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APPENDIX A

Computer Programs

The commutator sequences in eq. (4.3.35) have been calculated
by programming in Mathematica language. The representation of all input
variables in the program s given as follows:

A B,c operators
X coordinate operator
momentum  operator

H Hamiltonian
hb h-hitn = Planck
a,b arbitrary constant

o (frequency)
unit - matrix
integer.



mi-

Oui/11-

»2-

[<dIfl-

Jdlh -

Out/N/-

In/15/ *

A** (b * % C) : (a * % b) * * c
True

protecttNonCommutativeMultiply];

A v A
Fr A iz A

A ** (b_+ c) —A** B+ A ** ¢
(a_+ B_)**c_ = A ** c + B**c

NumberQfa] A= True;

NumberQ[b] A . True;

= number3Qx_, y_, ] := NuinbcrQ[x] && NumbcecrQ[y] && NumbecrQ[n]

A ** (b_(«_.y_A [; number3Q[x, y, 1))

(xyA)A ** b)
(a_(x_.y_A [; number3Q[x, v, 1) ** B_

(xyA ) A ** b)

ProtectfNonCommutativeMultiply];

-- commutator[A , B] = A**B — B**A

commutatorfA, b] + commutatorfB, a] =— 0

True

commutatorfa A, b b] — abcommutatorfA, b] — 0 //
ExpandAll

Truc



-

oufldl

1,011

Oouifi 7 -

ouill8l=

1-1191-

J« -

0,41/201=

2=

k-

Q2-

commutator[A, B + ¢] — commutator[A, b] —

commutator[a, c] f

True

commutator[A + B, €] — commutator[A, Cc] —
commutator[b, ¢] —— O

True

commutator[A, B ** c] — commutator[A, b] ** C
B ** commutator[A, c] —— 0

True

commutator[A ** B, €] — A ** commutator[B, C]
commutator[a, c] ** b 0

True

commutator[commutator[A, b], c]+
commutator[commutator[c, al], b]+

commutator[commutator[B, Cc], a]l]=— 0

True

xpCommutator[expr_] —

ExpandAlllexpr //. P ** x > x ** P — |hb ]
NumberQ[hb] True;

commutator[x, P ** P ** p ** p] // xpCommutator

4lhbp**p**p



J« - commutatorfp, x ** x ** » ** p]// xpCommutator

012 —2lhbx**p**p
psi- commutatorfx ** p ** p o p ** x ** x] [/ xpCommutator
Q@S —6 ht)2X** p—3 1Thb x**x**p**p

re:= - NumberQfm] True;

NumberQfw] A— True;

commutator[p ** p/ (I'm) + (m/2) A2X** X p] / / xpCommutator

Q2= lhom 2X
e M= p**pl(2m) + axtF K+ bi R xR x
0uif28Im  ——mmmmmmmm e bax**x + b x**x**x

2m

ni= € = commutator[H, x] // xpCommutator

1lhbp

m

oul(29/=

mao- d - commutator[H, c] // xpCommutator

2 ahb2X 3 b hb2X* . X

Ouif30/=

su= €~ commutator[H, d] // xpCommutator

21 ahb3p 3 b hb4 61bhb3x** p

m2 m2 m2

Ouil3l=

nu+ f = commutator[H, €] // xpCommutator

4 a2 hba X 6 bhbdp + + p 18a bhbdx + X 18 b2hb4 X+« X+ + X

m’ m 1 it ol

Ouild2/*

82



g . commutator[H, f] // xpCommutator

41a2hb5p  30ahhh6 90 b2 hb6 x 60labhbbx**p
m3 m3 m3 m3

90 | b2hb5x ** x ** p

Oulf33J-

wsa- N commutator[H, g] // xpCommutator

1801b 2hb7p 8a3hb6X 60abhb6p**p 132 a2b hb6X * * X
o mé m3 mé m3
180b2hb6X ** P ** p 360a b2hb6X ** X ** X 270 b3hb6x * * x * * x * * ¥
mA S m3 ' nr
sse | commutator[H, h] // xpCommutator
g lazhb7p 252 a2h hb8 2160ab2 hb8x 504 | a2b hb7x ** p
e mé m4 m4 md
3240 h3hb8x « + «x 1801 b2hb7p ++ pex p 21601a D2hbT7x ++ x++ p
m4 m5 m4
2160 | b3hb7x **x **x **p
m
wi - | — commutator[H, 1] // xpCommutator
| 5400 1 ab2hh9r R 4320 h3hbD 7 16 a4 hbBx 504 a2 hBe * « p .
Ouif 361- m m m m'
16200 | b3 hb9yx « « p 1032 a3b hb8x + + x 5400 ab2hb8x «+ p++ p
mT- + mT —mT ------ 1 +
5832 a2b2hb8x « + x ** x 8100 b3hb8x **x **p ** ,

m m
10800 ab3hb8x « + x «« x «+ x R 6480 b4 hb8x * + x *+ xx* x*+ X

m



-k commutator[H, j] // xpCommutator

161 a4hb9p 2040 a3b hbD 42120 a2b2hb' x 24300 b3hbDp ** p
e m m m m
4080 | a3b hb9x ** p 162000 ab3hb10x ** X d 54001 abzhb*p ++ p** p
m me m

421201 a2b2hb9X ** X ** p 162000 b4hb 10X ** X ** X s

m m
16200 | b3hb9x **p**p**p 108000 | ab3lib9x * * x * * x * * p

m m
81000 | bAhbOx * * x ** x ** x ** p

m

w1 commutator[H, k] // xpCommutator

116640 | a2b2hb* p 243000 ab3hbP2

Ouif 38m m7 + rﬁ =,
729000 b4 hb2 x 32 a5hb™ x 4080 a3b hb p** p
m ' m m :
939600 | ab3hb" x ** p 8208 a4 b hbDx - - « 116640 22b2hbDx ** p** p
m m m
ok
1409400Ib4hT;);‘IU.XHX .p+ 96480a3b2h_rinb7DXHXHX s
16200 b3hbDp** p** p** p  469B00ab3hbDx ** X ** p** p
m m
342360 a2b3hbDx * * x * * X * * x 469800 b4 hbDX * * x * * x * * p ** p R
m m

486000 ab4dhbDx * * x * * x * * x * * x s 243000 b5hbDx * * x * * x * * x * * x * * x
m m

84



- . commutator[H, 1] // xpCommutator
25272001 bAhbBP  321a5hbllp 16368 a4bhbR 780480 a3 b2 hb X
e m7 m6 mé m6
1603800 ab3hblp ** p 327361 adbhbllx ** p 5922720 a2b3hbLx ** X
g m m
116640 | @2b2hbllp** p** p 4811400 b4hb'2x ** p** p
fir m
780480 | a3b2hb" x ** x ** p 14256000 ab4hbRx ** X ** X
mé6 mé +
1069200 | ab3hb" X ** p** p** p 3948480 | a2b3hb" x ** X ** X ** p
m7
10692000b5hb]25**x**x**x 1603800 1b4hb" X ** X ** p** p** p
+— et

7128000 lab4dhbllx ** x ** x ** x ** p 4276800 | b5hb" x ** x ** x ** x ** x** p
m6 m6



MN- o commutator[H, ]// xpCommutator

2260800 I1%3b2hb13p N 9830160 a2b3hb'4 N 73483200_a}b4hbj4x R
m m
64a6r1_i51>‘_:_2x 32736 a4b hbp * * P N 38620800 | a2b3hbBx ** P
m m m '
110224800 b5 hbU X * * X 65568 abb hb2X** X 6415200 | b4hbBp ** p ** p
m m me
2260800 aB3b2hbR2X** p ++ p A 143272800 | abdhbBX** X** p
m m
1659168 a4 b2 hb2 X* * X** X 1069200 ab3hbL2p * * p** p*+ p
m m
19310400 &' b3hb_]2r>i** X** p ** p , 143272800 | b5rEBrX** X* * X**lP R
m m
10238400 a3b3hb'~ x * * x * * x * * x 3207600 bAhbRx **p**p**p**p
m m8
47757600 abdhbRx ** x** X** pP** p 26101440 a2b4hbR X* * X** X** X** X
17 — + tF —
35818200 bShbR X** X** X** X** p ** p
m
29937600 abShbR X* * x * * X** X** X** x
m- +
12830400 b6 hbI2x * * x * * x * * x * * x * * x * *
m

Out[40]*

+



Id<l- q

Oulf-il-

“ commutatorfH, o] // xpCoinmutator
280908000 | ab4hbBbp 641 a6hbBp 148716000 b5hbb
m m m
131040§|bhb]4 14217120_a4b2hb]4X + 70761600 a2b3hbMp** p
m m m8
842724000 | b5hb15x * * p 262080 | a5b hbBX** p 197640000 a3b3hbK X** X
m8 m m f
2260800 | a3b2hbBp** p** p 545292000 abdhbMx ** p** p
m8 m8
14217120 | adb2hbBx ** X** p 874800000 a2b4 hbU X** X** X
m m f

47174400 | @2b3hbBX** p** p** p 817938000 b5hbUX** X** p** p

m e
131760000 | a3b3hbBx « = x == x ** p 1523610000 ab5hbMx = = x =« x ** x

m m
3207600 | b4hbBp** p** p** p** p 181764000 | ab4d hbBX** X** p** p** p

m m8
437400000 | @2b4hbBx * * x ** x**x ** p

m

914166000 b6 hbU X* * X** X** X** X =

m
181764000 | b5hbBx ** x * * x ** p** p * * g

m
609444000 | ab5hbBx * * x * * x * * x ** x * * p
m

304722000 | b6 hbBx * * x * * x * * x * * x * * x * * p

m

H41- r — commutatorfH, q] // xpCommutator



41999040 | a4b2hbBP s 352728000 a3b3hb¥6 + 4984416000 a2 b4 hbX6 X R
m m m
1284 hb™ X 1853118000b° hb* P** P 262080 & b hb* P** P
m m m8
1397347200Ia38b3hb15x** P 17668044000 a b5hbBX* * X .
m m
524352 a6b hbUX** X 791208000 | abdhbbP** pP** P
m m
41999040 a4 b2hbM X** P** P 9794260800 | a2b4hbBX** X** P
o ) o I
17668044000 b6 hbBX* * X** X s 29220480 a5b2hbU X** X** X
m m
47174400 a2b3hbUp **p **p ** p 2373624000 | b5hbbx **p **p **p
m9 m9
698673600 a3b3hbUX** X** P** P 23094720000 | ab5ShbBX** X** X** P
m’ ¥ m’ '
306171360 a4 b3hbUX* * X** X** X 395604000 abdhbM X** P* * p** px* p
m m
3264753600 a2b4dhbUx * * x * * x ** p * * p
m
1732104000010 hb™ x ** X** X** X** P .
m*

1270080000 a3b4hbUx * * x * * x * * x * * x ]

+

+

m
593406000 bShoMx * * X * ¥ p * * p * * p * * p

5773680000 ab5hbhYX* * X** X** X** p*x* p .

2531088000 a2b5hbMx * * x * * x * * x * * x * *
m
3464208000 b6 hbHx * * x * * x ¥ * x ¥ * x ¥ * p* *
m*
2437776000 abBhb 4x * * x * * x * % x * * ) * * x * % x
m
914166000 b7 hbH X** X** X** X** yx** X** X*x* X

+

+

m



WW-

— commutator[H, r] // xpCommutator

206581104001 a2 b4 hbT7 P 1281 arhbBbP 26121528000 ab5hb1B
m m m
1048512 a6 b hb6 78364584000 b6 hbBX 257230080 a5b2 hb16 X
m m m
2662113600 a3b3hbBP** P 1500107040001ab5hbT7 X* * P
m m
2097024 | a6b hbBX** P 6407061120 a4 b3hb'6 X** X
m8 m8
41999040 1a4b2hbBP ** P ** P 40575556800 a2b4 hb'6 X** P** P
m m
225016056000 | b6 hbIT7 X** X** P 257230080 | &5b2hbBX* * X*'* P
m m
47202912000 a3b4 hbB X* * X** X 2967030000 b5hbBP** P** pP** P
m mD f
1774742400 | a3b3hbBX** pP** pP** p 146651472000 ab5hbB X* * X** P** p
m m
42713740801 a4 b3hbBX* * X** X** P 144674424000 a2 b5hbB X* * X** X** X
m m
395604000Iab4hb5p:6*p**p**p**p =
m
13525185.6001 @2b4dhbBX** X** pP** p** p s
m9
146651472000 b6 hb B X* * X** X** pP** p
m9 T
236014560001 a3b4hbBX** X** X** X** P
m
196690032000 a b6 hbIBx * * x * * x * * x * * X
m
1186812000Ib5hb5x**:[p))**p**p**p**p s
m
32589216000 | ab5hbBx ** x **x **p**p**p
112
57869769600 1a2b5hb'5x * * x * * x * * x * * x * * p
m
98345016000 b7 hbXBx * * X * * x * * x * * x * * x
m

+

89



24441912000 | b6 hb'SX * * x * * x * * x * * p ** p * *
65563344000 | abBhbBX** X** X** X*¥* X** X** p

28098576000 | b7 hbBX* * X** X** X** X** X** X** p



APPENDIX B

Computer Programs

From equation (4.3.43c), we use programming in mathematica to
calculate to find propagator k(x,4,0 with quadratic and cubic potential terms.
In the last step, we normalize G4 for finding normalization constant ¢ by
using integration formula

1 -(ax-d-bx+c)r _  jt - 4ac)| Aa
Va (B.1)

and condition

= (x.,4,0)dx = |G4 dx.
(B.2)

The representation of all input vanables in the program is given as follows :

c normalization constant
b arbitrary - constant
GAO kAo (time - dependent integration constant)

© (frequency)
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A=l /(il sin[ t]) Integrate”® Cos[w t] -Z+ b xA2/(m A2) Cos[w t]
+ b xA2/(2 A2) Cos|[2 t] -

Ifi b/(mA2 A3) Sill[ t] + lii b/(2 A2 A3) Sin[2 t] -

3 b xA2/(2 A2) +

4 b X Sin[w t/2]A2/( A2) (x Cos[w t] - z),x]

(I m Cscl[t 1 (

2 2
X (-2 zZ +m Cos[t ] + 2 b z Cos[t ])
3 t 2
2 b X (-2 + Cos[t 1) Sin[——2--]
+
2
3 m
2 3
X (-2 m z - 21 b"™ Sin[t ] + 1 b h Sin[2 t ])
1) /
2 3
2 m
G= GOJt] Exp [A]
2
Power[E, (I m Cscl[t 1 ((x
2 2
(-2 b z + m Cos[t ] + 2 b z Cos][t 1))/(2 m )\
3 2 2
+ (2 b X (-2 + Cos[t ]) Sin[(t )/2] ) (3 m ) +
2 3
(x (-2 m z - 21 be Sin[t ] + 1 b -l Sin[2 t 1))/

(2 m ))) /[-b] GO[t]



solgO=DSolve[D[G,t] - I-fi/(2 m) D[D[G ,x],x] +
I m A2 xA2/(2il) G + | b xA3/fi G==0,G0[t],t]

2 4 2 2 2
{{GO[t] -> CI[I] (-((m + 16 b mw X + 24 X

2 2 t w
8 b mw Z+ 16 b xz) Log[Cos[-— D)

Log [Sin [--=-
og [ In[2]]

+
(Csc[—— 1 Sec[————z——] (-24 I b h - 128 I b m
2 2 2 4 3 4 2
504 | b m X - 192 | b m X Z -
2 2 2 3 3 4 2
624 1 b m X z-961bm X z
2 .2 2 2 2 2 2
192 I b m X Z + 31 b fi CosJt
343
96 | b m X Cos[t ] +
2 2 2 4

435 I b m w X Cos[t ] +

3 4 2
192 | b m X Z Cos[t ] +
2 2 2 3
576 | b m X Z Cos[t ] +
4 6 2
24 | m Z Cos|t ] +
3 4 2
96 | b m X Z Cos[t. ] +
2 22 22
192 I b m X Z Cos[t ] +
2 2
24 | b fl Cos [2 t ] +
3 4 3

32 I bm X Cos[2 t ] +



2 2 2 4
72 1 b m w X Cos[2 t w] +

2 2 2 3
48 I b m w X Z Cos[2 t w]

2 2 2 2 2 4
3 1 b -h Cos[3tw - 31 b m X Cos[3 t ]

2 2 2 2

36 1 b -h t wsSin[t ] + 6b fim X Sin[t ]

3 5 3
96 I bm t w X Sin[t ] +

2 2 3 4
348 I b m t w X Sin[t ] +
3 5 2
144 1 bm tw X zsinpe 7+
2 2 3 3 :
384 | b mt w X ZSin[t ] +

2 2
9% I b m tw X Z Sin[t ] +

72 b -fi m X Sin[2 t ] +

2 2

9% b "fimwX Sin[2 t ] +

2

48 b fimwX Z Sin[2 t w] -

6b 'fimwx Sin[3t 1)) / (96-fim )) 1}
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g01=solgO[[l1,2]/C ]

2 4 2 2 2 2 2
-((m t+16bmw x+24b x +8bmw z+16b xz)
t
Log [Sin [ 11
Log [Cos [~=-11) /(2 m ) - +
2 2
(Csc[—] Sect——=] (24 1+ b -h - 128 1 b'm X
2 2
2 2 2 4 3 4 2
504 I b m X - 192 | bm X Z -
2 2 2 3 3 4 2
624 1 b m X z-961bm Xz
2 2 2 2 2 2 2
192 1 b m X Z + 31 b h Cos[t ]
Arxd—3 2 2 2 4
96 | b m X Cos[t ] + 435 | b m X Cos[t ] +
3 4 2
192 | b m X Z Cos[t ] +
2ULALEZNG 4 6 2
576 | b m X ZCos[t ] + 24 I m Z Cos[t ] +
3 4 2
96 | b m X Z Cos[t ] +
2 2 2 2 2 2 2
192 I b m X Z Cos[t ] +24 1 b h Cos[2t ] =
3 4 3
32 1 bm X Cos[2 t ] +
2 2 2 4
72 1 b m X Cos[2 t ] +
2 2 2 3 2 2
48 | b m X zCos[2t ] - 31Db 'h Cos[3 1t ]
2 2 2 4 2 2
31 b m X Cos[3t ] +36 1 b - t Sin[t ] +
2 2 3 5 3

6 b -hm X sSin[t ] +961 b m t X Sin[t ] +
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2 2 3 4
348 1D m t X sinpt ] +

3 5 2
144 1 b m t X Zsin[t ] +

2 2 3 3
384 1D m ot X ZsSin(t ]

2 2 3 2 2
9% 1 D m t X Z sin[t ]

2 3 2 2
72bbm Xsinf2t 1 +96 b sim X sinpzt ] +

wh hm xZ sinf2 t ] - 6 b him X sinz t]))

3 5
/ (96 fi m )

] rotect[Exp]
{Exp}
Exp[x_]:=x
Protect[Exp]
{Exp}

g0O2=Normal[Series[g01,{b,0,1}]]

Log[Cos[=-1)  Log[Sin[-])

2 2
2 2
| 2 z t
-m z Cos[t ] Csc[--] Sec[-]
4 2 2
2 2 t
(-16 m X - 8 m z) Log[Cos[-- 11
2
2 4
2 m
t t 3 4 3 3 4 2
(Csc [ ] Sect-—-- 1 (-128 I m X 192 I m X z
2 2
3 4 2 3 4 3
96 | m XZ + 96 1 m X Cos[t ] +
3 4 2
192 I m X Z Cos[t ] +
3 4 2 3 4 3
96 | m X z Cos [t ] +32 1 m X Cos[2 t ]
3 3
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3 5 2 , 2 3
144 1 m X z Sin[t 1+ 726 m X Sin[2 t )

3 5
)y /I (96 fl m ))

protect[Exp]

{Exp}
Exp[x j:=HoldForm [Exp [x]]

g03=Exp[g02]

-Log[Cos[-—]]  Log[Sin[-—]]

Epl - .- ? A s
| 2 t t
" z Cos[t 1 Csc[-] Sec[---é--]

2 2 t
(-16 mw x-8mw 2z) Log[Cos[-]]

b1:".!..'- Ml ¢
A
2m
tw tw 3 43 342
(Csc[--] Sec[---] (-128 | m x 192 1 m X z-

2 2
DS seay) 3 4 3
9% | m xz +961Im x Cos[t | +
dcKOR3
192 I'm x zCost ]+
3 4 2
96 | m x z Cos[t | +
3 43
32 1 m x Cos[2t ] 4
3 53
9% | m t x Sin[t ] +
3 5 2 , 2 3 ,
144 1 m t x zSin[t ] +72fl m x Sinf2 t ]

)) 1 (%6 flm )]



g04=Simp!lily[g03]

Log[Cos [~]]  Log[Sin [=-]
Bl 0?1 = .
2
| 2 cosi”V t S t
) m z Cos[t ] sc[niq ec[nén]

o I == = == =

(- X Sec[——] (-9 | -t Cos[-—] + 12 mt

6 2 2
2 t 3t
18 mt X ZCos[——] - 9 1 'l Cos [~ ] -
2 2
2 .t ot
6m x Sin[ |]-24m xzSin[-] -
2 2
2 .t 2 . 3t .
2m 2z Sin| , ] - 4m x S|n[nn£nﬂ)) [ (0 m

)]



Gl=g04 Exp[A]

Exp[(I m Csc[t ] (

2 2
X (-2bz+mw Cos[t ] +2b zCos[t ]

2b . (2 +Coslt ) Sin[~]

2
3m

2 3
(2. T 201 bMtSinft ]+l bRSn2t )
e )\

2 m

Log[Cosf==]]  Log[Sin[~]

-4m z Cos[t ] Csc[--] Sec[---é--]

-4 (2 X+ 2 Log[Cos[t-----]]

b «11--A +

(- x Sec[--] (-9 I fi Cost—] + 12 mt x Cost---] +
6 2 2 2

2 t . 3t
18 mt x z Cost—-] - 9 | "Il CoSt-mrmsmm- ] -
2 2

2 .t t
16m «x Sin[ ]-2am «x2ZSint ]~
2 2

0. 2 sint ] ZSin[3t 1) |
m 2 4 m X 2



100

G2=Together[G 1]

c Exp[(I m Csc[t ] (

2 2
x (2 z+m Cos[t ] +2b zCost ]

3 ot
26 x (-2 +Cost ] Sln[---z--]

2
3m

2 3
X (-2 m z-21 b4 Sinft 1+1brsiSin[2t ])
) 3 )\

Log[Cos[=—]]  Log[Sin[~]
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