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A P P E N D IX  A  

C o m p u te r P ro g ra m s

The commutator sequences in eq. (4.3.35) have been calculated 
by programming in Mathematica language. The representation o f all input 
variables in the program IS given as follows:

A  JB ,c operators

X coordinate operator

p momentum operator

H Hamiltonian

hb h - h l l n  = Planck'

a ,b arbitrary constant

พ CO (frequency)

บ unit matrix

ท in teger.
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m i-

O u i/11-

1»เ2เ-

NS/-

/«/*/ -

N V / -

/«////-

N 1 3 / -

/«//'/■ -

O u t / N / -

I n /1 5 / “

A * *  (b * *  c ) ะะ:ะ (a * *  b) * *  c

True

บทprotectfNonCommutativeMuItiply];

A _  * *  บ : ะ :  A  

บ * *  A _  : =  A

A * *  (b_ +  c_) ะ— A * *  B +  A  * *  c 

(a_ +  B _ ) * * c _  : =  A  * *  c  +  B * * c

N u m b e r Q f a ]  A =  T r u e ;

N u m b e r Q [ b ]  A ะ :  T r u e ;

n u m b e r 3 Q [ x _ ,  y _ , ท ]  : =  N u i n b c r Q [ x ]  & &  N u m b c r Q [ y ]  & &  N u m b c r Q [ n ]

A_ * *  (b_ ( x _ .  y _ A ท /; n u m b e r 3 Q [ x ,  y , ท ] ) )  ะะ:

((x y A ท) A * *  b)

(a_ ( x _ .  y_Aท /; number3Q[x, y, ท])) * *  B_ ะะะ

((x y A ท) A * *  b)

ProtectfNonCommutativeMuItiply]; 

commutator[A_, B_] :=  A * * B  — B * * A

commutatorfA, b] +  commutatorfB, a ] =  — 0

True

c o m m u t a t o r f a  A ,  b  b] — a b  c o m m u t a t o r f A ,  b] ะะ —  0 / /

E x p a n d A l l

Out/2 ร/- Truc



O u f  161-  T r u e

/„//-/- com m uta to r[A  +  B, c ]  — com m utator[A , c ]  — 

com m utator [ b , c ]  — —  0

O ui f i  7 -  T r u e

W W - com m uta to r[A , B * *  c ]  — com m utator[A , b ]  * *  c  

B * *  com m uta to r[A , c ]  — — 0

O u i/]8 /=  T r u e

1-1191- com m uta to r[A  * *  B, c ]  — A  * *  com m utator[B , c ]

commutator [ a , c ]  * *  b  ะ 0

O i i i im i -  T r u e

/«พ- com m uta to r[com m uta to r[A , b ] ,  c ]  +

com m uta to r[com m uta to r[c , a ] ,  b ]  +

com m uta to r[com m uta to r[B , c ] ,  a ]  =  — 0

0,41/201= T r u e

/«พ- xpC om m uta to r[exp r_ ] ะ —

E xpandA ll[exp r / / .  P  * *  X  : >  X  * *  P  — I hb บ ]

เท/ 22/ = N um berQ [hb ] T rue;

/«พ- com m utator[x , P  * *  P  * *  P  * *  p ] / /  xpCommutator

'«//«/- com m utator[A , B +  c ]  — commutator[A, b ] —

commutator [a , c ] ะ ะ  fl

0„แ2รเ- 4 I h b p * * p * * p
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/«พ-

0แ1เ2-//=

เท /2 5 / .~

Oui/2SJm

เท /2 6 /:  =

Oui/2~/=

เท /28/:=

Ouif 28J m

เท /2 9 /  =

Ou!(29/=

In f3 0 /  : -

O u i/30/=

เท /3 1 /  =

O u i/3 1/=

เท /3 2 /  *

O u i/3 2 /*

— 2 I h b x * * p * * p

commutatorfx * *  P  * *  P ,  P  * *  X * *  x] / /  xpCommutator

— 6 ht)2 X *  *  p — 3 I h b x * * x * * p * * p

NumberQfm] True;

NumberQfw] A— True;

commutator [p * *  P  /  ( l  m) +  (m /  2) พ A 2 X * *  X, p] / / xpCommutator

I hb m พ2 X

H =  p * *  p /  (2 m) +  a X * *  X +  b X * *  X * *  X

p * *  p
------------ b a x * * x  +  b x * * x * * x

2 m

c =  commutator[H, x] / /  xpCommutator

1 hb p 

m

d ะะ commutator[H, c] / /  xpCommutator

2 a hb2 X  3 b hb2 X *  * -  X----- -- ----  +  ------- — --------
m m

e ~  commutator[H, d] / /  xpCommutator

2 I a hb3 p 3 b hb4 บ  6 I b hb3 X  *  *  p

m2 m2 m2

f =  commutator[H, e] / /  xpCommutator

4  a 2 hb4 X 6  b hb4 p  *  *  p  1 8  a  b hb4 X  *  *  X 1 8  b2 hb4 X *  *  X *  *  X
~7 “ โ 1 71-------------• " -------------77------------m m m m

com m utatorfp, X * *  X * *  P  * *  p ] / /  xpCommutator
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O u lf3 3 J -

W 3 4 J ~

O u tf  3J  เ ­

ท,1 3 5 / -

O u l[3 5 J -

Im/ 3 6 /  -

Ouif  361 -

4 I a 2 hb5 p 30 a b hb6 บ  90 b2 hb6 X  60 I a bhb5x * * p  
m3 m3 m3 m3

90 I b2 hb5 X  *  *  X  *  *  p

๙

h ะะ commutator[H, g] / /  xpCommutator

180I b 2 h b 7 p  8 a 3 h b 6 X  60 a b h b 6 p * * p  132 a 2 b  h b 6 X  * *  X  

m4 m3 m4 m3
180 b 2 h b 6 X  * *  P  * *  p  360 a b 2 h b 6 X  * *  X  * *  X  270 b 3 h b 6 x * * x * * x * * x

4  --------------- --------- +  --------------------------------- 3------------------------------- +  ---------------------------------------------------------------------------m m nr

Ï ะะ commutator[H, h ] / /  xpCommutator

8 1 a3 hb7 P  252 a2 b hb8 บ 2160ab2 hb8 x 504 I a2 b hb7 X  * *  P 

m4 m4 m4 m4
3240 b3 hb8 X  * *  X  180 I b2 hb7 P  * *  P  * *  P  2160 l a  b2 hb7 X  * *  X  * *  P

m4 m5 m4
2160 I b3 hb7 x * * x * * x * * p

g ะะ: com m utator[H , f]  / /  xpCommutator

m

j — commutator[H, i]  / /  xpCommutator

5400 I a b2 hb9 P  4320 b3 hb10 บ 16 a4 hb8 X  504 a2 b hb8 P  *  *  P----------ะะ---------- +  --------—ะ-------  +  ---- ------------------------------—7— -------- +
m m m m

16200 I b3 hb9 X  * *  P  1032 a3 b hb8 X  * *  X  5400 a b2 hb8 X  * *  P  * *  P  
------------------ T --------------  +  -------------— T --------------------------------------— T-------- ------ 11 +m m
5832 a2 b2 hb8 X  * *  X  * *  X  8100 b3 hb8 x * * x * * p * * p

m

+
m m

10800 a b3 hb8 X  * *  X  * *  X  * *  X  6480 b4 hb8 X  * *  X  * *  X  * *  X  * *  X
+

m
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เ„เท-

O ut 13 " ! -

In f  38J *

Ouif 38J m

16 I a4 hb9 p 2040 a3 b hb10 บ  42120 a2 b2 hb'° X  24300 b3 hb10 p * *  p

k ะะ com m utator[H , j ]  / /  xpCommutator

m m m m
4080 I a3 b hb9 X  * *  p 162000 a bJ hb‘u X  * *  X  5400 I a bz hb* P  * *  P  * *  pI

m
3 h t 10

5

2 ,  1 9

+m m
42120 I a2 b 2 h b 9 X  * *  X  * *  p  162000 b 4 h b 10 X  * *  X  * *  X

+m m
16200 I b3 hb9 x * * p * * p * * p  108000 I a b3 lib9 x * * x * * x * * p

m m
81000 I b4 hb9 x * * x * * x * * x * * p

m

1 ะะ commutator[H, k ] / /  xpCommutator

116640 I a2 b2 hb“  p 243000 a b3 hb12 บ 
--------------- “ 7--------------- +  -------------- 7 -------------  +m m

729000 b4 hb12 X  32 a5 hb'° X  4080 a3 b hb'° p * *  p 
-----------------— ; --------------------  +  ---------------- T - --------------------------------------------------- - 7 --------------------- 1  +m m m
939600 I a b3 hb" X  * *  p 8208 a4 b hb10 X  * *  X  116640 a2 b2 hb10 X  * *  p * *  p

m m m
1409400 I b4 hb11 X  * *  X  ะ*:* p 96480 a3 b2 hb10 X  * *  X  * *  X

------------------ —T-------------------  +  ------------------- 7 ------------------  +m m
16200 b3 hb10 p * *  p * *  p * *  p 469800 a b3 hb10 X  * *  X  * *  p * *  p

+
m m

342360 a2 b3 hb10 x * * x * * x * * x  469800 b4 hb10 x * * x * * x * * p * * p
+m m

486000 a b4 hb10 x * * x * * x * * x * * x  243000 b5 hb10 x * * x * * x * * x * * x * * x
+m m



85

hi/391 -

O ui(3 9J-
2527200 I b4 hb13 P  32 I a5 hb11 p 16368 a4 b hb12 บ 780480 a3 b2 hb12 X 

m7 m6 m6 m6
1603800 a b3 hb12 P  * *  p 32736 I a4 b hb11 X  * *  p 5922720 a2 b3 hb12 X  * *  X

_7m m m
116640 I a2 b2 hb11 p * *  p * *  p 4811400 b4 hb'2 X * *  p * *  p

^ 7  , 7m m
780480 I a3 b2 hb" X  * *  X  * *  p 14256000 a b4 hb12 X  * *  X  * *  X

m6 m6 +
1069200 I a b3 hb" X  * *  p * *  p * *  p 3948480 I a2 b3 hb" X * *  X * *  X * *  p

m7 ๙
10692000 b5 hb12 X  * *  X  * *  X  * *  X  1603800 1 b4 hb" X  * *  X  * *  p  * *  p  * *  p

J  +—  J -------
7128000 1 a b4 hb11 X  * *  X  * *  X  * *  X  * *  p 4276800 I b5 hb" X  * *  X  * *  X  * *  X  * *  X  * *  p

m6 m6

ท ะะ: com m utator[H , l] / /  xpCommutator
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/«/■ /fl/ -

Out[40]*

0 ะะ com m utator[H , ท ] / /  xpCom m utator

2260800 I a3 b2 hb13 p 9830160 a2 b3 hb'4 ข 73483200 a b4 hb14 X---------- 11-----------  +  ---------- ะ-ะ---------  +  --------- —;----------- +
m 

6 1112
m m

64 a” hb"" X  32736 a4 b hb12 P  * *  P  38620800 I a2 b3 hb13 X  * *  P------ ------------------------—----------- + ---------------- ะ------------- - +m m m
110224800 b5 hb14 X * *  X 65568 a5 b hb12 X * *  X 6415200 I b4 hb13 P  * *  P  * *  P

m m mg

2260800 a3 b2 hb12 X * *  P  * *  P  ^  143272800 I a b4 hb13 X * *  X * *  P

m m
1659168 a4 b2 hb12 X * *  X * *  X 1069200 a b3 hb12 P * *  P  * *  P  * *  P

m m
19310400 a" b3 hb12 X * *  X * *  P  * *  P  143272800 I b5 hb13 X * *  X * *  X * *  P 
----------------------- — r 1------------------------ +  ---------------------- — r --------------------- 1  +m m
10238400 a3 b3 hb'~ x * * x * * x * * x  3207600 b4 hb12 x * * p * * p * * p * * p

m m8
47757600 a b4 hb12 x * *  x * *  X * *  P * *  p 26101440 a2 b4 hb12 X * *  X * *  X * *  X * *  X

■ 7  — + ----------------------------tF ---------------- —
35818200 b5 hb12 X * *  X * *  X * *  X * *  P * *  P 

m
29937600 a b5 hb12 X * *  x * *  X * *  X * *  X * *  x

+

m- +
12830400 b6 hb12 x * * x * * x * * x * * x * * x * * x

m
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/«/<//-

O u lf- i lJ -

q “  com m utatorfH , o] / /  xpCoinmutator

280908000 I a b4 hb15 p 64 I a6 hb13 p 148716000 b5 hb16 บ
m m m

131040 a5 bhb14 บ 14217120 a4 b2 hb14 X 70761600 a2 b3 hb14 p * *  p 
----------—I ---------------------------- — --------------  +

m m m8
842724000 I b5 hb15x * * p  262080 I a5 b hb13 X * *  p 197640000 a3 b3 hb14 X * *  X

m8 +m m
2260800 I a3 b2 hb13 p * *  p * *  p 545292000 a b4 hb14 X  * *  p * *  p

m8 m8
14217120 I a4 b2 hb13 X * *  X * *  p 874800000 a2 b4 hb14 X * *  X * *  X

+m m
47174400 I a2 b3 hb13 X * *  p * *  p * *  p 817938000 b5 hb14 X * *  X * *  p * *  p

,8 ,8m m
131760000 I a3 b3 hb13 X * *  X * *  X * *  p 1523610000 a b5 hb14 X * *  X * *  X * *  X

m m
3207600 I b4 hb13 p * *  p * *  p * *  p * *  p 181764000 I a b4 hb13 X * *  X * *  p * *  p * *  p

m m8
437400000 I a2 b4 hb13 x * * x * * x * * x * * p

m
914166000 b6 hb14 X * *  X * *  X * *  X * *  X

+m
181764000 I b5 hb13 x * * x * * x * * p * * p * * p

m
609444000 I a b5 hb13 x * * x * * x * * x * * x * * p

m
304722000 I b6 hb13 x * * x * * x * * x * * x * * x * * p

m

H 421:- r  —  com m utatorfH , q ] / /  xpCom m utator
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Oui/J 2/m
41999040 I a4 b2 hb15 P 352728000 a3 b3 hb16 บ 4984416000 a2 b4 hb16 X

+ + +m
7 1 , 14

m 
5 1 , 16

m
5 1.  1 , .  14128 a hb X 1853118000 b hb P * *  P 262080 a b hb P * *  P

m m m8 +

1397347200 la 3 b3 hb15x * *  P 17668044000 a b5 hb16 X * *  X
m8 m

+

524352 a6 b hb14 X * *  X 791208000 I a b4 hb15 P * *  P * *  P
m m

41999040 a4 b2 hb14 X * *  P * *  P 9794260800 I a2 b4 hb15 X * *  X * *  P
O  ̂ O Im m

17668044000 b6 hb16 X * *  X * *  X 29220480 a5 b2 hb14 X * *  X * *  X
+ +m m

47174400 a2 b3 hb14 p * * p * * p * * p  2373624000 I b5 hb15 x * * p * * p * * p

m9 m9
698673600 a3 b3 hb14 X * *  X * *  P * *  P 23094720000 I a b5 hb15 X * *  X * *  X * *  P

O  ̂ O ^m m
306171360 a4 b3 hb14 X * *  X * *  X * *  X 395604000 a b4 hb14 X * *  P *  *  P * *  P * *  P

m m
3264753600 a2 b4 hb14 x * * x * * x * * p * * p

m
. 6  1_, 15173210400001b hb x * *  X * *  X * *  X * *  P 

m*

1270080000 a3 b4 hb14 x * * x * * x * * x * * x

+

+

+
m

593406000 b5 hb14 x * * x * * p * * p * * p * * p
๙

5773680000 a b5 hb14 X * *  X * *  X * *  X * *  P * *  P 

2531088000 a2 b5 hb14 x * * x * * x * * x * * x * * x

+

m
3464208000 b6 hb14 x * * x * * x * * x * * x * * p * * p

m*
+

2437776000 a b6 hb 4 x * * x * * x * * x * * x * * x * * x
+

m
914166000 b7 hb14 X * *  X * *  X * *  X * *  x * *  X * *  X * *  X

m
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WW-

0 น เ1 4 1 เ-

ร — com m utator[H , r ]  / /  xpCommutator

206581104001 a2 b4 hb17 P 128 I a7 hb15 P 26121528000 a b5 hb18 บ
m m m

1048512 a6 b hb16 บ 78364584000 b6 hb18 X 257230080 a5 b2 hb16 X
m m m

2662113600 a3 b3 hb16 P * *  P 1500107040001 a b5 hb17 X * *  P
m m

2097024 I a6 b hb15 X * *  P 6407061120 a4 b3 hb'6 X * *  X
m8 m8 +

41999040 1 a4 b2 hb15 P * *  P * *  P 40575556800 a2 b4 hb'6 X * *  P * *  P
m m

225016056000 I b6 hb17 X * *  X * *  P 257230080 I a5 b2 hb15 X * *  X * '*  P
m m

47202912000 a3 b4 hb16 X * *  X * *  X 2967030000 b5 hb16 P * *  P * *  P * *  P
m m10 +

1774742400 I a3 b3 hb15 X * *  P * *  P * *  P 146651472000 a b5 hb16 X * *  X * *  P * *  P
m m

42713740801 a4 b3 hb15 X * *  X * *  X * *  P 144674424000 a2 b5 hb16 X * *  X * *  X * *  X
m

395604000 I a b4 hb15 p * * p * * p * * p * * p
m

m10 +

13525185.6001 a2 b4 hb15 X * *  X * *  P * *  P * *  P 
m9

146651472000 b6 hb16 X * *  X * *  X * *  P * *  P 
m9 T

236014560001 a3 b4 hb15 X * *  X * *  X * *  X * *  P
โm̂

196690032000 a b6 hb16 x * * x * * x * * x * * x

+

m
1186812000 I b5 hb15 x * * p * * p * * p * * p * * p

m10 +

32589216000 I a b5 hb15 x * * x * * x * * p * * p * * p
m»

57869769600 1 a2 b5 hb'5 x * * x * * x * * x * * x * * p
m

98345016000 b7 hb16 x * * x * * x * * x * * x * * x
m +
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24441912000 I b6 hb'5 x * * x * * x * * x * * p * * p * * p
_

65563344000 I a b6 hb15 X * *  X * *  X * *  X * *  X * *  X * *  p
_

28098576000 I b7 hb15 X * *  X * *  X * *  X * *  X * *  X * *  X * *  p
๙



APPENDIX B

C o m p u te r  P ro g ra m s

From equation (4 .3 .43c), we use programming in mathematica to 
calculate to find propagator K (x ,4 ,0  with quadratic and cubic potential terms. 
In the last step, we normalize G4 for finding normalization constant c  by 
using integration formula

7 - ( ax-J-bx+c)^ _ j't' - 4ac) / Aa

V a  ( B . l )

and condition

1 =  1 k ( x , 4 , 0)dx = |G 4  dx.

(B .2 )

The representation o f all input vanables in the program is given as fo llows :

c

b

GAO

พ

normalization constant 
arbitrary constant

KAO  (time - dependent integration constant) 
(O (frequency)

7,
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A = I  ทา พ / ( i l  s i n [ พ  t ] )  I n t e g r a t e ^  C o s [ w  t ]  -  Z +  b  x A2 / ( m  พ A2 )  C o s [ w  t ]  

+  b  x A2 / ( 2  ทา พ A2 )  C o s [ 2  พ  t ]  -

I  f i  b / ( m A2  พ A 3 )  S i l l [ พ  t ]  +  I i i  b / ( 2  ทาA2  พ A3 )  S i n [ 2  พ  t ]  -

3 b  x A2 / ( 2  ทา พ A2 )  +

4  b  X S i n [ w  t / 2 ] A2 / (ทา พ A2 )  ( x  C o s [ w  t ]  -  z ) , x ]

( I  m พ C s c [ t  พ] (

2 2
X ( - 2  ๖ z + m พ C o s [ t  พ] + 2 b  z C o s [ t  พ ] )

3 t  พ 2
2 b X ( - 2  + C o s [ t  พ ] )  S i n [ ---- ]

2
2

3 m พ

+

2 3
X ( - 2  m พ z -  2 I  b "h S i n [ t  พ] + I  b h  S i n [ 2  t  พ] )

■ )) /  ท
2 3

2 m พ

G =  G O [ t ]  E x p  [ A ]

2
P o w e r [E ,  ( I  m พ C s c [ t  พ] ( (x

2 2 
( - 2  b  z + m พ C o s [ t  พ] + 2 b z C o s [ t  พ ] ) ) / (2 m พ ) \

3 2 2 
+ (2 b X ( - 2  + C o s [ t  พ] )  S i n [ ( t  พ ) / 2]  ) / ( 3  m พ )  +

2 3
(x ( - 2  m พ z -  2 I  b  •b S i n [ t  พ] + I  b  -fl S i n [ 2  t  พ ] ) ) /  

(2 m พ ) ) )  /-b] GO [ t ]
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s o l g O = D S o l v e [ D [ G , t ]  -  l - f i / ( 2  m )  D [ D [ G , x ] , x ]  +  

I m  พ A2  x A2 / ( 2  i l )  G  +  I b  x A 3 / f i  G = = 0 , G 0 [ t ] , t ]

2 4 2 2 2
{ {GO[ t ]  - >  C [ l ]  ( - ( (m พ + 16 b  m w X + 24 ๖ X +

2 2 t  w 2
8 b  m w Z + 16 b x z )  L o g [ C o s [ ----- ] ] )  /  ( 2 m

2

Log [Sin [---- ] ]
2

2
+

( C s c [ ----- ] S e c [ ------ ] ( - 2 4  I  b h -  128 I  b m พ X
2 2

2 2 2 4 3 4 2
504 I b m พ X -  192 I  b m พ X Z -

2 2 2 3 3 4 2
624 I b m พ X z - 9 6 I b m  พ x z  -

2 2 2 2 2 2 2
192 I b m พ X Z + 3 I  b f i  C o s [ t  พ]

3 4 3
96 I  b m พ X C o s [ t  พ] + 

2 2 2 4
435 I  b  m w 

3 4

X C o s [ t  พ] +

2
192 I  b m พ X Z C o s [ t  พ] +

2 2 2 3
576 I  b m พ X Z C o s [ t  พ] +

4 6 2
24 I  m พ Z C o s [ t  พ] +

3 4 2
96 I  b m พ X Z C o s [ t .  พ]  +

2 2 2 2 2
192 I  b  m พ X Z C o s [ t  พ]  +

2 2
24 I  b  f l  Cos  [2  t  พ]  +

3 4 3
32 I  b  m พ X C o s [2  t  พ]  +

พ4) \



2 2 2 4
72 I  b  m w X C o s [2 t  w] +

2 2 2 3
48 I  b m w X Z C o s [2 t  w]

2 2 2 2 2 4
3 I  b -h Cos [ 3 t  w] -  3 I  b m พ X C o s [ 3  t  พ]

2 2 2 2 
36 I  b -h t  w S i n [ t  พ] + 6 b fi m พ X S i n [ t  พ]

3 5 3
96 I  b m t  w X S i n [ t  พ] +

2 2 3 4
348 I  b m t  w X S i n [ t  พ] +

3 5 2
144 I  b m t  w X Z S i n [ t  พ] +

2 2 3 3 ;
384 I  b  m t  w X Z S i n [ t  พ] +

2 2 3 2 2
96 I  b m t  w X Z S i n [ t  พ] +

2 3
72 b  -fi m พ X S i n [ 2 t  พ] +

2 2
96 b "fi m w X S in [2  t  พ] +

2
48 b -fi m w X Z S in [2  t  w] -

6 b  ' f i m w x  S in [3 t  พ ] ) )  /  ( 9 6 - f i m พ ) ) } }
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g 0 1 = s o lg 0 [ [ l , l , 2 ] ] /C [ l ]

2 4 2 2 2 2 2
- ( ( m  พ + 1 6 b m w  X + 24 b X + 8 b m w  z + 1 6 b  x z )

t  พ
Log [ S i n  [  ] ]

Log  [Cos [ ------] ] )  / ( 2  m พ ) - --------------------------- +
2 2

(C sc [ ----- ] S e c t ------] ( -2 4  I  b -h -  128 I  b m พ X -
2 2

2 2 2 4 3 4 2
504 I b m พ X -  192 I  b m พ X Z -

2 2 2 3 3 4 2
624 I b m พ X z - 9 6 I b m  พ x z

2 2 2 2 2 2 2
192 I b m พ X Z + 3 I  b h C o s [ t  พ]

3 4 3 2 2 2 4
96 I  b  m พ X C o s [ t  พ] + 435 I  b  m พ X C o s [ t  พ] +

3 4 2
192 I  b  m พ X Z C o s [ t  พ] +

2 2 2 3 4 6 2
576 I  b  m พ X Z C o s [ t  พ] + 24 I  m พ Z C o s [ t  พ] +

3 4 2
96 I  b  m พ X Z C o s [ t  พ] +

2 2 2 2 2 2 2
192 I  b m พ X Z C o s [ t  พ] + 24 I  b h C o s [2 t  พ] ■

3 4 3
32 I  b m พ X C o s [2 t  พ] +

2 2 2 4
72 I  b m พ X C o s [2 t  พ] +

2 2 2 3 2 2
48 I  b m พ X z Cos [2 t  พ] - 3 I  b 'h C o s [3 t  พ] -

2 2 2 4 2 2
3 I  b m พ X C o s [ 3 t  พ] + 36 I  b  -ท t พ S i n [ t  พ] +

2 2 3 5 3
6 b  -h m พ X S i n [ t  พ]  + 9 6 1 b m t  พ X S i n [ t  พ]  +
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2 2 3 4
348 I b m t  พ X S i n [ t  พ] +

3 5 2
144 I b m t  พ X Z S i n [ t  พ] +

2 2 3 3
384 I b m t  พ X Z S i n ( t  พ]

2 2 3 2 2
96 I b m t  พ X Z S i n [ t  พ]

2 3 2 2
72 b -b m พ X S i n [ 2  t  พ] + 9 6 b -fi m พ X S i n  [2 t  พ] +

2 2 2
48 b h m พ X Z S i n [ 2  t  พ] -  6 b f i  m พ X S i n  [3 t  พ] ) )  \

3 5
/  (96 f i  m พ )

บ ท ] ว r o t e c t [ E x p ]

{ E x p }

E x p [ x _ ] : = x

P r o t e c t [ E x p ]

{ E x p }

g 0 2 = N o r m a l [ S e r i e s [ g 0 1 , { b , 0 , l } ] ]

- L o g [C o s [ ----- ] ]  L o g [ S in [ ------]]
2 2

2 2
I 2 z พ t  พ
-  m พ Z C o s [ t  พ] C s c [ -----] S e c [ ------]
4 2 2

2 2 t  พ
( - 1 6  m พ X -  8 m พ z ) L o g [ C o s [ ------] ]

2

2 4
2 m พ

t  พ t  พ 3 4 3 3 4 2
( C s c  [ ------] S e c t ------] ( - 1 2 8  I  m พ X  - 192 I  m พ X z -

2 2

3 4 2 3 4 3
' 96 I m พ X Z + 96 I  m พ X C o s [ t  พ] +

3 4 2
192 I  m พ X Z Cos [ t  พ] +

3 4 2 3 4 3
96 I m พ X z Cos [ t  พ] + 3 2  1 m พ X C o s [2  t  พ]

3 ร 3
96 I m t  พ X S i n  [ t  พ] +
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3 5 2 2 3
144 I  m t  พ X z S i n [ t  พ] + 72 f l  m พ X S in [2  t  พ])

3 5
) /  ( 9 6  f l  m พ ) )

บ ท p ro te c t[E x p ]

{ E x p }

E x p  [ x j  := H o  ld F  o rm  [E x p  [x ]  ]

g 0 3 = E x p [g 0 2 ]

- L o g [ C o s [ -----] ]  L o g [ S i n [ ------] ]
E*p 1- - . - ? -------------------- *

I  2 t  พ t  พ
-  m พ Z Co s [ t  พ] C s c [ ----- ] Sec [ ------]
4 2 2

2 2 t  พ
( - 16  m w  x - 8 m w  z) L o g [C o s [ ----- ] ]

b 1. : " . ! . . ' -  ะ ! ! : : : ! !  t
2 4

2 m พ
t w  t w  3 4 3  3 4 2

(C s c [ ----- ] Sec [ ------ ] ( -128 I  m พ X 192 I  m พ x Z -
2 2

3 4 2 3 4 3
96 I  m พ X Z  + 9 6 I m  พ X C o s [ t  พ] +

3 4 2
192 I  m พ X Z C o s [ t  พ] +

3 4 2
96 I  m พ X Z Co s [ t พ] +

3 4 3
32 I  m พ X Cos [2 t พ] 4

3 5 3
96 I  m t  พ X S i n [ t  พ] +

3 5 2 2 3
144 I  m t  พ X Z S i n [ t  พ] + 72 f l  m พ X S i n [ 2  t  พ]

) ) /  ( 96 f l  m พ ) ) ]
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g 0 4 = S im p !ily [g 0 3 ]

t  พ
-Log [Cos [ -----] ]

Exp(. : : : : : ? : :

t  พ
Log [ S i n  [ ----- ] ]

2

2
+

I  2 t  พ t  พ
-  m พ z Co s [ t  พ] C s c [ ----- ] S e c [ ------]
4 2 2

t  พ
-4 (2 X + z )  L o g [ C o s [ ----- ] ]

b 1: . : : : . : : : : : : : : : : : : : :  t
m พ

( -  X Sec [ ------- ] ( - 9  I  -ft  C o s  [ ------- ] + 12 m t  พ X C o s  [ -------- ] +
6 2 2 2

2 t  พ 3 t  พ
18 m t  พ X Z C o s [ ------- ] -  9 I  ' l l  C o s  [ ------------- ] -

2 2

2 t  พ t  พ
16 m พ X S i n [  ] -  24 m พ X Z S i n [ ----- ] -

2 2

2 t  พ 2 3 t  พ 2
12 m พ Z S i n [  ] -  4 m พ X S i n [ ---------] ) )  /  (ü m พ )

2 2

) ]
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G l =  g04  E x p [A ]

Exp [ ( I  m พ C s c [ t  พ] (
2 2

X ( -2 b z + m w C o s [ t  พ] + 2 b z Co s [ t  พ])

2 b X  ( -2 + Co s [ t  พ] )  S i n [ ----- ]
. 2

2
3 m พ

+

2 3
X  ( -2 m  พ  z  - 2 I  b 'ft S i n [ t  พ] + I  b "ft S i n [ 2  t  พ] )  

2 3
)) \

2 m พ

t  พ t  พ
- L o g [ C o s [ ----- ] ]  L o g [ S i n [ ------] ]

-  m พ z Cos [ t  พ] C s c [ ----- ] S e c [ ------]
4 2 2
------------------------ - -------- : -------------ะ -  *

t  พ
-4 (2 X + z) L o g [C o s [ ----- ] ]

b « 1 1 - - A  +

m พ

( -  X Sec [ ----- ] ( - 9  I  f i  C o s t ----- ] + 12 m t  พ X Cos t ------] +
6 2 2 2

2 t  พ 3 t  พ
18 m t  พ X z Co s t ----- ] -  9 I  "ÎÎ Cos t ---------- ] -

2 2

2 t  พ t  พ
16 m พ X  S i n [  ] -  2 4  m พ X  z S i n t  ] ~

2 2

2 t  พ 2 3 t  พ
12 m พ z S i n t  ] -  4 m พ X  S i n [ --------- ] ) ) /

2 2

( f i  m  พ  ) ) ]
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G 2 = T  o g e th e r [G  1 ]

c E x p [ ( I  m พ C s c [ t  พ] (
2 2

X ( -2 ๖ z + m พ Co s [ t  พ] + 2 b z Co s [ t  พ])

3 t  พ 2
2 b X ( -2 + Co s [ t  พ] )  S i n [ ----- ]

. 2

2
3 m พ

+

2 3
X ( - 2  m พ z -  2 I  b -fi S i n [ t  พ] + I  b f i  S i n [ 2  t  พ] )

2 3
2 m พ

-)) \

t  พ t  พ
- L o g [ C o s [ ----- ] ]  L o g [ S i n [ ------] ]

-  m w z Cos [ t  พ] C s c [ ----- ] S e c t ------ ]
4 2 2
------------------------ - --------ะ -------------ะ -  ♦

t  พ
- 4  (2 X + z) L o g t C o s t ------] ]

m พ

I  t . w  t w  2 2 t w
( -  X Se c t ----- ] ( “ 9 I  'h Co s t ----- ] + 12 m t  พ X Co s t ------] +
6 2 2 2

2 t  พ 3 t  พ
18 m t  พ X  z C o s t -------] -  9 I  -ft C o s t ------------- ] -

2 2

2 t  พ t  พ
16 m พ X  S i n [ ----] -  24 m พ X  z S i n t ------] -

2 2

2 t  พ 2 3 t  พ
12 m พ z S i n [ ----] -  4 m พ X  S i n [ ----------] ) )  /

2 2

(b m พ ) ) ]
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G l=  g02  +  A

t  พ t  พ
- L o g [ C o s [ ----- ] ]  L o g [ S i n [ ------] ]

2 2

T  2

I  2 t  พ t  พ
-  m พ z C o s [ t  พ] C sc [ -----] Sec [ ------]
4 2 2

T

( I  m w C s c [ t  พ] (
2 2

X  ( -2 b Z + m w Co s [ t  พ] + 2 b Z Co s [ t  พ] )
----- ---------------------------- 1---- 1------------------- 1---- 11 +

2
2 m พ

3 t  พ 2
2 b X  ( - 2  + Co s [ t  พ] )  S i n [ -----]

2
----------------------------------------------------+

2
3 m พ

2 3
X ( -2  m พ Z -  2 I  b -h S i n [ t  พ] + I  b t  S i n [ 2  t  พ] )
---------------------------------------- —----- -------------------- ) /

2 3
2 IU พ

2 2 t  พ
( -16  m w  x - 8 m w  z) L og [Cos [ ----- ] ]

■fl + b ( ------------------------------------------------------------------------+
2 4

2 m w
t w  t w  3 4 3  3 4 2

(C sc [ ----- ] S ec [ ------] ( -128 I  m พ X  -  192 I  m พ X  Z -
2 2

3 4 2 3 4 3
96 I  m พ X Z  + 96 I  I J  พ X  Co s [ t  พ] +

3 4 2
192 I  m พ X  Z  Cos [ t  พ] +

3 4 2 3 4 3
96 I ' m  พ X  Z  Cos [ t  พ] + 32 I  m พ X  Cos[2 t  พ] +

3 5 3
96 I  m t  w X S i n [ t  พ] +

3 5 2 2 3
144 I  m t  w X Z S i n [ t  พ] + 72 -h m w X S i n [ 2  t  พ ] )

3 5
) /  (96 b m พ ) )
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G 2 = N o rm a I[S e n e s [G l , { b ,0 ,1 } ] ]

I  m พ ( - (x z) + --------------------- ) C s c [ t  พ] Log [Cos [ ------] ]
2 2

t w l  2 t w  t w
L o g [ S i n [ -----] ]  -  m พ Z  Co s [ t  พ] C s c [ ----- ] Sec [ ------]

2 4 2 2
-------------------- + ----------------------------------------------------------- +

2 ' ft

2 2 t  พ
( -16 m w  x - 8 m w  z) L o g [Co s [ -----] ]

b .. . +
2 4

2 m พ
t  พ t  พ 3 4 3 3 4
— - ] Sec [ ----- ] ( -128 I  m พ X - 192 I  m พ X
2 2

3 4 2 3 4 3
96 I m พ X z + 96 I  m พ X Cos [ t  พ] +

3 4 2
192 I  m พ X z C o s [ t  พ] +

3 4 2 3 4 3
96 I m พ X z Co s [ t  พ] + 32 I m พ X  Cos [2

3 5 3
96 I m t  พ X S i n [ t  พ] +

3 5 2 2 3
144 I  m t  พ X  Z  S i n [ t  พ] + 72 ft m พ  X  S i n [ 2  t  พ ] )

) /  (96 f t  m พ )  +

X  ( - 2  Z  + 2 Z  Co s [ t  พ ] )

( I  m w C s c [ t  พ] ( ----------------------------------------- - -  +
2

2 m พ 3

3 t  พ 2
2 X ( -2 + Co s [ t  พ] )  S i n [ ----- ]

2

3 m พ
X ( -2 I f t  S i n [ t  พ] + I f t  S i n [ 2  t  พ])

-) ) /  ft)2 3
2 m พ



103

G 3 = c  E x p [G 2 ]

I  m พ ( - (x z) + --------------------- ) C s c [ t  พ] L o g [Co s [ ------] ]
2 2

c Exp [-
h

t w l  2 t w  t w
L o g [ S i n [ ----- ] ]  -  m พ  Z  Co s [ t  พ ]  Csc [ ----- ] Sec [ ------]

2 4 2 2
_  _ _ _ _ _  _ _

t  พ

b (-
m พ X  - 8 m พ z) L o g [ C o s [ - —  ] ]

2
2 4 

2 m พ
t  พ

]
2

S e c t ----- ] ( -128 I  m พ
2

3 3 4 
X  -  192 I  m พ

96 I
3

m
4 2 3 4 

พ x z  + 9 6 l m  พ
3

X  C o s [ t  พ] +

192
3

I  m
4 2

พ X  Z C o s [ t  พ] +

96 I
3

m
4 2

พ X  Z C o s [ t  พ] +

32 I
3

m
4 3

พ X  C o s [2 t  พ] +

96 I
3

m
5 3

t  พ X  S i n [ t  พ] +

144 r „ 3
5 2

t  พ X Z S i n [ t  พ] +

72 ■ท
2

m
3

พ X  S i n [2 t  พ ] )) /
3 5

(96 -b m พ )  +

X  ( -2 Z  + 2 Z  Cos f t  พ])
( I  m พ C s c [ t  พ] ( ----------------------------------------- - +

2
2 m พ

' 3  t  พ 2
2 X ( -2 + Co s [ t  พ]) S i n [ ----- ]

2 3

3 m พ
X ( - 2  I  h SXn [ Z พ] + I  H S i n [ 2  t  พ])

) )  /  b ) ]2 3
2 m พ
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G4=Simplify[G3]

1 t  พ
-  m w X  ( - 2  z  + X  Cos [ t  พ]) C s c [ t  พ] L og [Cos [ -----] ]
2 2

c Exp [ -------------------------------------------------------------- ----------------------
-fl 2

t w l  2 t w  t w
L o g [ S i n [ -----] ]  -  m w Z  Co s [ t  พ] C sc [ ----- ] Sec [ ------]

2 4 2 2
r  T ”

3 2
x 2 I t x  3 I  t  X  Z  2 x  Co s [ t  พ]

b (-------+ -----------------+ -------------------- + ----------— -  -
2 -h R 2

๓ พ ]ท พ

8 X L o g [Co s [ ----- ] ]  4 Z  Log [Cos [ ----- ] ]
2 2

2
m พ

2
m พ

1 3  t  พ 3 t  พ
-  X  Sec [ ----- ] S i n [ ----------]
2 ; 2 2

7 1 3  t  พ
---------X  T a n  [ - — ]
2 2

-fl พ ÎÎ พ

2 t  พ 2 t  พ
5 I  X  Z  Ta n t ---- ] 2 I  X  Z  Tan t ----- ]

2 2

■ fl พ fl พ )]
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