
C H A P T E R  IV

Q U A N T U M  T R A N S P O R T  F O R  C L E A N  S Y S T E M

I n t r o d u c t io n

In this chapter we would like to determine the transport property of a 

two-dimensional system without imperfections in the system. This is a limiting 

case for the system of our consideration on transportation with imperfections. For 

this clean system, the Hamiltonian is

This describes an electron moving in a two dimensional system under an applied 

constant magnetic field B  in perpendicular direction and an external electric field 

f  =  —e£. A  in this expression is the vector potential of the magnetic field 

satisfying B  =  V X A.

In path integrals scheme, we would like to formulate this problem from the 

Lagrangian, £ ( r , r ; / ) .  From e q .( l l l ) ,  it can be written in the form

We will choose the symmtric gauge for the vector potential, A  =  (1/2)(yB,  —x B ). 

To treat this problem in more details, we would like to use the matrix notations;

* = ̂ + ^ 2 + /-f- (111)

(112)

/  \ 0 - 1, r  = (x, y ) and e =
\ y J V1 0 J



Then the Lagrangian in eq .(112) becom es

(113)

We shall use this Lagrangian in our clean system transport problem. In next 

section, we would like to determine the density of states of the system, and to see 

how an electron has energy under this condition. We shall determine its transport 

coefficients in the following section.

D e n s i ty  o f S ta te s

From the path integrals formulation, the density of states, ท(E),  can be 

determined from the Fourier transform of the propagator at the origin,

where /\(0 ,0 ;T )  is the Feynman propagator of this system at the origin, r j  — 0 
and r0 =  0. The expression of the propagator is

where £ (r, r ; / )  is the Lagrangian from eq.(113). Since £ (r , r ; / )  has a quadratic 

form, then its corresponding propagator will have exact expression, in the form

where F(T)  is called the pre factor function which is a function of the tim e interval 
T  only and can be evaluated from the classical action by the expression

A '(r,,r„ ;T ) =  F ( 7> < ,7*)s.(';/> (116)



44

which is called the van VIeck-Pauli determ inant. The classical action of this 

system, 5c/(r j,ro ; / ) ,  is well known, it takes the form

5“ (rr' ro;/) = 2̂ n r /2)1t(rl  + rl)cos(nT/-  2rTe^/Vo)

+■ — J  dt J  dt ' f tG(t , t ' ) fv  (118)

where G(t,t ')  is the Green’s function of this problem, it takes the form

G <‘> =  -  (ท /2 ) i  พ ท ิ )  ^ ' ' ' ' ^ พ- -  0

+ sm (f it /2 )sfn(fl(T  — t')/2)H(t '  — t)) (119)

W ith this classical action, we can get the corresponding prefactor F ( T ) , eq.(117), 

in the form

F ( T ) =  — ----- f f t y 2-— (120) ̂ ; 2 n i h s i n ( n T / 2 ) 1 ;

Then from the resulting classical action Sd, eq.(118), and its corresponding pref­

actor F(T),  eq.(120), the propagator, eq.(116), at the origin will take the form

K (0 0; T)  ะ= — ----- raW 2—^ ’ ’ '  2 r i h s i n { n T / 2 )
■ exp{-^ J  dt J  dt' f teud t~t’)l'2 f  1,

■ (sin(ü(T — t) /2)s in(Qt' / 2)H(t — t')

+ s in (รท/2)s in (n(T  -  t ' ) /2 )H(t '  -  t))} (121)
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Since

/  =  —e £  =  —e
(  e  \l-'X

£ y  /
then we can evaluate the integrals on the exponents of eq.(1 21 ) to be

2£ 2

h m Q

ท m(£l/2)sin(£lT / 2) l  dt l  ๙  œ s พ *  -  0 / 2 )sin(Sl(T -  0 /2 )s in (ณ '/2)
i (e£ ) 2 [ T tsin(£l(T — t)/2)sin(Clt/2)

l ' ----------- 7 ~ m ^ Â ------------ d t  ( 122)sin(QT  / 2)

In the limit of large magnetic field, ท —> ๐0 , we can approximate this integration 
to be

l { e £ f
4h mQ ■ T2,

then eq.(121) becomes

^ (อ, 0; T)  = 1 m fi / 2  
2irih s in[ f lT / 2 ) exp 1 (eg )2

4/Ï mf2

Then its corresponding density of states becomes

ท(E)  = /  A \  mCl/2 
\2Tr h  )  Tth

J  dT  exp I?< < r e x p p (£ - ( „  +  i ) Sn ) f - i ^

where we have used

___ 7} ____  =  2 i  V  p'("+i/2)nr
sin(ClT / 2) ^

Let us define the notations of the magnetic length and energy as

(123)

(124)

lg =  —7 7 , -Eh =  Tïfî and jEj =  e£/B mil
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and dimensionless parameters

r  = nr, =  I f  and =

then eq.(124) becomes

เ( £ ')  =  h  ( ^ )  ๔'r e x p { * X £ '- ( ”  +  l / 2 ) ) r - ^ V }

- พรJ  (E '-(n + l/ 2 ))2

re ** (125)

The resulting density of states in eq.(125) shows that the electric field ร  lift out 

the degeneracy of Landau levels from the delta function of ท0(E)  in the absence 

of the electric field,

M E ' )  =  ( ^ )  Ê « พ - ( ท +  1/2)). (126)

We also see that the density of states in eq.(125) will become the delta function 

as in eq.(126) when the electric field is small. This shows that the degeneracy 

comes back when the electric field is weak and it is lifted out when the electric 

field is strong. Figure(4.1) shows the evolution of the density of states, ท(£ ') , at 

any electric field strength.
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Figure(4.1). Plots of ท(E1) for the first six Landau levels as a function

of an electron energy E'  at different values of the electric energy 

Es,  (a) 0.01, (b) 0.05, (c) 0.1 and (d) 1.0, in the unit of 

magnetic energy.
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ท (E'  ) (b)

E'
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ท ( E ' )
( c)

E'

ท ( E'  )
(cl)
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T r a n s p o r t

W i t h  t h e  L a g r a n g i a n  i n  e q . ( 1 1 2 ) ,  w e  c a n  w r i t e  d o w n  t h e  c o r r e s p o n d i n g  

d e n s i t y  m a t r i x  i n  t h e  f o r m

p(rT,r'T) = J  dr0 J  dr’0p(r0,r'0)
J  V[r t] J  V[r't] e x p j ^  dt(C(r, r; /) -  £(r', r'; /'))J (127)

I t s  c o r r e s p o n d i n g  e q u a t i o n  o f  m o t i o n  o f  t h e  p a t h  r t  a t  t h e  t i m e  t  — T  i s

m  (r)T +  6 ( f ) T +  e£ =  0  ( 1 2 8 )

w h e r e  t h e  q u a n t u m  a v e r a g e  <  . . .  >  i s  m a d e  w i t h  r e s p e c t  t o  t h e  d e n s i t y  m a t r i x  i n  

e q . ( 1 2 7 ) .  A t  s t e a d y  s t a t e ,  <  r > 7=  0  a n d  o n  t h e  m o v i n g  f r a m e  R, r =  R  +  u w i t h  

n o  i n t e r e s t i n g  w a s  a p p l i e d  t o  น่ a n d  น , e q . ( 1 2 8 )  t h e n  b e c o m e s

mftevD  +  eS =  0 . ( 1 2 9 )

w h e r e  w e  h a v e  u s e d  R =  V£) t h e  drift velocity o f  a n  e l e c t r o n  a t  a  s t e a d y  s t a t e .  

F r o m  t h e  m a t r i x  n o t a t i o n s  w e  h a v e  u s e d ,  w e  c a n  w r i t e  t h e  e l e c t r i c  f i e l d  F  a s  a  

f u n c t i o n  o f  V£) a s

o r

/ £1 \
e

(  \VDx

\ £ ‘  J 0 /  V VD> /

-1
VDx —e 0 - n £ r

L VDy J m ท
0  ; 1 1

(130)



51

T h e  c o e f f i c i e n t s  o f  t h e  e l e c t r i c  f i e l d  a r e  t h e  m o b i l i t y .  E q . ( 1 3 0 )  s h o w s  o n l y  t h e  

t r a n s v e r s e ,  H a l l ,  c o m p o n e n t  a n d  a b s e n c e  o f  t h e  l o n g i t u d i n a l  o n e .

T h e  m o b i l i t y  แ i s  d e f i n e d  f r o m  t h e  l i n e a r  c o e f f i c i e n t  o f  t h e  e l e c t r i c  f i e l d  

f r o m  t h e  r e l a t i o n

VD =  แร ( 1 3 1 )

t h e n  f r o m  e q . ( 1 3 0 ) ,  w e  g e t

' o  V -1

แ0 =  — ;m ( 1 3 2 )
y  f2 0  J

T h i s  s h o w s  t h a t  แXy =  —แ yx a n d

V y x  =
— e

„  a n d  แ11 — 0 .  m il ( 1 3 3 )

T h e  c o n d u c t i v i t y  o  i s  d e f i n e d  f r o m  t h e  e x p r e s s i o n

J  =  a0£

w h e r e  t h e  c u r r e n t  e n d s i t y  J  c a n  b e  w r i t t e n  a s  J  =  ท( — e )u £ > , t h e n  w e  c a n  g e t  t h e  

r e l a t i o n  b e t w e e n  แ0 a n d  (7o a s

a 0 —  ท(—e)//0

t h e n  w e  f i n d  t h a t  t h e  c o n d u c t i v i t y  c o m p o n e n t s  t a k e  t h e  f o r m s

,2

( 1 3 4 )

(J XX — n  a n d  O'yx —
n e

( 1 3 5 )m f i

A t  f i n i t e  t e m p e r a t u r e s ,  w e  c a n  u s e  t h e  Kubo-Greenwood  f o r m u l a  f o r  t h e  l o n g i t u ­

d i n a l  c o m p o n e n t  o f  c o n d u c t i v i t y ;

G XX ~  ( c) /  V , A E ' ) n ( E ' ) i E ' (136)
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a n d  f o r  t h e  t r a n s v e r s e  c o m p o n e n t ;

< v  = /  dE'f( £ > „ ( £ > ( £ ' ) (137)

w h e r e  f(E') i s  t h e  F e r m i  f u n c t i o n .  W e  h a v e  p u t  ad hoc i n t o  o u r  p r o b l e m  t o  k e e p  

t h e  m a n y  p a r t i c l e  e f f e c t ;

• ^ )  =  ( 1 +  e(E'-E’F)/E’kTj  ( 1 3 S )

w i t h  t h e  d i m e n s i o n l e s s  e n e r g i e s ,  E'p = E p/E n  i s  F e r m i  e n e r g y ,  a n d  E'k T =  k T /  Ed 

i s  t h e r m a l  e n e r g y .  F r o m  e q . ( 1 3 5 ) ,  t h e n  e q . ( 1 3 6 )  b e c o m e s

crxx =  0  ( 1 3 9 )
(£'-("+1,ท ) 3 I

E E  E k T

[1  +  e(E'-E'F)/E'k3.] 2

i n  t h e  u n i t  o f  ( e 2 / / i ) .  P l o t s  o f  ayx a s  a  f u n c t i o n  o f  E'p a r e  s h o w n  i n  f i g u r e ( 4 . 2 ) .

D is c u s s io n s

F o r  t h e  d e n s i t y  o f  s t a t e s ,  s e e  f i g . ( 4 . 1 ) ,  i t  i s  s h o w n  t h a t  t h e  e l e c t r i c  f i e l d  h a s  

r e m o v e d  t h e  d e g e n e r a c y  o f  t h e  s y s t e m  c a u s i n g  t h e  b r o a d e n i n g  o f  t h e  L a n d a u  l e v e l s .  

F o r  t h e  c o n d u c t i v i t y  c u r v e ,  f ig .  ( 4 . 2 ) ,  s h o w s  a  s t e p - l i k e  c u r v e  f o r  t h e  t r a n s v e r s e  

c o m p o n e n t .  T h e  l o n g i t u d i n a l  o n e  d o e s  n o t  a p p e a r .  T h i s  r e s u l t  i s  s i m i l a r  t o  t h e  

e x p e r i m e n t a l  r e s u l t  o f  v a n  W e e s  w h i c h  i s  t h e  p o i n t  c o n t a c t  m e a s u r e m e n t ,  s e e  

f i g . ( 4 . 3 ) .

'yx 1 1
E [t E '2 ^  jL

oo fCV  / dE'-
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F i g u r e ( 4 . 2 ) .  T h e  t r a n s v e r s e  c o m p o n e n t  o f  t h e  c o n d u c t i v i t y ,  cryx, 

i s  p l o t t e d  v e r s u s  t h e  F e r m i  e n e r g y  E'f .

T h i s  c u r v e  i s  e v a l u a t e d  f o r  t h e  t h e r m a l  e n e r g y  E'kT =  0 .1 .



F i g u r e ( 4 . 3 ) .  P o i n t  c o n t a c t  m e a s u r e m e n t  m a d e  b y  v a n  W e e s ,  et al,[2 9 ]  

a t  t e m p e r a t u r e  T  =  0 . 6 A ' .

T h e  e x p e r i m e n t a l  g e o m e t r y  i s  s h o w n  i n  t h e  i n s e t .
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