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APPENDIX I

THE GENERAL PROBLEM OF RANDOM FLIGHTS; MARKOFF’ S METHOD (6)

In the general problem of random f l ig h ts ,  the pos ition  R  of 

the p a r t ic le  a fte r  N displacements is  given by

t - | U ( A -1 )

where the ร Ct~ N)denote the d if fe re n t displacements. Further,

the p ro b a b ility  th a t the ร. displacement lie s  between and 

is  given by

\  (A-2)

We requ ire  the p ro b a b il i ty พ ^ ^ th a t the po s itio n  of the 

p a r t ic le  a fte r  N displacements lie s  in  the in te rv a l R 1 i t  J R

................ , £ ■  ( > . 1 » )

be N, n-dimensional vectors, the components of each of these vectors 

being functions o f ร coordinates:

^ =  ? ? \ ไ ร ุ ’ - - - O ' )  ^ = ' <A- 4)
The p ro b a b ility  th a t the ร occur in  the range

t v J i v v 4 ....... >ไ ร . ' ใ * » * 0'ไร

^ cV p ' - ' - 4 V ^ V - ' 5 "
๙ , F , . . . , p = i : i l

What is  the! p ro b a b ility  th a t

1 0 ๙ ? 0^  1 ๙ , ๙ 1 0

is  given by 

Further, le t  

The problem is :  what is  the p ro b a b ility  th a t

( A - 7 )

( A-8 )
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w h e r e  ^ 0  i s  s o m e  p r e a s s i g n e d  v a l u e  f o r  çjî 
I f  พe  d e n o t e  t h e  r e q u i r e d  p r o b a b i l i t y  b y

W ( | ^ - . -  - d  I  ^  =  พ ( ^ 0 ) d f  0

W NCเ ป ้  a i 0 “ ร- ' ร j . l Y M v î
w h e r e  t h e  i n t e g r a t i o n  i s  e f f e c t e d  o v e r  o n l y  t h o s e  p a r t s  o f  t h e
N , s - d i m e n s i o n a l  c o n f i g u r a t i o n  s p a c e  (  ^  J ..........................
w h i c h  t h e  i n e q u a l i t i e s  ( A - 8 )  a r e  s a t i s f i e d .
I n t r o d u c e  a  f a c t o r .

(A -9 )

( A - 1 0 )

T h e n ,

Î a  f a c t o r  z \ . . ^ ^ ' ) h a v i n g  t h e  f o l l o w i n g  p r o p e r t i e s :
( ^ . . . . ^ ^ ) =  I w h e n v e r  çjS -  i d  çj) ^  < 5  +  i  d ( j )  ( A - 1 1  :

=  o  o t h e r w i s e

(••"ร
" K r \  า  r \ 4  1 '•♦ ะ! ไC o n s i d e r  t h e  i n t e g r a l s

—  i  I  v n . c < i (  P k  (  i .  ไi f , ไ  t - 6- - ) v i ) < A - 1 S )

<5*. i s  t h e  d i s c o n t i n u o u s  i n t e g r a l  o f  D i r i c h l e t  a n d  h a s  t h e  p r o p e r t y  

< ^  =  I w h e n e v e r  -  cCjp  ̂ <c ^
ะะ 0 o t h e r w i s e ( A - 14)

N o w , l e t

A c c o r d i n g  t o  E q . ( A - 1 4 )  k ^  N ^  4 £
^ 1 = > w h e n e v e r  น - 16

=  0  o t h e r w i s e
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C o n s e q u e n t l y
i f
* - 1

( A - 1 7 '
h a s  t h e  r e q u i r e d  p r o p e r t i e s  cA—1 1 )

S u b s t i t u t i n g  f o r ^ \  f r o m  E q s .  ( A - 1 3 )  a n d  ( A - 1 7 )  i n  E q . ( A - 1 2 )

w h e r e
=  j d i s L  ^ . . .  J • § 0 ' ) A j n j ) d

A - 1 9 )

T h e  c a s e  o f  g r e a t e s t  i n t e r e s t  i s  w h e n  a l l  t h e  f u n c t i o n s  'ใ , - a r eo
i d e n t i c a l .  E q u a t i o n . ( A - 1 9 )  t h e n  b e c o m e s

V ? 5 “ [ พ
_  N

( A -2 0 )

is  the n-dimensionalA c c o r d i n g  t o  E q . ( A - 1 8 )  v ? >  i s  t h e
F o u r i e r - t r a n s f o r m  o f  t h e  p r o b a b i l i t y  f u n c t i o n  \ i c § >0 ')

A c c o r d i n g  t o  E q s . ( A - l ) ,  ( A - 1 8 )  a n d ( A - 1 9 ) ,  t h e  p r o b a b i l i t y  W c t ) d R
7 ?  ' โ , . ; ’ , " . N

th a t the p o s itio n  K of the p a r t ic le  w i l l  be found in  the 

in te rv a l(p -  d r a f t e r  N displacements is  given by

-  ^ 3
w h e r e  cx5

A n ( | )  =  TT ( ๆ'.. ( r - )  ex.( ? ( > £ • r - ) d ? -  <A-22)



In  Eq.(A-22) 'T-C^p governs the p ro b a b ility  o f occurrence of a

d i s p l a c e m e n t  V- o n  t h e  j - t h  o c c a s i o n .  T h e  e x p l i c i t  f o r m  w h i c h Y / t a h e s  
a  H A ,

w i l l  n a t u r a l l y  d e p e n d  o n  t h e  a s s u m p t i o n s  m a d e  c o n c e r n i n g  t h e  (ไf t )  ร
A case o f in te re s t a rises when rT; is  the Gaussian d is tr ib u tio n  of*V?»

è  ไ *  ÜJ /  ï p i

« / . x p C - î l i y V i  เ ^ ) (A-23)

ni
where X :  denotes the mean square displacement to  be expected on the

a 0 1
j - t h  occasion. While X j may d i f f e r  from one displacement to  another 

we assume th a t a l l  the displacements occur in  random d ire c tio n s .

F o r o f  the form.(A-23) our expression fo r  becomes

" [ - ^  i  A 1 fc] =  1̂ ) / 1]
where stand fo r

From equation (A-24) and (A-25), A h(?) liecoroes

Â j t y  - i x y [ - N < j r ç i ? r / i ]

( A -2 5 )

(A -2 6 )
S u b s titu tin g  fo r  A fch i

W C R ) 1  7  r ^ N

o r / t ç ^ in  Eq. (A-21) we obtain

N 1 + ?1+ ^ ^ เ]  ' A-27)

^  X d  p j d  Ç2 d  ^
The in te g ra tio n s  in  (A-27) are performed and we fin d

พ  ( ï t >  =  1
N ‘  L

( A - 2 8 )



APPENDIX II

MULTIVARIATE GAUSSIAN DISTRIBUTIONS (6)

We c o n s i d e r e d  t h e  c a s e  o f  t h e  p r o b le m  o f  r a n d o m  f l i g h t s  i n  

w h i c h  t h e  N d i s p l a c e m e n t s  w h i c h  t h e  p a r t i c l e  s u f f e r s  a r e  a l l  

g o v e r n e d  b y  G a u s s i a n  d i r t r i b u t i o n s  b u t  w i t h  d i f f e r e n t  v a r i a n c e s .  We 

s h a l l  n o w  c o n s i d e r  a  g e n e r a l i z a t i o n  o f  t h i s  p r o b l e m  w h i c h  h a s  

i m p o r t a n t  a p p l i c a t i o n s  t o  t h e  t h e o r y  o f  B r o w n ia n  m o t i o n .
L e t

( A - 2 9 )

w h e r e  t h e  น , ? ร a n d  t h e  (j> ) ร  a r e  t w o  a r b i t r a r y  s e t s  o f  N r e a l  n u m b e r s
~ 7  ‘ 1 . . " 1

e a c h ,  a n d  w h e r e  f u r t h e r  r  i s  a  s t o c h a s t i c  v a r i a b l e  t h e  p r o b a b i l i t y

%  a n a  s n a i l  l i e ,  r e s p e c t i v e l y ,  m  t n e  r a n g e s
an'd c  ^  J +  . We h a v e  f r o m  A p p e n d ix  I

( A - 3 1 )

“ à
ะ» r * û  L J  a  r i  H  n  d  ท  4- T .T r v  Q i i v î  ไ า  ç i - r * \ T  ไ 'w h e r e  0  a n d  T  a r e  t w o  a u x i l i a r y  v e c t o r s  a n d

N ' >-i(2TU:) L 7  [L  r ) i  J
x j t ip C - |- ? l7 2 1*) ch>

« A -3 2 I
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T o  e v a l u a t e  w e  n e e d  t h e  v a l u e  o f  t h e  t y p i c a l  i n t e g r a l

J

We h a v e

( A - 3 3 )

J = 4  [ y  พ  X *Z L & ( ? ' V ' t y ] ‘,1 -* ไ ' d i -
= ^ ' % เ ^  + * | + | S 1  + 1c p ty  t  2 j
H e n c e

\  โ ( Jp.tk A  ไ2" + (D น: + d i d - ไ2

3 4 )

( A - 3 5 )
i j r  Jf , y t - < 5 ; ^ ) l + + < $  ร ^

+  r ? î f  ■ +รฺ J, ๆ  / z j

= A p [ -  p  I f  r + z R  Ç - ? + Q K i 2 ) / 2 ]
w h e r e

S u b s t i t u t i n g  f o r  A  C ^ j< ? )fr o m  E q . ( A - 3 6 )  in Y ) /C ^  tE q  ( A - 3 D 3  w e o b t a i n

พ ., { โ ^  1A. 3 7 1

x cJ i ^  i  + * 1 1  i t f f 2 {■ 1 d  q
T o  e v a l u a t e  t h e  i n t e g r a l s  o c c u r r i n g  i n  t h e  f o r e g o i n g  f o r m u l a ,  w e  

f i r s t  p e r f o r m  a  t r a n s l a t i o n  o f  t h e  c o o r d i n a t e  s y s t e m  a c c o r d i n g  t o

? i  “ i t 4 1 s i  “ ๆ i - f c  C l : | , z , J ) ,A- S8)
w h e r e  cC £ a n d  h  i  a r e  s o  c h o s e n  t h a t

p ^ i  + £(*i =  + = - i j .  ( i  = ',2,3>) (A-39ใf v j .  +  £ ^  =  , Rc<1 + Q.^  = - 1 $  ( 1  = 1, 2 ,3 ) <A-

W it h  t h i s  t r a n s f o r m a t i o n  o f  t h e  v a r i a b l e s  w e  h a v e

P f l  + 2 R f c A + C K 1  + 2 U ? t - q < h , )  =  , A-

' ใ !  +  x ( - ๙ 1 ใ 1 1

40)
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"  P l i  +  l R ^ l  +(?V)i + c

H e n c e  พ c f , ' | ) - _ l _ f [ -  £ * p [ - ( P $ * - 2 . R . ^ i J .  + Q ' ï a )  <A' 4 1 )

x l / z C P Q - f ? ) ] * ^  [ -  f P ^ « R ^ L + ^ ) / l ] ^ L d r i .

From t h i s  e q u a tio n  we r e a d i l y  f i n d  t h a t
W C ^ , f ) - [ l / 9 l 3C P Q - ^ ] ^ p [ - ( P |  $ 1 - i f l f . f  ) / £ 0 ช ุ- $ ] ‘ * - 4 2 >

W h ic h  g i v e s  t h e  r e q u i r e d  p r o b a b i l i t y  d i s t r i b u t i o n .



APPENDIX I I I

• CORRELATIONS IN A SYSTEM OF COUPLED CLASSICAL OSCILLATORS ( 10)

We w i l l  consider f i r s t  the co rre la tion s  o f the in i t i a l  

values o f the coordinates and momenta, whose the assumed 

d is tr ib u t io n  is  canonical, i . e . ,

D f ^ o ^ f c o ) )  = ( z . 1 / ^ N + '  ( < A e t Â ;

y“ p{ ~ ^ R rr  + พ พ ุ^ 0, A*kน 0’]
From th is  d is tr ib u t io n ,  we obtain

^ p . C o ) p kt o ) >  =

^  ' f E '  O^D)") =  0  (A -44)

< ^  II A 1!! . 11

From the  p a ir  co rre la tio n s  fo r  the time dependent coordinates and 

momenta obtained in  Eq (5) o f section-3.3  and (A-44), we have fo r  

the momentum c o rre la tio n

< p.£fc) P . t t + ' O )  -  E  J  [I A .

* I l S ' V m A E + E l l [
+  I I c w a H I I .  I I  c o o / 2 c t + T ) l l _ ^ < ' p j & ) p ri( ' e ) > ' |

(A-43)

From Eq (A-45), using the formula fo r  the cosine of the d ifferences
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of two values A 2i,and A i C t+ /Y)and su b s titu tin g  the co rre la tio n s  of 

the i n i t i a l  values of the coordinats and momenta from Eq (A -  44),

^  p - c t)  P ^ c t + T ^  -  -t-T  il CcûA ^ t II \ \  (A-46)

"Ha

In a s im ila r  way, we get

<<y,C 't )  P ^c t+ 'T )') -  - 4 t |! a  t i n  A 1 y  II I i k - m

< ' . ^ =  4 t I I a ' c m a 4 ' T I | . l (A-48)



68

Name

Born

Degree

VITA

Rachai Prakobkam 

June 2, 1954.

B.Eng. ( C iv i l ) ,  November, 1977. 

Chulalongkorn U nivers ity  

Bangkok, Thailand.


	REFERENCES
	APPENDIX I THE GENERAL PROBLEM OF RANDOM FLIGHTS
	APPENDIX II MULTIVARIATE GAUSSIAN DISTRIBUTION
	APPENDIX III CORRELATIONS IN A SYSTEM OF COUPLED OSCILLATORS
	VITA

