
CHAPTER 2

QUANTUM MECHANICS THEORY ; AB INITIO

Many attem pts have been made to  ob ta in  r e l ia b le  approximated 
s o lu t io n s  to  th e n o n r e la t iv i s t ic  Schroedinger eq u atio n , r e s u lt in g  
se v e r a l l e v e l s  o f  quantum mechanics c a lc u la t io n s  such as Cl (Configu
r a t io n  I n te r a c t io n ) , ab i n i t i o ,  CNDO (Com pletely N eg lect o f  D ifferen 
t i a l  O verlap), INDO (In term ed ia te ly  N eglect o f  D if f e r e n t ia l  Overlap) 
e t c .  In t h is  ch ap ter , one o f  th e most popular approxim ation in  f i e ld  
o f  quantum ch em ica l, namely the Hartree-Fock-Roothaan " LCAO-MO-SCF " 
procedure ( 3 2 , 3 3 ) w i l l  be p resented  The term "ab in i t io "  i s  synonymous 
fo r  t h is  method.

Ab I n i t io  M olecular O rb ita l Theory

Any p h y s ic a lly  ob servab le q u a n tity  can be c a lc u la te d  quantum 
m ech anically  i f  th e corresponding Schroedinger equation  can be so lv ed .

HT = ET (2 .1 )

According to  t h is  equation  the t o t a l  energy i s  obtained by 

E = < tI h It > (2 .2 )

where i s  norm alized t o t a l  wave fu n ctio n  o f  th e  system .
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a) D efin e an approximate Ham iltonian operator (H) fo r  th e  system .
b) S e le c t  some m athem atical fu n c tio n  Y (q.j ,q 2 , q ^ ,. . .  ) as th e  t r i a l  

wave fu n c t io n s , where q,j ,q2 .q ^ ,. .  • are a f i n i t e  number o f  v a r ia b le  
param eters.

c) Minimize th e  t o t a l  energy, (e q .2 .2 )  w ith r e sp e c t  to  v a r ia t io n s  o f  
th e  param eters.

พ  • พ V *
Cq̂  >q2 »q  ̂»• • • )  T Cq2 ,q 2 ,q^ »• • 0

More d e t a i l s  o f  the above co n secu tiv e  s te p s  w i l l  be b r ie f ly  
summarized as th e  fo llo w in g .

2 .1  The M olecular Hamiltonian Operator

The p rin cip le  o f the ab in i t i o  approach i s  based on the three
fo llow in g  step s:

I f  we are in te r e s te d  in  m olecular sy stem s, th e  t o t a l  
H am iltonian operator o f  th e system  w i l l  be g iven  as sum o f  a l l  
p o s s ib le  Coulombic in te r a c t ic n s  p lu s the k in e t ic  energy o f  the  
e le c tr o n s  and n u c le i .

H = -  l 1/2 M. vf -A _ A A
+ ? zz พA<B A B AB

1/2Ï
i

V2 - E zz . / r . . + E Eา/ r ,  . A า A Ai า <3
(2-1*)

where V2 _ 8  ̂ + 8  ̂ + —
8x2 d y 2  8z2

A and B are n u clear c e n te r s , and i  and j  rep resen t e le c tr o n s .  The 
f i r s t  term , th e  k in e t ic  energy o f  th e n u c le i ,  can be n eg lec ted
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according  to  th e Born-Oppenheimer approxim ation fo r  f ix e d  m olecular  
geom etry, s in c e  n u c le i are much h ea v ier  than e le c tr o n s  and th e ir  
m otions are expected  to  be much slow er. The l a s t  term, the rep lu sio n  
between th e n u c le i ,  i s  considered  to  be con stan t and can be put a p a rt. 
C onsequently, on ly  th e remaining terms should be considerd  w ith in  the  
H artree-Fock approxim ation.

where

Hel  .  Hc°re( i)  + I 1/1, ^  (2.5)

H=°re(i> = -1/21 V* - l  z  1 !-.r u

He  ̂ c a l le d  th e e le c tr o n ic  Hamiltonian operator d esc r ib in g  th e motion 
o f  e le c tr o n s  in  th e  f i e l d  o f  the n u c le i .

2 .2  The Hartree-Fock Wave Functions

2 .2 .1  Independent E lectron  Model

The ty p ic a l  approxim ation to  co n stru ct the m any-electron wave 
fu n ctio n  i s  th e Independent P a r t ic le  Approximation, based on 
o n e -e le c tr o n  sp in  o r b ita ls  (MOs) products o f  a s p a t ia l  o r b ita l  and 
a o n e -e le c tr o n  o r b i t a l .  The most conven ient way to  rep resen t a t r i a l  
wave fu n c tio n  fo r  a 2 n -e le c tr o n -c lo se d  s h e l l  system  i s  to  use a 
s in g le -d e te r m in a n ta l wave fu n c tio n , namely a S la te r  determ inant 
(3*1-35) g iv en  in  e q . ( 2 .6 ) ,  in  order to  serve  th e a n tisy m etr ic
p r in c ip le .
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y ^
/ 2nT '1 น ท ่1 ๓ , 2 (3) ï 2 (4, . . . T 11. a ) î 11(2n ) | , 2 . 6 ,

th e  one e le c tr o n  sp in  o r b ita l  (MO) '๚' and ริ'  ̂ r e s p e c t iv e ly  equal to  
^^( Œ ) and B ) , where a and B b eing  th e sp in  fu n c tio n s .

This approxim ation a u to m a tica lly  lea d s to  a sp in -u p  o f  th e  
ham ilton ian  in to  a sum o f  one e le c tr o n  op erators (Fock Operator)

where HC i s  the  
Exchange op erators

H = IF , = IHC 1 1 1

core Hamiltonian  *
r e s p e c t iv e ly .

+ I I ( 2 J .  -  K ) i< j 1 J

and J, and K.1 วํ

(2 .7 )

are Coulomb and

2 .2 .2  M olecular O rb ita ls  and the Linear Combination 
o f Atomic O rb ita ls  (LCAO) Approximation

The approximate Hartree-Fock o r b ita ls  can be expanded in  a s e t  
o f b a s is  fu n c tio n s  (<f̂  ) ( 3 6 ) as:

y = I c <f> (2 .8 )i  p p i l l

The fu n c tio n s  are o fte n  a sso c ia te d  w ith  atom ic o r b it a ls  o f  th e  
component atoms and e q .( 2 .8 )  i s  then know as the Linear Combination 
o f  Atomic O rb ita l (LCAO) approxim ation. The optim al v a lu es  o f  th e  
c o e f f i c i e n t s  c Jjj are determ ined by means o f  v a r ia t io n  p r in c ip le .
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B a s i s  F u n c t i o n s

A s  a p p e a r i n g  i n  e q . ( 2 . 8 ) ,  t h e  a c c u r a c y  o f  t h e  MOs depends 
d i r e c t l y  o n  n u m b e r  a n d  q u a l i t y  o f  A O s  , n a m e l y  " b a s i s  s e t "  in  u se . 
T h e r e  a r e  s e v e r a l  t y p e s  o f  a t o m i c  o r b i t a l - f u n c t i o n s  ะ 

S l a t e r  T y p e  O r b i t a l  ( S T O )  i s  a s  f o l l o w s  ะ

XST0 = Nr n̂_1 êxp(-(3r )Y1 m(e ,<j) ) (2.9)

S T O  w a s  o r i g i n a l l y  i n t r o d u c e d  b y  S l a t e r  ( 3 7 )  a s  approxim ations o f  
h y d r o g e n - l i k e  a t o m i c  o r b i t a l s  a c c o r d i n g  t o  e m p i r i c a l  r u l e s .  They were 
m o s t l y  u s e d  f o r  t h e  c a l c u l a t i o n s  o f  s m a l l  m o l e c u l e s .  A l t h o u g h ,  the  
a d v a n t a g e  o f  u s i n g  i s  t h a t  o n l y  a  f e w  f u n c t i o n s  a r e  n e e d e d  fo r  good 
d e s c r i p t i o n ,  S T O s  a r e  m o r e  a c c u r a t e  r e p r e s e n t a t i o n s  o f  exact atomic 
o r b i t a l s  b u t  t h e  i n t e g r a t i o n  o f  h i g h e r  f u n c t i o n s  i s  l a r g e l y  tim e 
c o n s u m i n g .

G a u s s i a n  T y p e  O r b i t a l  ( G T O  ( 3 8 ) )  c a n  b e  d e s c r i b e d  a s  :

XGT0 = Nr(n_1)exp(-3 r2)Yl  m ( e , cp ) (2.10)

G T O  i s  a n  a l t e r n a t i v e  c h o i c e  o f  S T O  a n d  o f t e n  u s e d  n o w a d a y s .  The 
i n t e g r a t i o n  o f  t h i s  f u n c t i o n  i s  e a s i e r  t o  s o l v e .  H o w e v e r ,  d u e  to  the  
d i f f e r e n t  s h a p e  o f  t h e  G T O  f r o m  S T O  t y p e  f u n c t i o n s ,  f o r  a  n e a r  reg ion  
f r o m  n u c l e u s ,  a  c o m b i n a t i o n  o f  G T O s  w i t h  d i f f e r e n t  e x p o n e n t  i s  
r e q u i r e d  t o  o b t a i n  e q u i v a l e n t  r e s u l t s .  C o n t r a c t i o n  i s  a p p l i e d  to  avoid
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a  t o o  l a r g e  s i z e  o f  t h e  c o m b i n e d  b a s i s  s e t .  F o r  e x a m p l e  , t h e  symbol 
S T 0 - 3 G  f o r  a  b a s i s  m e a n s  t h a t  e a c h  S T O  i s  a p p r o x i m a t e d  b y  a  l in e a r  
c o m b i n a t i o n  o f  t h r e e  G T O s , t h e  c o e f f i c i e n t s  b e i n g  c h o s e n  t o  minimize 
t h e  d i f f e r e n c e  b e t w e e n  t h e  S T O  a n d  i t s  S T 0 - 3 G  a p p r o x i m a t i o n .  There 
a r e  m a n y  G T O  e x p a n s i o n s  i n  c u r r e n t  u s e  w h i c h  h a v e  b e e n  o p t i m i z e d  fo r  
m o l e c u l a r  c a l c u l a t i o n s .

G a u s s i o n  L o b e  O r b i t a l  (  G L 0 (  3 9  , *10 )  )  a r e  t h e  m o s t  c o m m o n  form o f  
b a s i s  f u n c t i o n s  ;

GLO . .  (ท -1. / 2. / • o i l sX = N r  ) e x p ( - & r  ) ( 2 . 1 1 )

A n g u l a r  v a r i a b l e s  a r e  o m i t t e d  a n d  G L O s  l o c a t e d  a t  d if fe r e n t
p o i n t s  i n  s p a c e  a r e  u s e d  t o  r e p r o d u c e  t h e  c o n v e n t i o n a l  o r b ita l  
s y m m e t r y .  H o w e v e r ,  t h e y  a l s o  g i v e  s u f f i c i e n t  a c c u r a c y .

T h e  o r b i t a l  r e v i e w s  o f  b a s i s  s e t  c a n  b e  s e e n  f r o m  r e f . (63) 
a n d  n o r m a l l y  c l a s s i f i e d  a s :

a . Minimal b a s is  s e t s
T h i s  s i z e  o f  b a s i s  s e t  w i l l  c o n t a i n  o n l y  o n e  b a s i s  fu n ctio n  

f o r  a n  e l e c t r o n  i n  e a c h  o r b i t a l  o f  t h e  s y s t e m ,  f o r  e x a m p l e ,  the b a s is  
s e t  o f  N H ^  i s  1 s  f o r  H  a n d  1 s , 2 s  a n d  2 p  f o r  N

b. Extended b a s is  s e t s
E x t e n d e d  b a s i s  s e t s  a r e  l a r g e r  t h a n  m i n i m a l  b a s i s  s e t s .  The 

n u m b e r  o f  b a s i s  f u n c t i o n  r e s p r e s e n t i n g  e a c h  a t o m i c  o r b i t a l  can be 
v a r i e d ,  h i g h e r  t h a n  o n e .  T h e y  m a y  a l s o  i n c l u d e  a d d i t i o n a l  fu n ctio n s
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fo r  e x is t in g  e le c tr o n s  p o la r iz a t io n  fu n c tio n s , fo r  example p fo r  H 
or d and f  fu n c tio n s  fo r  h igher atoms. This fu n c tio n s  g iv e  a more 
f l e x i b l e  shape to  th e m olecular o r b i t a l s .  I f  th ere  are two fu n c tio n s  
fo r  each such atom ic o r b i t a l ,  then  th e b a s is  i s  r e ferred  to  as  
d o u b le -ze ta  q u a lity . A b a s is  which i s  o f  d o u b le -zeta  q u a lity  and 
in c lu d e s  p o la r iz a t io n  fu n c tio n s  i s  g en era lly  s u f f i c i e n t  to  g iv e  a 
c lo s e  approxim ate to  th e " H artree-Fock l im it  ".

2 .3  M inim ization o f  the T otal Energy (S e lf -C o n s is te n t  F ie ld  
Procedure)

O ptim ization  o f  th e  t o t a l  energy i s  performed by vary in g  th e  
v a lu es  o f  th e  c o e f f i c i e n t s ,  c ^ ,  in  e q . ( 2 .8 ) .  The m in im ization  proce
dure b eg in s w ith  the use o f  an i n i t i a l  guess o f  c ’ร to  c r e a te  a 
f i r s t  m atrix  o f  th e Fock operator F. The elem ents o f  th e m atrix F 
are ะ

F = HCOre + E p (yv|xc$ -  ใ / 2Cpxlvo) (2 .1 2 )
yv yv Xo Xa

The m atrix o f  th e elem ents o f  th e  core ham ilton ian , HCOre, co n ta in s  
the o n e -e le c tr o n  h a m ilto n ia n s, HC , fo r  e le c tr o n  moving in  th e  f i e l d  
o f  n u c le i  ะ

Hyv = <<̂ y ( i ) lH CU v (i)>  (2 .1 3 )

The second term in  e q .(2 .1 2 )  i s  th e tw o -e lec tron  p a r t. The elem ents o f  
th e d e n s ity  m atrix p and th e tw o -e lec tro n  in t e g r a ls ,  (yvjXo ) and
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(yo IvA ) 7 are g iven  by 

occ
p. = 2Fc c ( fo r  c lo se d  s h e l l  system ) (2 .1 4 )Aa 1 Ai a i

a n d

M i a )  .  / / ^ o j y i )  1 * J (2 )* 0 (2 )d T ldT2 (2 .1 5 )

[pa I Vi) = / / » ; ( l ) » o ( l ) _ L * - ( 2 ) * J ( 2 ) d l ] dT 2 (2 -1 6 )

F r o m  t h e  f i r s t  a p p r o x i m a t i o n  o f  F o c k  o p e r a t o r  m a t r i x  F ,  a  

s e c o n d  a p p r o x i m a t i o n  o f  c c a n  b e  o b t a i n e d  b y  s o l v i n g  o f  t h e  R o o t h a a n  

e q u a t i o n

F C  =  S C E (2 . 17)

w h e r e  F ะ 
c ะ 
ร ะ 
E ะ

F o c k  m a t r i x  

C o e f f i c i e n t  

O v e r l a p  m a t r i x  

E i g e n  v a l u e  m a t r i x

ร  i s  c o n t a i n i n g  t h e  e l e m e n t s  Ctf, [(J) > .  S i n c e  t h e  c o e f f i c i e n t  m a t r i x  i s
y V

c o n t a i n e d  i n  t h e  F o c k  m a t r i x ,  t h e  e q u a t i o n  c a n n o t  b e  s o l v e d  s t r a i g h t  

f o r w a r d .  A n  i t e r a t i v e  p r o c e d u r e  i s  r e q u i r e d .  I t  i s  s o - c a l l e d  S C F  ( S e l f  

C o n s i s t e n t  F i e l d )  p r o c e d u r e .



The process i s  carried out i t e r a t iv e ly  u n til the to ta l
e le c tr o n ic  energy o f  th e system remain unchange. This i s  th e  
concept o f  the LCAO-MO-SCF procedure.

core


	CHAPTER II QUANTUM MECHANICS THEORY ; AB INITIO
	2.1 The Molecular Hamiltonian Operator
	2.2 The Hartree-Fock Wave Functions
	2.3 Minimization of the Total Energy (Self-Consistent Field Procedure)


