab les. For 

the  tw o -va riab le  fu n c tio n  f(x ,t), the  T a y lo r series is give by

f  (x,t) = fo + (fx\0Ax + ft\0At)
+  2 {fxxloAx2 +  2fxt\0AxAt + fttloAt2) +  ...

+ (ท)x\oAxn +  ... +  /(ท)t |o A tn ) +  ... (B .3)

where fo =  f(xo,to), f (ท) 1 denotes dnf/d x n, and so on. The con tinuous dom ain  

D(x,t) m ust be d iscre tized in to  an o rthogona l equa lly  spaced g r id  o f d iscrete  

po in ts  (i, ท) (i and ท are the spa tia l and tim e  indices) can be combined to  ob ta in  
difference fo rm u las fo r f x, ft, etc.

For p a r t ia l deriva tives o f f(x ,t)  w ith  respect to  I , f  =  to = cons tan t, 

At = 0, and E qua tio n  (B .3 ) becomes

f ix , to) = fo +  fxloAx + -fxxloAx2 + ... + — /(ท)1 !0A x n +  ... (B .4)

E qua tio n  (B .4) is id en tica l in  fo rm  to  E qua tio n  (B . l ) ,  where / ' |o  corresponds to  

/ 1 !0, etc. The  p a r t ia l de riva tive  f 1 !0 o f the fu n c tio n  f(x ,t)  can be ob ta ined from  
E qua tio n  (B .4 ) in  e xac tly  the same m anner as the to ta l de riva tive  / '|o  o f the  
fu n c tio n  f(x) is ob ta ined  from  E qua tio n  (B . l ) .  Since E qua tion  (B . l )  and B .4 are 
id e n tica l in  fo rm , the d ifference fo rm u las fo r / '|o  and f 1 !0 are iden tica l i f  the same
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d iscre te  g rid  po in ts  are used to  develop the d ifference fo rm ulas. Consequently, 
difference fo rm u las fo r p a r t ia l deriva tives o f a fu n c tio n  o f several variab les can be 

de rived  from  the T ay lo r series fo r a fu n c tio n  o f a single va riab le . To emphasize  
th is  concept, the fo llow ing  com mon n o ta tio n  fo r de riva tives w i l l  be used in  the  

deve lopm ent o f d ifference fo rm u las fo r to ta l deriva tives and p a r t ia l deriva tives :

^  ( / ( * ) )  =  fx (B .5 )

^  ( / 0 M ) )  =  / *  (B .6 )

In  a s im ila r manner, p a r t ia l deriva tives o f f(x, t) w ith  respect to  t can be ob ta ined  

from  the expression

f(x  0) t )  = fo + ft\o&t +  - ftt\0At2 +  ... +  — / ( n)t |0A t n +  ... (B .7)

P a r t ia l deriva tives o f f(x, t) w ith  respect to  t are iden tica l in  fo rm  to  to ta l de riva ­

tives o f f ( t )w ith  respect to  t. T h is  approach does no t w o rk fo r m ixed p a r t ia l 

de riva tives , suah as fxt- D ifference fo rm u las fo r m ixed p a r t ia l deriva tives m ust 

ba de te rm ined  d ire c t ly  from  the T ay lo r series fo r several variab les. The  Tay lo r  

series fo r the fu n c tio n  / (x ), E qua tion  (B . l ) ,  can be w r it te n  as

f  ( x )  — fo +  /x |o A x  +  -  fx i lo A x 2 +  ... +  ^ j/ (n )x |o A x n +  ... (B .8 )

f{x) = fo + fx loA x  +  - /x x |o A x 2 +  ... +  —f (ท)X lo A x " +  Rn+1 (B .9 )

T he  T a y lo r fo rm u la  w ith  rem a inder is where the rem ainder te rm  Rn+1 is given  

by

Rn+ 1 =  y ; / ( „ + 1,1 ( f ) A l ”  + 1 (B .10)

where x0 <  £ <  x0 +  A x .
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F igu re  B.2: D iscre tized  xt space.

The in fin ite  T a y lo r series E qua tion  (B .8 ) and the  T a y lo r fo rm u la  w ith  

rem a inde r E qua tion  (B .9 ) are equiva lent. T he  e rro r in cu rred  by tru n c a tin g  the  

in f in ite  T ay lo r series a fte r the n th  de riva tive  is exac tly  the rem a inde r te rm  o f the  

n th -o rd e r T ay lo r fo rm u la . T ru n ca tin g  the T a y lo r series is equ iva len t to  d ropp ing  

the  rem a inde r te rm  o f the Tay lo r fo rm u la . F in ite  d ifference app ro x im a tio n s  o f 
exact de riva tives can be ob ta ined by so lv ing  fo r the exact de riva tive  from  e ithe r  
the  in f in ite  Tay lo r series o r the  Tay lo r fo rm u la , and then e ithe r tru n c a tin g  the  

T a y lo r series o r d ropp ing  the rem a inder te rm  o f the T a y lo r fo rm u la . These tw o  

procedures are iden tica l. The te rm s th a t are trunca ted  from  the  in f in ite  T ay lo r
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series, w h ich  are id en tica l to  the  rem a inder te rm  o f the  T a y lo r fo rm u la , are called  

th e  truncation error o f the  f in ite  d ifference a pp ro x im a tio n  o f the  exact de riva tive . 
In  m ost cases, ou r m a in  concern is the o rde r o f the tru n c a tio n  e rro r, w h ich  is 
the  ra te  a t w h ich  the  tru n ca tio n  e rro r approaches zero as Ax —> 0. The  order 
o f the  tru n ca tio n  e rro r, w h ich  is the  order o f the rem a inder te rm , is denoted by 

the  n o ta tio n  0(Axn). Consider the  equa lly  spaced d iscrete f in ite  d iffe rnce  g rid

a

t

o  n+1

<►  ท

<►  ท-1

F igu re  B.3: D isc re tized  t space.

illu s tra te d  in  F igu re  (B .2 ). Choose p o in t i as the  base p o in t and w r ite  the Tay lo r  

series fo r f i+1 and / j_  1:

fi+1 = fi + / x l tA z  +  ^fxxlAx2 +  ^fxxx I tA z 3 +  ^ / x x x x l iA x 4 +  ... ( B . l l )

f i - 1 — f i ~~ / x | jA x  +  —/x x | jA j;  — g /x x x | iA x  +  ~ /x x x x | iA x  — ... (B .12)
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S ub tra c tin g  f i- 1 from  f i+1 gives

f i+1 -  / i - 1  =  2 / x | jA x  +  ^ / x x x liA z 3 +  ... (B .13)

L e t t in g  the  / 111 te rm  be the rem a inder te rm  and so lv ing  fo r f x\i y ie lds

A l i  =  / ,+ '2 "  1 —  -  1, ,  K ) A x 2 (B .14)

where £ j_ 1 < f  < Xi+1. E qua tion  (B .14) is an exact expression fo r f x|i. I f  the  

rem a inde r te rm  is dropped, w h ich  is equ iva len t to  tru n c a tin g  the  in f in ite  T ay lo r  

series, E qua tions  ( B . l l )  and (B .12), E qua tion  (B .14) y ie lds a f in ite  d ifference  

a p p ro x im a tio n  o f f x\i- A dd in g  f i+1 and f i- 1 gives

f i+ 1 +  f i - 1 =  2 f i +  f xx\jA x 2 +  —  /x x x l iA x 4 +  ... (B .15)

L e tt in g  the / 111 te rm  be the  rem a inder te rm  and so lv ing  fo r f xx\i y ie lds

U i  = —  -  L / „ „ ( Ç ) A x 2. (B .16)

E qua tions  (B .14) and (B .16) are centered-difference fo rm ulas. They are in he r­

e n tly  more accurate th an  one-sided difference form ulas. Equa tions (B .14) and  

(B .16) are d ifference fo rm u las fo r spa tia l deriva tives. D ifference fo rm u las fo r time 
de riva tives  can be developed in  a s im ila r manner. The tim e  d im ension can be 

d iscre tized  in to  a d iscre te tem po ra l g rid , as illu s tra te d  in  F igu re  (B .3 ), where the  

supe rsc rip t ท denotes a specific value o f tim e . Thus,

f  (ท  = r  (B .17)

Choose p o in t ท as the  base p o in t, and w r ite  the Tay lo r series fo r f n+1 and / n_1:

r +l =  / "  +  / i | nA t  +  l / „ | " A f 2 +  ... (B .18)

/ —  =  / » - / , I" A f + i / „ | " A ( 2 - . . . (B .19)
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L e tt in g  the  te rm  ftt be the rem a inder te rm  and so lv ing  E qua tio n  (B .18) fo r y ie lds

/ . I "  =  --  (B .20)

where tn < T < tn+l. E qua tion  (B .20) is a firs t-o rd e r fo rw ard -d iffe rence fo rm u la  
fo r ft\n. S ub tra c tin g  / " -1 from  f n+1 gives

r +1 -  r '  = 2 / , | “ A  t +  1 / , , ,1 -A t3 + . . .  (B .21)

L e tt in g  the fttt te rm  be the rem a inder te rm  and so lv ing  fo r ft\n y ie lds

/ . r  =  ‘2" / " ' -  A t 2 (B .22)

where E qua tio n  (B .22) is a second-order centered-d ifference fo rm u la  fo r  

ft\n. Centered-d ifference fo rm u las are in he ren tly  more accura te th an  one-sided  

diffe rence fo rm u las, such as Equs tion  (B .20).

D iffe rnce  fo rm u las o f any order, based on one-sided fo rw a rd  diffences, 

one-sided backward differences, centered differences, nonsym m e trica l differences, 

etc., can be ob ta ined  by d iffe ren t com b ina tions  o f the  T a y lo r series fo r / (x ) or 

f( t)  a t various g rid  po in ts , H ighe r-o rde r d ifference fo rm u las requ ire more g rid  

po in ts , as do fo rm u las fo r h ighe r-o rde r deriva tives.



A p p e n d i x  c

S o u r c e  C o d e  P r o g r a m

fie ld .c : T h is  p rog ram  provides some useful func tions  used in  m a in  p rogram .

/ * August, 15, 2000change argument term2 in  se v e ra l ro u tin e
August 1, 2000 June 14, 2000

— June 1 s t .  2000Made c o r re c tio n  fo llo w in g  QA trea tm en t 
added e n ra t io O

f_ c o n t .c  — December 3 rd , 1999.
New fu n c tio n , e n ra t io O  -> energy r a t i o ,  i s  c a lle d  by e lem en tsO . Cosmetic changes.l a s t  m odified  —-  Aug 15, 1999 na j a . .P robably  t h i s  i s  th e  c o r re c t  v e rs io n  of f i e l d . X X X  fo r  s p h e r ic a l  shock problem .l a s t  m odified  ----  Aug 14, 1999.f_ sp h e re .c  —-  Aug 10, 1999.Modify from f_ h y b r.c  and f  c o n t.cNew m o d if ic a tio n  to  s u i t  sp h e r ic a l  shock case .

changedO m ega...a s o la r  s e l f  r o ta t io n  
c o s p s i ( z , vsw ): add new argument vsw 
d i f f c o e f f 0  : c a l l  a n t id e r iv 2 ( ) ;  a n t id e r iv 2 ( )  : in s te a d  of a n t id e r iv O ;  mudot( . . . )  add vsw ะ argument 1 d e c la re  fo c u s le n g th , R_นp=Archimedians p i r a l  co n s tan t on up and downstream reg io n  a t  any lo c a tio n  z.

f_hybk.c (h) — Ju ly  22, 1999.
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New su b ro u tin e s  added fo r  h yb rid  f i n i t e  d i f f e r e n c e - o r b i t  code (hybw ind). 
Removed fin dp b Q  . Changed arguments to  d z d tQ . r e lv e lO  rep laced  
by two fu n c t io n s , re lvw fO  and re lv w sO , g iv in g  th e  wind speed r e l a t i v e  to  th e  f ix e d  o r shock fram e, r e s p e c t iv e ly .Added thetam (vsw ), th e ta p (v sw ).

f_ k in k .c  — A pril 8, 1999.
Added argum ents to  d if f c o e f f  and fin dpbO  fo r  c o m p a tib ili ty  w ith  l a t e s t  varw ind .c .

f_ k in k .c  — December 16, 1998.
For use w ith  new v e rs io n  of varwind.Replaced betasw cO  w ith  d z d t( ) .  Added r e l v e l O .

f_ k in k .c  — May 18, 1997.
Trimmed out unnecessary  #define  v a r ia b le s  and o th e r cosm etic changes.

f_ k in k .c  — November 28, 1996.
For use w ith  v arw ind .c , and fo r  a c o n fig u ra tio n  w ith  s t r a ig h t  m agnetic f i e l d  l in e s  w ith  a kink corresponding  to  a shock.The s o la r  wind i s  co n stan t on e i t h e r  s id e .
New ro u tin e :  betasw cO  -> s o la r  wind speed /  c 
p a r a l l e l  to  z ( p a r a l l e l  to  B)
WARNING: I f  d e c e le ra t io n  i s  needed when u sin g  v arw in d .c ,
be su re  to  modify d e c e lra te O  accord ing  to  th e  new d e f . used in  d e c e io .
D erived from f_ a rc .c  of Ju ly  12th , 1995.
David R uffolo Department of Physics F acu lty  of Sciençe Chulalongkorn U n iv e rs ity  Bangkok 10330, T hailand

* /

#in c lu d e <math.h>
# defin e c 0.1202 /*  in  AU/min. * /
# defin e PI ( 4 .0 * a ta n ( l .0 ))# defin e ZOFFSET 15.7951 / *  a t  a shock lo c a tio n  * /
# defin e BETAD 0.00533333 /*  f lu id  speed /  c along B downstream

z < Zshock) -  MUST BE CONSISTENT พ/ stream .c  1600 km/s * /
# d efin e BETAU 0.0013333 / *  f l u id  speed /  c along B upstream

(z > Zshock) -  MUST BE CONSISTENT พ/ stream  should  have BETASWU > BETASWD400 km/s */
# define THETAM 1.50377 / *  86.16 ะ a ta n (1 4 .92820s h o c k -f ie ld  angle a t  z<zsh (rad ian s) * /
# define THETAP 1.30899 /*  75.0 : atan(3T73205)s h o c k -f ie ld  angle a t  z>zsh (rad ian s)  * /
# defin e Omega 2 .519479e--6 /*  th e  s e l f  s o la r  r o ta t io n  r a te
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where syn o p tic  r o t .  r a te  = 2Pi/26 .75(day)=2.718581e-6  ra d /s e c
and s id é r a l  r o t .  r a te  = 2P i/26 .75 -2 P i/36 5 .2 5 (day )= 2 .51 947 9e-6  ra d /s e c

THIS ROUTINE CALCULATES AN EFFECTIVE SPATIAL DIFFUSION COEFFICIENT, EXPRESSING THE STRENGTH OF THE PITCH ANGLE SCATTERING. THIS USES THE LIMIT OF d if f c o e f f  IN THE ABSENCE OF FOCUSING. THIS COEFFICIENT IS DIMENSIONLESS -  IT SHOULD BE MULTIPLIED BY v*v/am pl.
* /

double dzz(m ustep ,q) double m ustep, q;
{ double a l ,  a2 , mu, o u t; 

double a n t id e r iv 2 ( ) ;
fo r  (out=0.0,m u= - 1 .0+mustep;m u<l.0 ;mu+=mustep) 

out += 0.25 * (1.0-mu*mu)* ( (a l= an tideriv2(m u+ m ustep /2 .0 ,q) )
-  (a 2 = a n tid e riv 2 (m u -m u ste p /2 .0 ,q )));

r e t u r n ( o u t ) ;
>
/*  d if f c o e f f

THIS ROUTINE CALCULATES A MODIFIED SCATTERING COEFFICIENT. THE MODIFICATION SHOULD PROVIDE MORE ACCURATE f » ร NEAR THE SINGULARITY AT mu = 0.
NOTE: THIS IS NOT GOOD FOR q = 2.

* /

double d if fc o e ff(m u ,m u s tep ,ao v e rv ,q ,r ,v ,v sw )double mu, m ustep, aoverv , q, r ,  V ,  vsw;
{ double a l ,  a2, o u t, a rg , fo c u s le n g th ; 

double a n t id e r iv 2 ( ) ;double r a d iu s O ,  a rc le n g th O , z , f_ le n g th ()  ;

r  = r a d iu s (z ) ;  z = a r c le n g th ( r ) ; 
fo c u s le n g th  = f_ le n g th (z ,v s w );
a l  = an tideriv2(m u+ m ustep /2 .0, q ) ; 
a2 = an tid e riv 2 (m u -m u step /2 .0 , q) ; 
a rg  = ( 1 .0 /(2 .0 * ao v e rv * fo cu s len g th )) * ( a l - a 2 ) ;out = (1 .0 /(2 .0 * fo c u s le n g th ))  * (1.0-mu*mu) * (m ustep /2 .0 ) /  t a n h ( a r g ) ; 
r e t u r n ( o u t ) ;

>
/ *  a n tid e r iv 2

This ro u tin e  co n ta in s  th e  a n t id e r iv a t iv e  of the  in v e rse  of
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(th e  d if fu s io n  c o e f f ic ie n t  d iv id ed  by ampl*(l-mu*mu)) .
Note: t h i s  form ula i s  no t a p p ro p ria te  fo r  q = 2 .0  o r 3 .0 .

* /
double an tid e riv 2 (m u ,q ) double mu, q;
{ void  n r e r r o r O ;

i f  (q == 2 .0 ) n re r ro rC 'a n t id e r iv :  q = 2 .0 " ) ;  
return(m u*pow (fabs(m u),1 .0 - q ) / ( 2 .0 - q ) ) ;

>
/*  mudot

THIS ROUTINE CALCULATES THE RATE OF INCREASE OF mu DUE TO ADIABATIC FOCUSING.
For th e  s t r a ig h t  m agnetic f i e ld s  con sidered  h e re ,

* /
double m udot(v,m u,r,vsw )double V, mu, r ,  vsw;
{  “double c o s p s iO ; /*  co sp si(z ,v sw ) */

double fo c u s le n g th ; /*  1 /L (z)=  -1/B * dB/dz * /double out ;double R_ud; /*  co n s tan t param eter fo r  Archimedian s p i r a l  in  up anddownstream reg io n ;
* /double re lv w fQ ;double r a d iu s O ,  z , f_ le n g th ( ) ,  a rc le n g th O ;

z = a r c le n g th ( r ) ;
fo c u s le n g th  = f_ le n g th (z ,v s w );
out= 0 .5 * v * (l.0 -(m u* v*relv w f(z ,v sw )* c o sp s i(z ,v sw ))/(c * c )) /fo c u s le n g th ; 
ou t += (m u* re lvw f(z ,v sw ))/r * (1 .0 -1 .5 * (1 .0 -c o s p s i(z ,vsw )*co spsi(z ,v sw )) ) ;  
ou t *= (1 .0-mu*mu)/v; r e t u r n ( o u t ) ;

>
/*  a rc le n g th

FINDS THE PATHLENGTH ALONG AN IDEAL PARKER FIELD FROM THE SUN TO THE GIVEN RADIUS.
For t h i s  c o n f ig u ra tio n , we do not co n sider th e  ra d iu s , so we s e t  z = r

* /

double a rc le n g th ( r )double r ;
r e tu r n ( r  -  Z0FFSET);

>
/ *  ra d iu s
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FOR A GIVEN PATHLENGTH ALONG AN IDEAL PARKER FIELD FROM THE SUN, FIND THE RADIUS.
For t h i s  c o n f ig u ra tio n , we do not co n sider th e  ra d iu s ,  so we s e t  z = r .* /

double ra d iu s (z )  double z;{ r e tu r n ( z  + ZOFFSET);
>
/*  co sp si

FOR A GIVEN PATHLENGTH ALONG AN IDEAL PARKER FIELD FROM THE SUN, FIND THE COSINE OF THE FIELD’S ANGLE (ANGLE=0 IF RADIALLY OUTWARD).
* /

double cosp si(z ,v sw ) double z , vsw;
{  “double r_updow n(), R_ud, o u t; 

double ra d iu s  0 ,  r ;  r  = r a d iu s ( z ) ;R_ud = r_updow n(z,vsw ); 
out=(R_ud /  sqrt(R_ud*R_ud + r * r ) ) ;  
r e t u r n ( o u t ) ;

}
/*  dsecdz

d ( s e c ( p s i) ) /d z  i s  zero  fo r  t h i s  c o n fig u ra tio n .
* /
double dsecdz(z) double z;
{ r e tu r n ( 0 .0 ) ;
}
/ *  z e n i th

FOR A GIVEN PATHLENGTH ALONG AN IDEAL PARKER FIELD FROM THE SUN, FIND THE ZENITH ANGLE RELATIVE TO THE FLARE SITE (IN RADIANS).
For t h i s  c o n f ig u ra tio n , we do not co n sider th e  ra d iu s ,  so we s e t  z e n i th  = 0.

* /
double z e n ith (z )  double z;{ re tu rn (O .O );
>
/*  dzd t The Fokker-Planck c o e f f ic ie n t ,  D elta  z /  D elta  t .
* /

double d zd t(bet,m u ,z ,v sw )
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double b e t ,  mu, z , vsw;{  ~ “double re lv w f0 ,c o s p s i ( ) ; double V, out ;
v= bet*C;
out= m u*v*cospsi(z, vsw )+ relvw f(z ,vsw)-

(mu*mu*v*v*relvwf(z1v sw )* co sp s i(z , v sw )* co sp s i(z1vsw)) / (C*C);
r e t u r n ( o u t ) ;

>
/*  re lvw f i s  th e  v e lo c i ty  of th e  wind RELATIVE TO THE FIXED FRAME * /

double re lvw f(z ,vsw ) double z , vsw;{  "double r a d iu s O ,  o u t;
i f  (z < ZOFFSET) { out = -BETAD*C;
I  6out = -BETAU*C;
r e tu r n ( o u t ) ;

/ *  relvw s i s  th e  v e lo c i ty  of th e  wind RELATIVE TO THE SHOCK * /
/*  no need to  use r  r ig h t?  
double re lvw s(z,vsw ) double z , vsw;{ double out ;

i f  (z < ZOFFSET) { out = -BETAD*C ;
I  6out = -BETAU*C;
r e tu r n ( o u t ) ;

>
* /double re lvw s(z,vsw )double z , vsw;
{ double out ;

i f  (z < ZOFFSET) { out = -BETAD*C ;
I  e o u ?  = -B E T A U * C ; 

r e t u r n ( o u t ) ;

/*  thetam
R eturn th e  angle between th e  m agnetic f i e l d  and th e  shock normal 
fo r  z j u s t  < zsh ( in  r a d ia n s ) .
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* /double thetam (vsw) double vsw;
return(THETAM);>

/*  th e ta p
R eturn th e  angle between th e  m agnetic f i e l d  and th e  shock normal 
fo r  z j u s t  > zsh  ( in  r a d ia n s ) .

* /double thetap (vsw ) double vsw;
return(THETAP);

>
/*  d e c e lra te

For t h i s  c o n f ig u ra tio n , th e re  i s  no d e c e le ra tio n  away from th e  shock.as p rev ious motion we s e t
d e c e lra te (x x x ) = -p < d e lta  p /d e l t a  t>

* /
double d ece lra te (z ,m u ,vsw )double z , mu, vsw;
{  1 "double c o s p s iO , r a d iu s ( ) ,  r ;

r = r a d iu s ( z ) ;r e tu r n ( - r e lv w f ( z , vsw)* ( ( 0 .5 / r ) * (1 .0 - ( 3 . 0*mu*mu))*( 1 .0 -c o s p s i(z ,v s w )* c o s p s i(z ,v s w ) ) - ( ( l .0-m u*m u)/r)) ) ;
>

/*  e n r a t io  -  c a lc u la te s  th e  r a t io  of th e  p a r t i c le  energy in  the lo c a lf l u id  frame to  th e  energy in  th e  f ix e d  frame -  used in  th e  d if fu s io n  term .
* /
double en ra tio (m u ,z ,v ,v sw ) double mu, z , V ,  vsw;
{  “double relvw f 0 ;r e t u r n d  -  mu*v*relvwf ( z , vsw)/ ( o c )  ) ;
>
/ * This ro u tin e  c a lc u la te s  fo cus in g  len g th
* /double f_ len g th (z ,v sw ) double z , vsw;

double r_updow n(), R_ud, o u t; 
double r7  r a d iu s O ;
r  = r a d iu s ( z ) ;R_ud = r_updow n(z,vsw );
out= ( r  * (R_ud*R_ud + r* r)  * sqrt(R_ud*R_ud + r * r ) )  /

(R^ud * (2*R_ud*R_ud+r*r));
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r e tu rn (o u t)  ;
>

/* This ro u tin e  c a lc u la te s  Archimedian co n stan t in  Up and downstream
* /double r_updown(z,vsw) double z ,  vsw;
{  " ~double re lv w fO ; /*  R=vsw/omega s in ( th e ta )d efin e  th e ta  i s  angle r e l .  to  s o la r  N-pole and assume th a t  we a re  in  s o la r  e c l i p t i c  p lane 

s o . . s in ( th e ta )= =  1 
* /”re tu rn (fa b s(re lv w f(z ,v sw )) /O m e g a );

}



A p p e n d i x  D

S h o c k  w a v e s

A  q u a n tita t iv e  analysis 1 w il l be presented on ly  fo r o rd in a ry  gas dynam ic  shocks 

fo r w h ich  B  — 0. T h is  analysis w i l l  show th a t a gas goes from  be ing supersonic  

ups tream  o f the shock to  subsonic downstream  o f the shock. We now have the  

fo llow in g  conserva tion re la tions:

[pu ] = 0 (D . l)

[p u 2 +p] = 0 (D .2 )

' ( \ p u 2 +  7 - 1P) “] = 0 (D .3 )

E qua tio n  (D . l)  is equ iva len t to

P \U \ - = P2 U2
น2or —
น1

- EL
P2

=  l/^ S ) (D .4 )

where we have in troduced  the  ra t io  Z s =  p2/P i wh ich  is the  dens ity  “ ju m p ” or 
“ shock  j u m p across the shock. The v e lo c ity  ju m p  is inverse ly p ro p o rtio n a l to  
Z s E qua tions  (D .2 ) and (D .3 ) can also be w r it te n  in  te rm s o f the upstream  and

Copied from Cravens 1997
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dow nstream  values o f the  f lu id  variab les (see F igu re  D . l ) :

P \ U \  + P i

]1  P \ U 21 +  น1 = ( o /^ 2  +

pxu\

\
7

7 -  1P 2  น2-

(อ .5) 
(อ .6)

Le t us suppose th a t a ll the upstream  variables, p, น1, and Pi are known. 

Then  Equa tions (อ .4 )-(D .6 ) co n s titu te  th ree equations th a t can be used to  solve 

fo r the th ree unknowns, p2, น2) and p2. In  fac t, p2, น2, and p2 can a ll be found  in  
te rm s o f the  ups tream  sonic Mach num ber M \. We have

M l  = P i u \ and Mo P 2 U 22

ๆ P i  1 P 2

where 7  =  specific heat, Equa tions (อ .4 )-(D .6 ) can be solved to  o b ta in

น2 _  7  -  1 2
น1 7  +  1 +  (7 +  \)M l'

Hence, from  E qua tio n  (อ .4) the  shock ju m p  Z s is

(อ.?)

(D.8)

Z, = K  =  U- i  = 7 + 1
P l  ~  น 2 -  ๆ  -  1 +  j k (D .9 )

We can also use these resu lts to  fin d  the pressure ju m p , w h ich  is

P2 =  27M l -  (7  -  1)
Pi 7 + 1 (D . 10)

E qua tions  (อ .8 )-(D .10 ) are ca lled the Rankine-Hugoniot relations.
For M l = 1, we have น2/ น! =  P2 I pi — P2 /P 1 = 1; there is no shock and  

th e  flow  stays sonic (น =  C s). We cannot have M l <  1. B u t fo r M l > 1 we 

have Z s >  1, in d ica tio n  th a t the dens ity  increases and the  flow  speed decrease 
across the  shock (see F igu re  D . l ) .  N a tu ra lly , the mass flu x  m ust rem a in  constan t 
across a s teady-s ta te  shock in  o rde r to  prevent mass b u ild -u p  (o r loss) a t the  

d is co n tin u ity  surface. Because the flow  decelerates a t the  shock there is com ­

pression. Compression and slowdown are associated w ith  an increase in  pressure
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Upstream Downstream

U1 บ2

U1
P1 บ2

X

F ig u re  D . l :  Schematic o f shock wave showing the jum p in density and a drop in

velocity.



128

(and tem pe ra tu re ). The  tem pe ra tu re  ju m p  across the shock can be de rived from  
E qua tio n  (D .10 ) and a su itab le  equa tion  o f sta te . For o rd in a ry  a ir , p =  pRTn , 
b u t fo r a p lasm a p =  Pe - f  P i  = p^fi-(Te +  T j) , where r r i i  using the ion -acous tic  
speed, w h ich  inc ludes bo th  Te and Tj.

The  hypersonic limits o f the R ank ine -H ugon io t re la tions  can be found by  

ta k in g  the l im i t  M 2 —¥ oo:

Pi _  «1 7  +  1
p2 น2 7

lim  Zs — — — —  —» -  ' ■ j  ( =  4 fo r 7  =  5 /3 ) . ( D . l l )Ml —» 00

The  m ax im um  shock ju m p  fo r 7  =  5 /3 , is 4, b u t the m ax im um  pressure ju m p  is 

in f in ite :
ฑท 9rv

(D .12)l im ^  = -»
พ๊? P i 7 + 1

For supersonic flow  upstream  o f the shock, the downstream  flow  m ust be subsonic, 

as we can see by rea rrang ing  the R ank ine -H ugon io t re la tio n  to  get

?  (7 - 1 ) M ?  + 2
M2 27 M f - ( 7 - l ) - (0 .1 3 )

C lea rly , th is  equa tion  shows th a t the downstream  gas flow  is subsonic (M 2 <  1) 

fo r ups tream  gas flow  th a t is supersonic (Ml > 1 ). The  hypersonic l im i t  o f the  

dow nstream  Mach num ber is ( M |  —> (7 — l) / ( 2 'y ) ) ,  w h ich  is equal to  1 /5  fo r an 

idea l m ona tom ic  gas w ith  7  =  5 /3 .

Gas flow  across a shock is th e rm odynam ica lly  irrevers ib le ; th a t is, the  

net change o f en tropy is pos itive  and nonzero. The q u a n tity  pjp1 is re la ted  to  

the  en tropy  per u n it mass (o r specific entropy). Specific en tropy is a constan t 
fo r sm a ll p e rtu rb a tio n s  such as ty p ica l sound waves. The flow  is then said to  be 

isentropic. However, the specific en tropy increases across a shock:



129

Irre ve rs ib le  “ d iss ipa tion ”  o f b u lk  k in e tic  energy (pu2) in to  th e rm a l energy (p) 
takes place ins ide the shock d iscon tinu ity . T h is  d iss ipa tion  is re la ted  to  co llis ions  
in  an o rd in a ry  shock wave, b u t in  space plasmas, the shocks are co llis ion less, and  
th e  na tu re  o f the  d iss ipa tion  mechanism  becomes tr ic ky . Nonetheless, shock do 
ex is t in  space and thus d iss ipa tion  m ust be present, a lb e it associated w ith  m i­

croscop ic p lasm a in s ta b ilit ie s  and waves (i.e., small-scale s tru c tu re  in  the p lasma  
and fie lds) ra th e r th an  o rd in a ry  co llis ions.

We have ju s t analyzed o rd in a ry  gas shocks, b u t w ha t abou t M H D  shocks 

in  general? The  conservation re la tions  are much messier i f  we ra ta in  the m agne tic  

f ie ld  te rm s. However, fo r parallel shocks (B II น) the fie ld  again drops ou t o f 

the equations and we re -ob ta in  the  R ank ine -H ugon io t re la tions  fo r an o rd in a ry  

shock. B u t, as ju s t discussed, the d iss ipa tion  mechanism  fo r pa ra lle l, collis ion less  

shocks in  space p lasma is p rob lem a tic  (and no t very e ffic ien t). P a ra lle l shocks 
observed in  space are no t rea lly  d iscon tinu itie s  b u t appear as q u ite  th ic k  layers 
th a t had considerable p lasma tu rbu lence  associated w ith  them , as requ ired fo r  
the  d iss ipa tion .

D iss ipa tion  fo r co llis ion less perpendicular shocks (B T  น) is more effic ien t 

th a n  fo r pa ra lle l shocks and is associated w ith  ion g y ra tio n . T he  shock th ickness  

fo r th is  ca tegory o f shock is rough ly  equal to  an ion gyro rad ius . The M H D  version  
o f the  R ank ine -H ugon io t re la tions  can be found from  the  app rop ria te  conservation  

re la tio n s  b u t w i l l  no t be shown here. However, ju s t as fo r o rd in a ry  shocks, the  
dens ity  increases and the ve lo c ity  decreases across the shock. The  change in  the  
m agne tic  fie ld  can be w r it te n  w ith  Bn =  0 (and น =  นท, B =  i?()as:

น !Bi = น2B2 or ะ= ^ - - zs. (D .15)
B 1 น2 P i

The  m agne tic  fie ld  ju m p  is the same as the density jum p . The  general case is 

no t s im p le  b u t the hypersonic l im it  is the same as fo r o rd in a ry  shocks, Zs =
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( 7 +  l ) / ( 7 -  1)

Oblique MED shocks ( in  w h ich  the m agnetic  fie ld  is n e ith e r pa ra lle l to  nor 
pe rpend icu la r to  the  flow ) are even more com p lica ted  than  pe rpend icu la r shocks. 

The re  are even tw o types fo r ob lique shocks, one associated w ith  s low -m ode M H D  
waves and one associated w ith  fast-m ode waves. (P e rpend icu la r M H D  shocks are 

associated on ly  w ith  the fas t/m agne toson ic  mode.) For the  ob lique  fast-m ode  

shock wave, the  dens ity  increases and the flow  speed decrease across the  shock, 
as before, an ob lique fast-m ode shock; thus, the d ire c tio n  o f B m ust change 

across the shock fro n t.

M any examples o f shocks in  space plasmas exist:

1. Co llis ion less fas t-m ode M H D  shocks in  the so lar w ind  flow  ca lled p lane ta ry  

bow shocks have been observed by spacecraft a t a ll the  p lane ts in  the solar 
system  except P lu to .

2. Shocks ca lled in te rp la ne ta ry  shocks have been observed in  the  so lar w ind . 

These are no t associated w ith  p lanets b u t w ith  trans ien t so lar phenomena  

or w ith  in te ra c tio n  o f slow and fast ’’ s treams” in  solar w ind .

3. A  shock ca lled the heliosphere te rm in a tio n  shock is th o ugh t to  ex ist a t the  

ou te r bounda ry  o f the heliosphere, where the so lar w in d  runs up against 

the  in te rs te lla r m ed ium .

4. S low -mode M H D  shocks are th ough t to  be present in  the  E a r th ’s m agneto­

ta il.
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