
C H A P T E R  I I
F E Y N M A N  P A T H  I N T E G R A T I O N

I n t r o d u c t i o n

In th is  ch a p ter , w e w ou ld  like to  show  how  w e can fo rm u la te  th e  F ey n m a n  

p rop agator  from  ev o lu tio n  op erators o f  Schrôdinger q u an tu m  m ech a n ics . T h e  

d eta ils  o f th e  ca lcu la tio n s o f p rop agator from  path summations can  b e  fou n d  

in  th e  te x t  o f  F ey n m a n  an d  H ib b sfl 1]. A lso , w e show  th e  fo rm u la tio n  o f th e  

s ta t is t ic a l op era tor  in  term s o f p a th  in tegra ls. T h is  s ta t is t ic a l op era tor  w ill b e  

u sed  in  th e  ca lcu la tio n  p rocess o f th e  q u an tu m  average in  our w ork.

P r o p a g a t o r  f ro m  E v o lu t io n  O p e r a to r

T h e  w ave fu n ctio n  'Jz(f) o f  a q u an tu m  m ech an ica l sy s te m  w ith  a H a m ilto ­

n ian  7i ev o lv es  accord in g  to  th e  Schrôdinger eq u ation

i n ^ r  =  * * พ  (31)

Its so lu tio n , d ev e lo p in g  from  'F(fo) at t o ,  m ay be p resen ted  in  th e  form

(t) = û ( t , t 0 ) ^ ( t 0) , t  > t 0 , (32)

w h ere th e  u n ita ry  ev o lu tio n  op era tor , Û , sa tisfies th e  eq u a tio n

in '% ^  = HW(Mo), (33)
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w ith  Û(to,to) =  1. It m ay  b e  form ally  so lved  in  term s o f a  tim e-o rd ered  e x p o n e n ­

tia l

û(t,t0) =  T e x p ^ - ^  J  'H'ds'j . (3 4 ) ,

T h e  tim e-o rd er in g  operator, T , acts accord in g  to  th e  fo llow in g  d efin itio n

พ ่ =  พ ะ : ’• • • พ , .
t i n  -'> t i n_ 1 > ... >  t i 2 > t i l  > (35 )

w h ere ( i i , . . . , f n) is a p erm u ta tio n  o f th e  in d ices ( 1 , . . . , ท ). T h u s in  th e  e v o lu t io n  

op era tor  e q .(3 4 ), t im e  is th e  ordering p aram eter. If th e  H a m ilto n ia n  'Hit) h as an  

e x p lic it  t im e  d ep en d en ce , th en  th e  in tegran d  in  th e  ev o lu tio n  o p era to r  c o n ta in s  

t im e  b o th  e x p lic it ly  and as th e  ordering p aram eter

û{t,t0) =  T e x p ^ - ^ -  J  'Hs{s)ds'Sj  . (36 )

It w as sh ow n  by Feynm an[12] th a t u nder th e  ord erin g  o p era to r  s ig n  in  

e q .(3 5 ) on e  m a y  consider th e  operators to  b e  co m m u ta tiv e  an d  h a n d le  th e m  as 

n u m erica l fu n ctio n s o f th e  ordering p aram eter.
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P a t h  I n t e g r a l  in  P h a s e  S p a c e

L et a sy s te m  b e  d escr ib ed  b y  a H a m ilto n ia n  fu n ction

/  e ,'(ûp+^ ) / i ( a , /5 ; t ) d na d n /3 (37)

in  th e  p h a se  sp a ce  w ith  th e  ca n o n ica l coord in ates p =  ( p i , . . . , p n), q =  (qi,...,qn), 
a n a lo g o u sly  a,/3 are n -d im en sio n a l v ec to rs , ap =ะ = 1 O - iP i and dna = da\...dan,
dn/3 = d(3i...d(3n. T h e  q u a n tiza tio n  is carried ou t b y  e sta b lish in g  th e  corre­

sp o n d en ce  to  th is  fu n c tio n  o f  th e  op era tor  (H a m ilto n ia n ) 7Î =  ii(p,q;t), w h ere  

p =ะ (p i, ...,pn);q = (qi,...,qn) are th e  m o m en tu m  and co o rd in a te  op erators. 

U n a m b ig u ity  o f  th e  q u a n tiza tio n  is ach ieved  b y  a certa in  ordering  o f th e  non- 

c o m m u ta tiv e  op era to rs P i , q i ( i  =  1 , ท) .  If it  is chosen  in th e  sy m m etr ic  form

th e  fu n c tio n  in  e q .(3 7 ) is a  W ey l sy m b o l o f  th e  H am ilton ian [13]. T o any op erator  

w r itte n  in  th e  sy m m e tr ic  form , its  Weyl_ sy m b o l is defined analogously .

For an  o p era to r  Â(p, q) its  m a tr ix  e lem en ts  in  th e  coord in ate  rep resen ta tio n  

and tra ce  are d e term in ed  b y  certa in  in teg ra l tran sform  o f its  W ey l sy m b o l

< î | 4 ( p . î ) l « 0 >  =  (2irhy‘ /  Al'p’ U j U exp ( บ ~  * ) )  d’"p’ (39)

(40)

F rom  e q .(3 7 )  th e  c o m p o sitio n  ru le fo llow s: if  Â = Â1Â2, th en



■ dnp id nqidnp2dnq2- (41)

U sin g  th e  W eyl sy m b o l in e q .(3 7 ) o f  th e  H a m ilto n ia n  a llow s on  th e  b asis o f e q .(4 1 )  

to  rep resen t th e  m atr ix  e lem en ts  o f  th e  ev o lu tio n  op era tor , e q .(3 6 ) ,

< „iM (M o )i,o>  =  £ " ° ’ exp { s S (M o)} n ^ f i ) ^  (42)

in  term  o f p a th  in tegral in  p h a se  sp ace , w here a c la ss ica l a c tio n  fu n c tio n a l is 

in tro d u ced

ร ,M o ]  =  [ ? ( ร ) ? ( ร ) - ^ ( ? ( ร ) > ? ( ร ) ) ] ๘ร> ? ( ร )  =  ~ J ~ -  ( 4 3 )

M ak in g  a p a rtitio n  o f th e  t im e  seg m en t [M o] in to  N parts:

to — <ร0 *̂  1̂ * ^ 2  <̂  ••• ^  5JY—1 «รjv — t

an d  in tro d u c in g  a set of a p p ro x im a tiv e  p ath s

gm (ร) -  j j - 1  +  ^  - S j - i ) , ; o  =  q ( t o ) , q n  =  q( t ) ;

p m(ร) =  P i

(44 )

(45 )

(46 )

for S j - I  <  ร  <  S j , j  =  l , . . . , i V ,  w e o b ta in  a fin ite  d im en sio n  from  w h ich  a fter  a 

l im it in g  tra n sitio n  jV —» ๐ 0  (so  th a t m a x j(s j  — S j _ x  —> 0) a p a th  in teg ra l resu lts:  

r«(‘) __ พ/.(5)
£ ™ ■ * > 'n  ร ? ?

For sy s te m s  w ith  H a m ilto n ia n  fu n ctio n s w hich  are q u a d ra tic  in  p:

ร) =  9 Y ^ \ P k - a k { q ) ] m k l \ p i - a t(q)] + V(q, ร) 
z  *1/=1

(4 7 )

(48)
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th e  p a th  in teg ra l in  m o m e n tu m  sp a ce  in e q .(4 2 ) m a y  b e  a cco m p lish ed  exp lic itly [14].  

N a m ely , a fter  th e  ch a n g e  o f variab les
ท

P k { s )  = a k { q ( s ) )  +  ^ r n k , q , ( ร ) + pk( ร )  (49)
(=1

th e  a c tio n  fu n c tio n a l e q .(4 3 )  tak es th e  form

S[t,to] = £(q(s),q(s)] ร)ds

J t  p'k(s)mk'p'l(s)ds (50)

w ith  a L agran ge fu n c tio n
 ̂ ท ท

ร) = 2 5 Z  ^mkiqi + ^2ak(q)qk -  V(q, ร). (51)z k,l= 1 jt=l
A fter  th is  th e  p a th  in teg ra ls  in  th e  co o rd in a te  q(s) and  m o m e n tu m  p'(s) sp aces  

are sep a ra ted , an d  th e  m a tr ix  e le m e n ts  o f  th e  ev o lu tio n  op era tor  eq .(4 2 ) are rep­

resen ted

<  q\û(t,t0)\q0 > = J  v[g3]exp(j^ £(q(s),q(s)i ร)ds^ (52)

in  term s o f F ey n m a n  p a th  in te g r a ls [ l l ] ,  th e  p rop agator  K(q, qo] t—to) =< q\û(t,t0)\q0 >. 
M ak in g  u se  o f a  se t  o f  a p p ro x im a ted  p a th s  eq .(4 5 ) on e  m a y  fo rm a lly  carry out 

th e  in teg ra ls  over m o m e n ta  an d  o b ta in  th e  F ey n m a n  p a th  in teg ra l by th e  ab ove  

d escr ib ed  lim it in g  tr a n s it io n  in  th e  f in ite -d im en sio n  a p p ro x im a tio n

£ % [ , ( . ) ] ® , «  =  Km /  ... เ ท < r พ ] n  ค ู* , -  (53)

w h ere on  a cco u n t o f  e q s .(4 7 )  a n d (5 1 ) th e  n o rm a liz in g  factors a ssu m e th e  form

/  d et | |m fc;|| 1 1/2
\[2icih(sj7sj-1)]n)i (54)



E x cep tio n a lly  im p o rta n t are p a th  in tegra ls o f G au ssian  fu n c tio n a ls , w ith  a L a­

grange fu n ctio n  w h ich  is q u a d ra tic  in b o th  q(s) and  q(s) ( th e y  c o n s t itu te  th e  b a ­

sis o f  a co n stru ctiv e  d efin itio n  o f a p a th  in tegra l) w h ich  h ave th e  form  o f  e q .(5 2 ) .  

Such p a th  in tegra ls m ay  b e  exp ressed  e x p lic it ly [11] 5 th ro u g h  th e  s ta t io n a r y  p a th  

q(s) o b ey in g  th e  E uler-L agrange eq u ation s,

d dC dc =  0, (& =  1,...,  ท) (5 5 )ds d<jk(s) dqk(s)
w ith  b ou n d ary  con d ition s q ( t o )  =  q o , q { t )  =  q :

< q\û(t,t0)\q0 > ะ= f(t,to)exp £(q(ร ), q(s)] ร)dรV  (5 6 )

T h e  tim e-d ep en d en t p re -ex p o n en tia l factor has b een  ca lcu la ted  on  th e  b a s is  o f  

eq .(5 3 ) in  a rath er general form  in re fs .[15, 16], see  a lso  [17].
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P a t h  I n t e g r a l s  R e p r e s e n t a t i o n  fo r  D e n s i ty  M a t r i x

T h e  s ta t is t ic a l op era tor  p{t) o f  a  m ix ed  e n se m b le  o f  sy s te m s  w ith  H a m il­

to n ia n  iï  o b ey s  th e  von  N eu m a n n  (or q u a n tu m  L io u v ille )  eq u a tio n

ท, p(t) (57)

Its so lu tio n  d ev e lo p in g  from  p ( t 0 )  at t o  m a y  b e  rep resen ted  a n a lo g o u sly  to  e q .(3 2 ) ,  

in  th e  form

p ( t )  =  p [ t , t 0 - , p ( t 0 ) ]

=  Û ( t , t o ) p ( t o ) Û ~ 1 { t , t o ) , t  »  t o ,  (58 )

w h ere th e  op era tor  w h ich  is th e  in verse  o f  eq .(3 6 )

Û-1 ( t ,  t o )  =  f - 1 exp J l  n s{ร)dร^
-  พ่*( t , t 0) (59 )

is ex p ressed  in  term s o f a reverse  t im e-o rd ered  e x p o n e n tia l. T h e  reverse  t im e ­

ordering op era tor  is defined  b y  th e  ex p ress io n

In term s o f p a th  in tegra ls , th e  d en s ity  m a tr ix  o f e q .(5 8 )  m a y  b e  w r itte n  in  th e  

co o rd in a te  rep resen ta tio n  as

p ( ç , ç ' )  =  < q \ p w  >

=  <  q\Ûp{to)Û~x\q > (61)
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In sertin g  th e  co m p le te  set f  dq\q X  q\ — 1 in to  e q .(6 1 ) , th en  w e g e t th e  resu lt

p { q , q ' )  = J d q o  J d %  <  q \ ù \ q o  > <  qo \p ( to ) \qo  > <  q ' o \ ù ~ x \q >  . (62)

From  th e  exp ression  of <  q\Û\qo >  in e q .(5 2 ), w e get

p(q,q') =  J  dqo J  dq'0p(q0) %)
■ J  V[qs] J  ̂ ]  e x p { ^ J  ds(C(q,qi ร)
-C{q',q'-s))ds}. (63 )

T h is is th e  exp ression  of p ath  in tegrals rep resen ta tio n  o f d e n s ity  m a tr ix  a n d  w ill 

b e u sed  e x ten s iv e ly  in our ca lcu la tion s o f q u a n tu m  tran sp ort p ro b lem .

P r o p a g a to r  fo r  th e  M o d e le d  S y s te m

From  our m od eled  sy stem  d iscu ssed  in  th e  p rev iou s ch a p ter , w e  w o u ld  

like to  w rite  dow n th e  exp ression  o f th e  p rop agator o f su ch  sy s te m . F rom  th e  

exp ressio n  o f th e  H am ilton ian  in e q .(3 0 ), its  corresp on d in g  L agran g ian  is

£(r, r;t) = ^ m r 2 + - A  ■ r  — V ( r )  (64)

T h e  p o ten tia l V(r) depends on th e  k ind  and con figu ration  o f th e  im p e r fe c t io n s .  

W e w ou ld  like to  supp ose th a t if  th e  im p erfec tio n s are b e in g  fix ed  sc a tte r er s  o f  

im p u rities  and random ly d istr ib u ted , th is  is ca lled  random system [18]. w e a lso  

su p p o se  th a t th e  scatterin g  processes are tw o -b o d y  in tera c tio n s , th e n  w e ca n  w r ite  

th e  p o ten tia l term  as

V(r) =  ] P v (r -R i)i (65 )
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w h ere Ri is th e  s ite  o f  im p u rity . W ith  th is  L agran gian , th e  p ro p a g a to r  can  b e  

ex p ressed  as

K(rT,r0]T) = j  v [ r  f] ex p  dtC(r,r]t) -  l- J  dtV(rt)} (66)

To con sid er  th e  d y n a m ica l p ro p erties  o f an e lec tro n , w e w ou ld  lik e  to  ta k e  an  effect 

o f sc a tte r in g  w ith  im p u rities  b y  averagin g  th e  p rop agator  over  a ll th e  sc a tte r in g  

p o te n tia l at all s ite s  v ia  th e  ex p ressio n

Kav(rT,r0]T) = J  dVP(V)K(rT,ro]T) (67)

P(V) is th e  p o te n tia l d is tr ib u tio n . B eca u se  th e  im p u r itie s  are ra n d o m ly  d is ­

tr ib u ted , th en , for th e  sy s te m  o f  th e  area A, th e  p ro b a b ility  to  fin d  o n e  im p u r ity  

lo c a te d  in  th e  sm a ll area dR is dR/A . T h en  for all im p u r it ie s  w e g e t  th e  

d istr ib u tio n

P(V) f  dRi f  dRfii (
=  J a - J a 6V § v{r (68)

w h ere th e  d e lta  fu n ctio n  is u sed  to  con tra in t th a t  th e  sc a tte r in g  is a ty p e  w e  

ch oose . W ith  th is  exp ression  o f th e  p o te n tia l d is tr ib u tio n , th e  a v era g ed  p ro p a g a to r  

o f e q .(6 7 )  b eco m es  to  b e

V ( r , ) d tK av(rT, r 0] T ) =  J  dVP{V) J  V[rt)exf?£( พ ํ พ - u t

=  J  T>[rt ] e *  i ï  c ( r 'f;t)dt J  ^ e - K  l o  V(r t - R ) d t
N

(69 )

w h ere w e h ave in teg ra ted  th e  p o te n tia l V and  u sed  th e  d e lta  fu n c tio n . A t th is  

s tep  o f ca lcu la tio n , w e w ou ld  lik e  to  u se  th e  id e n t ity

[ X f i ( X - l )  +  l] N— > ๐0 (70 )
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T h e  averaged propagator o f eq .(6 9 ) com es in to  th e  form

K av{ r T , r 0 - T )  = J v [ r t ]e* f 0T

•exp I n ( ^ J  1) }  (71)

A t th is  stage , w e further su p p ose th at th e  sca tter in g  p o te n tia l is w eak , th e n  w e  

can  exp an d  th e  exp on en tia l term  of sca tter in g  p o te n tia l on  th e  r igh t h an d  s id e  o f  

e q .(7 1 ) in to  series and keep on ly  th e first n on -van ish in g  term , th e n  w e g e t

I<av( r T , r 0] T )  = J  v [ r t ]e*  i ï  dtC(r-':t)

- exp  dt'W(rt - r t. ) }  (7 2 )

w h ere w e have assum ed th a t th e  configuration  average o f th e  sc a tte r in g  p o te n t ia l  

is zero , f  jyv(rt — R) =  0 , and define th e  p o te n tia l co rre la tio n  fu n c tio n

พ (rt — rti) =  N J  dRv(rt — R)v(rt' — R) (7 3 )

w h ich  is a n on loca l fu n ction  in tim e . For th e  secon d  term  on  th e  r igh t h an d  s id e  o f  

eq .(7 2 ) m ay  b e  expressed  it in  term s o f th e  impurity influence function ,4>(rt,rti) 
, as

l-<f>{rurt') =  - ^ 2  J  dt J0 dt'w(rt — rti) (7 4 )

T h is  term  w ill cause th e d ifficu lty  in th e eva lu a tion  o f th e  co rresp o n d in g  p ro p a g a ­

tor in  eq .(7 2 ). T h ere are m an y  w ays to  overcom e th is  d ifficu lty . W h a t w e e x p e c t  

to  do here is using  th e m od el of in fluence fu n ctio n a l in s te a d  o f  u s in g  th e  d irec t  

fu n ctio n  from  th e  C oulom b or screened C oulom b in te r a c tio n s . W e w ou ld  lik e  to  

use th e  gaussian model of th is p o ten tia l correlation  fu n c t io n f is ]

พ  (r t - 7 y )  =  ‘- (7 5 )
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w h ere w e h ave p u t tw o  p aram eters in to  th is  m o d e l. T h e  first o n e  is th e  s tr e n g th  

o f th e  s c a t t e r i n g , , w h ich  w e call th e  corre la tion  s tren g th  an d  th e  se c o n d  on e  

is th e  range o f  th e  correla tion , L , w hich  is ca lled  th e  co rrela tion  le n g th . M ore  

d eta ils  o f  our ca lcu la tio n  w ill b e  show n in  th e  su b seq u en ce  ch a p ter  an d  in  th e  n e x t  

se c tio n  w e w ou ld  like to  d iscu ss th e  exp ression  o f  th e  d en s ity  m a tr ix  in  F e y n m a n  

p a th  in teg ra ls  rep resen ta ion  for our ch osen  m o d e l.



D e n s i ty  M a t r ix  fo r  th e  M o d e le d  S y s te m

From  th e  L agrangian o f our m o d el sy stem  in  e q .(6 4 ), w e ca n  w r ite  d ow n  

th e  d en s ity  m a tr ix , in p ath  in tegrals rep resen tation  5e q .(6 3 ), as

p ( r T , r ' T )  =  J  d r 0  J  d r ' 0 p ( r 0 , r ' Q )

■ J  v Vt] J  T>[r't}exp dt(C(r,r]t) -V (r t)) I
•ex p  { " " f t /  dt(£(r\r'-,t)-V(r't))\ (76 )

T h e  averaged  d en sity  m atrix  can b e  eva lu a ted  w ith  th e  sc a tte r in g  p o te n t ia l  d is ­

tr ib u tio n  in e q .(6 7 ), and resu lts in th e  exp ression

p a v { r T ,  rx ) =  J  d r °  J  d r o P ( r o , r ' 0 )

■ J  V[rt] J  P [ q ] e x p | ^  dt ( £ ( r ,  r; t) -  a y ,  r'; t ) ) |

' e x p { —^ 2  J  d t J  dt'(พ(rt - r t>)-2W(rt -r 't,)
+W(r't -  r j ,))}  (7 7 )

T h is  ex p ressio n  is derived under using  o f id en tity  o f eq .(7 0 ) an d  th e  a s su m p tio n  

o f w eak  sca tter in g  p o ten tia l. T h is resu ltin g  averaged d en sity  m a tr ix  w ill  b e  u sed  

in  th e  p roced u re o f quantu m  averaging in  our s tu d y in g  th e  q u a n tu m  tra n sp o r t  

p ro b lem  in su b seq u en ce chapters. .
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