
CHAPTER I I

T h is  c h a p te r  w i l l  g iv e  some d e f i n i t i o n s  and theo rem s 
w hich w i l l  be need in  our i n v e s t i g a t i o n .

The m a te r ia l s  o f t h i s  c h a p te r  a re  drawn from r e f e r e n c e ,
[ 1 ] and [2  ]  .

1 . V ec to r in  R n,

2 .1 .1  D e f i n i t i o n , L e t ท > 0 be an i n t e g e r .  An o rd e re d  s e t  o f
ท r e a l  numbers (น,1, น2 , , . . Jน ) i s  c a l l e d  a  v e c to r  w ith  ท 
com ponents and w i l l  be den o ted  by a c a p i t a l  l e t t e r  ; fo r  
exam ple, u = (น,1 1 น2 * . . . , น ) .  The number น i s  c a l l e d  th e

k th  component o f  th e  v e c to r  บ. The s e t  o f a l l  v e c to r s  w ith  
ท com ponents i s  c a l le d  ท -  sp ac e  and i s  den o ted  by E •

2 .1 .2  D e f i n i t i o n . L et บ = (น,1, น2 , . . . , นn ) an<^

V = ( ,  v2 , 1. . , v^) be v e c to r s  in  E^. We d e f in e  ะ

(a )  E q u a l i ty  ะ

บ ะ: V i f ,  and o n ly  i f ,  น 1 = V น? = V2 , . . . ,

น = V ท ท

(b ) Sum ะ
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U + V = (น1+ ¥ 11 น2+ ¥2 , นn+ ¥n ) .
«

(c )  M u l t ip l i c a t io n  by s c a l a r s  ( s c a l a r  = a r e a l  number) :

aU = (au>|, นน2 , , . . 1 aun ) ( a r e a l ) .

(d ) D if fe re n c e  :

U -  V = บ + (-D V  .

( e )  Z e ro  ¥ e c t o r  o r  o r i g i n  :

© = (0 , 0 , . . . , 0 )  .

2 .1 .3  D e f i n i t i o n . L e t  บ = (น1 , น2 , . . . ,  นn ) and

V = (¥ 1 , ¥2 , . . . ,  v^) be ¥ e c to r s  in  En . The d o t p ro d u c t o f บ

and V, den o ted  by u .v  i s  th e  r e a l  number u .v  = น1¥ 1 + U2V2 + • • • + ur

The ¥ e c to r  บ and V a re  s a id  to  be o r th o g o n a l i f  t h e i r  do t 
p ro d u c t i s  z e r o ,  i . e . ,  u .v  = 0 ,

2.1.*+ D e f i n i t i o n . The sp ace  En w ith  abo¥e o p e ra t io n s  o f  ¥ e c to r

a d d i t io n ,  s c a l a r  m u l t i p l i c a t i o n  and do t p ro d u c t i s  c a l le d  
Eucl id e a n  ท -  s p a c e , and  i s  den o ted  by Rn .

2 . 1 . 3  D e f i n i t i o n . L e t  บ ะะ (น 1 , น2 , น ) a n d

¥ ) be ¥ e c to r s  in  Rn .ทV = (¥ 1 , ¥2 , We d e f in e



h

( a )  T he a b s o l u t e  v a l u e  o r  norm  o f  U by  ะ

IU I = (  è  u f  'j  = V'"(บ ิโ 'V) .

( b )  T he d i s t a n c e  j> b e tw e e n  บ a n d  V ะ

f  ( บ ,V) = |u -  v| = (  ^  ( u i “ v i ) 2 )
Vi=1 1 /

A v e c to r  E in  Rn i s  s a id  to  be a u n i t  v e c to r  i f  i t s  
norm i s  1 1

2 ,1 * 6  Lemma. (Cauchy -  Schwarz i n e q u a l i t y ) .  I f  บ = (น1 , น2 , , , . 1น 

and V = ( v »ๆ v2 , . . . , v  ) a re  a r b i t r a r y  v e c to r s  in  R n , WG have

(บ»v) é  I บุ I 2 1V j 2 .

P r o o f ,  A sum o f  s q u a r e s  c a n  n e v e r  b e  n e g a t i v e .  H ence  
we h a v e

II(v  * V 2 » 0

f o r  ev e ry  r e a l  X.  T h is  in e q u a l i ty  c a n  b e  w r i t t e n  in  th e  form 

Ax2+ 2Bx + c  ̂ 0  ,

where

A . £
ท



I f  A >  0 ,  pu t X  = -  — to  o b ta in  B^- AC <  0 , which
A

i s  th e  d e s ir e d  in e q u a l i t y .  I f  A = 0 , th e  p ro o f  i s  t r i v i a l

Thus th e  lemma i s  p ro v ed ,

2 ,1 ,7  Theorem , Let บ and V d en o te  v e c to r s  in  Rn . Then 
we have

(a )  I บ ! * 0 , and M  - 0 i f ,  and o n ly  i f ,  บ

(b ) I บ -  V ! = |v  - u |  .

(c )  I บ + v | si  เ บ น I V j .

P ro o f , S ta te m e n ts  (a) and (b) a re  im m ediate  from
d e f i n i t i o n .  To prove (c ) we make u se  o f  th e  Cauehy -  Schwarz 
i n e q u a l i ty  w hich can now be w r i t t e n  as

V k j  <  m m .

S in c e  we have

| U + V | 2 = E  (นk + V 2 น  < v  2Y k  + v k 5

-  i ï ï l 2 + h i  2 + 2k^  Y k

é  I U 12 + I V [ 2 + 2 I บ j I V I = ( j บ ( + I V I )

P ro p e r ty  (c )  fo llo w s  a t  once . The p ro o f  i s  com plete
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-  I บ M  V I < u .v  2 lu I 1V i

L e t บ and V be too n o n z e ro  v e c t o r s  i n  R n , th e n  by
Lemma 2 .1 ,6  9

o r

-  ๆ U.V

Hence we can d e f in e  th e  a n g le  I"J betw een บ and V by 

cos p  = 0 f  Q  t  JT.

1 M M  r
B ecause o f  th e  r e s t r i c t i o n  0 -c p £ 7 1 , th e  a n g le  /2, i s  un ique  
and w r i te

เ3  =  4  (บ,V) .

2 V ecto r -  v a lu ed  fu n c t io n s .

2 .2 ,1  D e f i n i t i o n . By a  v e c to r  -  v a lu ed  fu n c t io n  we s h a l l  mean 
a fu n c t io n  from some c lo se d  i n t e r v a l  [ a ,  b ]  in to  F.n,

A v e c to r-v a lu ed  fu n c t io n  w i l l  be den o ted  by a c a p i t a l  l e t t e r  
f o r  exam ple F . S in ce  each v a lu e  F (x ) i s  th e n  a  v e c to r  in  R n 
and th u s  we can w r i te

F (x ) = ( f  ̂  ( x) 9 f 2 ( x ) ,  . . . 9 f n (x)), i f  X £ [ a ,  b ]  9



I  assume th a t  th e  r e a d e r  i s  f a m i l i a r  w ith  th e  b a s ic  
th eo rem s o f  d i f f e r e n t i a l  c a lc u lu s  o f r e a l  -  v a lu e d  fu n c t io n  o f a 
r e a l  v a r i a b le .  We now g iv e  a  b r i e f  d is c u s s io n  o f some theorem s 
on th e  d i f f e r e n t i a l  C a lc u lu s  o f  v e c to r  -  v a lu e d  fu n c t io n s  o f a r e a l  
v a r i a b l e .

2 . 2 . 2  D e f i n i t i o n , L et F be a v e c to r  -  v a lu e d  f u n c t io r  from some
c lo se d  i n t e r v a l  [ a ,  b] in to  Rn . I f  c £ [ a ,  b] and i f
A £ vf1 , th e n  we w r i te

lira  F (x ) = A 
X  —£ c

to  mean th a t  f o r  each £ > 0 , th e r e  e x i s t  ร > 0 such  t h a t

x £ ( (c  -  ^ 1 c + X ) "■  { 2 } ) 0 [a , b] im p lie s  ■ •|F(x)-A|<

2 .2 .3  Lemma. L et F be a v e c to r  -  v a lu e d  fu n c t io n  from [ a ,  b]
in to  Rn . Let c £ [ a ,  b] and assume th a t  we have

lim  F (x ) = A,
X —Ï c

where F (x ) = ( f 1 ( x ) , f ^ ( x ) , . . . ,  f‘ (x )  ̂ and
A = (a,j 1 a  2 » • • • 1 ®• J

Then lim  f  .1 (x ) = a , lim  f  (x) = a , . . . ,
X —? c X —> c

lim  f  ( X) =

w h e r e  e a c h  c o m p o n e n t  f u n c t i o n  f  i s  a  r e a l  -  v a l u e d  f u n c t i o n
o n  [ a ,  ๖^

and c o n v e rse ly
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P ro o f , Assume lim  F (x ) = A, and l e t  6 > 0 be g iv e n .
X—* c

T here  e x i s t s  a £ > 0 su ch  t h a t

X e ( (c  -  S ,  c + ร ) -  [ c j  ) n  [a , ๖] im p lie s  1f ( x ) -  Ai < 6

S in c e  |f_^(x) -  a_ |̂ <; I F (x ) -  Al £>r each  i  = ๆ, 2 , . . . , n ,

We th us have tor each  i

X £ ( ( c - £ , c + g ) - { c } )  ฦ [ a , ๖] im p lie s  |f  1 (x ) -  a^j ç  g 

T h e re fo re

lim  f  (x) = a 1
X  — #  c 1 1

f o r  a l l  i  = ๆ,  2 , . . . ,  ท .

To prove th e  c o n v e rse , assume th a t  lim  f . ( x )  = a
X — > c 1 1

( 1 ะะ ๆ,  2 ,  «. « , ท) .

Then g iv en  É ไ> 0 , th e re  e x i s t  โ > 0 , g 2 > 0 , . . . , $ n > 0 

su ch  t h a t  f o r  each  i

X £ ( ( c  -  $1 , c + ร 1 ) -  {c}  ) n  [ a ,  ๖} im p lie s

|f  (x ) -  a I < fc . Let
/ฑ

£> = min I 0V| , ร'2 , • • • » •



9

T h u s  we h a v e

x e ( ( c  - g ,  c + 8 )  -  |c } )  n [a , ๖] im p lie s

| f \ ( x )  -  a  I < £  1 i  ะ 1 , 2 , ท .
1 /h

Hence lim  F (x ) = A and th e  p ro o f  i s  now c o m p le te .
X ) c

2 .2 .^  Theorem . Let F and G be two v e c to r  -  v a lu e d  f u n c t io n s  from 
[a ,  ๖] in to  Rn , L et c £ [ a , ๖] and assume th a t  we have

lim  F (x ) = A , lim  G(x) = B .
X-* C X e

T h e n  we h a v e

( i ) Lim (F (x ) i  G(X c
( น ) lim (F (x ) • G (x))

X —» c

Also i f  c((x) i s  any r e a l  -  v a lu e d  fu n c t io n  d e fin e d , on i_a,๖ j 
su ch  th a t

lim  0 ( x )  = d , th en
X  —» c

( i i i )  lim  0 (x )F (x )  = dA .
X—f c

P ro o f .  L et

F ( x )  = ( f  <( x ) ,  f 2 ( x ) ,  . . . ,  f n ( x ) )  , G ( x )  = ( g  1 ( x ) ,  g 2 ( x ) , . . , g n ( x ) ) ,

A ะ: ( a ^ ,  a 2 , . . . ,  a n > a n d  B = ( ๖ 1 , ๖ 2 , . . . ,  ๖ 11) .
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F i r s t ,  we p r o v e ( i ) ,  

lira  F  (x) = a  and lira  (x)
' X c

U s i n g  t h e  f a c t  t h a t

๖1

im p lie s

lira  f ±(x) -  ร1 ( X) = ๖1 , i  = 1 , 2 , . . . f t  ,
X —*—$ c

and a p p ly in g  th e  co n v e rse  o f Lemma 2 .2 .3 ,  p ro v es  ( i ) .

To p rove ( i i )  , U sing th e  f a c t  t h a t

lim  f . ( x )  = a . and lira  g . ( x )
x - > c  1 1 x Z o  1

๖1

im p lie s
lira  f . ( x )  g .( x )  = a ๖ ,  i  = 1 , 2 , . . . ,  ท ,

X —* c 1 1 1 1

Thus

lira  F (x ) ,G (x )  
X c

ท
lira  /  m  f  . (x) g . ( x A  

c —* c \  i=  1 } e x i s t  ,

and m oreover

lim  f 1 ( x )g 1(x) ะ.__, I lim  f ±(x) g ^ x )
i=  ๆ \ x —* c

ZD a . ๖
i=1 1 1

A.B
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Hence part (ii) is proved.

v/e prove (iii) , part (iii) is proved in the similar way that 
part (i) is. This completes the proof.

2 .2 .5  Definition. It F be a vector- valued function from [a 1๖] 
into IT. The function F is said tote continuous at a point
c £  t a » 6 J if*

(i) F is defined at c,

(ii) lira F(x) = F(c).
x^ c

The function F is said tote continuous on fa, ๖1 if it is 
continuous at every point on [a, ๖].

2 . 2 .6  Theorem. Let F and G be two vector - valued functions from 
fa, ๖] into Rn . Let c t: fa,bj and assume that F and G are 
continuous at ct Thenve also have F + G, F - G and F.G are 
continuous at c. If, in addition, 0 a real - valued function 
defined on [a, ๖] J is continuous at c then pF is also 
continuous at c.

Proof. Apply Theorem 2 .2 .^, and we are done.

2 . 2 .7  Definition. Let F be a vector - valued function from
fa, ๖'] into Rn . The function F is said to have a

derivative at c 6. [a, ๖] if the limit

lim F(x) - F(c)
X—» c X - c
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e x i s t s .  T h is  l i m i t ,  deno ted  by F y( c ) ,  i s  c a l l e d  th e  d e r iv a t iv e  
o f  F a t  c .

The fu n c t io n  F i s  s a id  to  be d i f f e r e n t i a b l e  on [ a ,  b̂ J 
i f  i t  has a d e r iv a t iv e  a t  ev ery  p o in t  X o n  £a, b ]  •

2 .2 .8  Theorem. L e t F be a v e c to r  -  v a lu e d  f u n c t io n  from [ a ,  ๖'] 
in to  R n . L e t c £ [ a ,b ]  and assume t h a t  F has a d e r iv a t iv e  
a t  c , th e n  F i s  c o n tin u o u s  a t  c .

p r o o f , I f  X ร [ a ,  b]  , X t  c , we can w r i te

F (x ) -  F (c )  = (x -c )  3LÙE2 z J S s )

A pplying Theorem 2 ,2 .^  ( i i i ) ,  we f in d  lira  F (x ) = F ( c ) .  T h is
X —> c

p ro v e r  th e  a s s e r t i o n .

2 .2 .9  Theorem. Let F = c f ^ , f 2 5 . f^ )  be a v e c to r  -  valued

fu n c t io n  from [a ,b ]  in to  R n and assume th a t  F has a 
d e r iv a t iv e  a t  a p o in t  c g [a , ๖] . Then th e  fu n c t io n  f^  a ls o

has a d e r iv a t iv e  a t  c ,  f o r  each i  = 1 , 2 , . . . ,  ท and converse ly  .

P ro o f . I t  X fc [ a , ๖ ] ,  X if: Q1 we can w r i te
F(x) -  n o )  = (ĥh Vc> , f 2(x> - f2 (c) 1 1  fท(x)- fn(c)

By Theorem 2 .2 .3 ,  lim  F (x ) -  F (c )  e x i s t s  i f ,  and o n ly  i f ,

T T f T  :  T i f t1 1 e x i s t s ,  f o r  each i  = ๆ, 2 , . . . ,  ท and th u slim  
X —̂ c X - c
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we have

F (c) = (f^Cc), fp(c), . . .  f n(c)  •

This proves the theorem.

2 . 2 .1 0  Theorem. Let F and G be two vector - valued functions, 
each defined on an interval [a,bl 1 with function values in F.n, 
Let c £ [a,bj an1d assume that F and G have a derivative at the
point c, then the function F + G, F - G, and F.G also have a 
derirative at c, If, in addition, P a real - valued function 
defined on [a.๖] , has a derivative a t  c then 0F also has a
derivative at c. These derivatives are given by the following 
formulae ะ

(i) (F i G);

+ 1"a.11 G ■ ,

(ii) (F.G) ะ= F.g' + Y.G ,

( iii) (0f/ II «เ̂ + fi.F •

Proof. First apply the Product Theorem for derivatives of 
real - viued functions on f a,b] to each component function of 
F and G, and then apply the converse of the theorem 2 , 2 .9  •
VJe are done,

2 . 2,11 Definition. Let f be a rodL - vîLued function defined
on £a,bj, f is said to be of class çk on [a,๖] , if
f , f , . , .  , f k" exist and are continuous for all X with a é X 4 b .



I k

I f  f  i s  m erely  c o n tin u o u s  on [a.,๖] 1 th e n  f  i s  s a id  to  fee o f
c la s s  c® on [ a , ๖] .

2 .2 .1 2  Lemma. L et f  and g betwo r e a l  -  v a lu e d  f u n c t io n  d e f in e d
kon [ a ,๖] and assume t h a t  f  and g a re  o f  c la s s  c 

k > 1 e Then f-t- g , f -  g , and fg  a re  each o f c la s s  
The q u o tie n t  f /  i s  a ls o  o f c l a s s  c k on [a ,๖]

g (x ) 0 f o r  a l l  X 5. [a ,๖]

»

on |a ,  ๖] 
c k on fa ,๖] 
p ro v id e d  th a t

N °te , We d en o te  by f  + g , f  -  g , f g ,  and f / g  th e  f u n c t io n  
whose v a lu e  a t  X i s ,  r e s p e c t i v e ly ,  f ( x )  + g ( x ) ,  f (x )  -  g ( x ) ,  
f ( x ) g ( x ) ,  and f ( x )  / g ( x )  .

P ro o f . We s h a l l  o n ly  prove t h a t  fg i s  o f  c l a s s  c k by 
in d u c t io n .  The o th e r  p a r t  i s  p roved in  th e  s im i l a r  way.

L et p (k ) be th e  statem ent t h a t  " I f  f  and g a re  o f c la s s  c k 
on [ a ,๖] , th e n  fg  i s  a ls o  o f c l a s s  on fa ,๖] • "
(k  = ๆ, 2 , . . . ) .

C le a r ly ,  p (1 )  i s  t r u e .  Now assume th a t  p (k ) i s  t r u e ,  
to  p rove  p(k+1) i s  t r u e  we can assume th a t  f  and g a re  o f 
c l a s s  ck+1 on f a ,๖] .

b fg

b = fg  + fg

L et ร th u s
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By assumption that f  and g are of c la s s  c^+ f  , g , f ,  and g  

are at le a s t  of c la ss  c*1 .
Therefore h i s  of c la ss  and our theorem i s  proved.

2 .2 .13  Corollary to lemma. Let f be a real-valued function defined
on a closed  in terva l [a,๖] and l e t  f ( [a ,b j )  be the image o f [a,bj 
under f .  Let g be a real-valued function defined on f ( f a ,b ] )  and 
consider the composite function g O f  defined for each X in  a ,b  by
g o f(x )  = g ( f ( x ) ) .  Assume that f  i s  o f c la ss  on [a,b] and g
i s  of c la ss  on f ( [ a ,b ] ) ,  k > 1. Then g o f  i s  a lso  o f c la ss
on [a,b] .

“"roof. We sh a ll prove that g o f  i s  of c la ss  on [a,๖] by 
by induction.

Let P(v) be the statement that " I f  f  and g are of c la ss  
on [a,๖] and f (  [a,๖ ]) r e sp ec tiv e ly , then g o f  i s  a lso  bf c la ss  c 
(k = 1 , 2 , . . . . ) .

C learly  p (l)  i s  true. Now assume that p(k) i s  tru e, to  prove 
p(k+l) i s  true we can assume that f  and g are of c la ss  c^ on [a,bj 
and f ( [ a ,๖]) resp ec tiv e ly .

Let h = g o f ,  thus
h  = (g o  f ) ( f  )

By assumption that f and g are of c la ss  ^ +1, f ,  f 7 , and g are at 
le a s t  of c la ss  c^. Hence by induction hypothesis g o  f  i s  of c la ss
T .

0 0 2 2 1 1
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T h ere fo re  h i s  o f  c la s s  (by  Theorem 2 .2 .1 2 ) ,  so h i s  o f
c la s s  C^+^ .  Thus th e  theorem  i s  p ro v ed .

2.2 .1k  D e fin it io n . Let F be a vector-valued function from [a,b] 
in to  Rn , F i s  sa id  to  be o f c la ss  çk on £a,bj i f  each o f i t s  
component functions i s  o f c la ss  on [ a ,b ] ,  vhere k = 0 , 1 , 2 , . . . .

2.2.15 Theorem. Let F and G be two vector-valued function from 
ja,bj in to  Rn . Assume that F and G are o f c la ss  on [a,b^ then 

F+G, F-G, F’G, and 0F are o f c la ss  (jfc on [a,b] where 0 i s  a c^ -rea l-  
valued function defined on [a ,b j .

I f ,  in  add ition , F'x)  ̂ 0 for a l l  X É [a ,b j then 
o f c la ss  on £a ,b ], where 9 i s  the zero vector .

F I i s  a lso

Proof. By the v irtu e  o f Theorem 2 .2 .6 , th is  i s  true for  
k = 0. I f  k > 1 , then the f i r s t  part o f th is  theorem follow s 
immediately from D efin ition  2 . 2 . 1 k, and Lemma 2 .2 .1 2 .

For the second part, assume that F i s  o f c la ss  and F(x) 0 6 

for a l l  X £ [a ,b ].
Write F = ( f ^ ,f 2 , . . . , f  ) then each component function  

i s  a lso  o f c la ss  c , and thus
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i s  of c la ss  c

c  f 2
i

Since the square root function i s  of c la ss  CK on any compact subintervalpf
12 n 2the open in terva l (0 ,+ oo) and by assumption that If I ^ x) ■  f . |(x) 5 0

Ï-1
for a l l  X belong to [a ,b ] .

I I (  2  ̂2 kWe thus have IFI = [ 2__, i s  a lso  of c la ss  c on [ a ,b ] .\  i-1  1 /
Our theorem i s  proved.

2 .2 .16  Theorem. Let F be a vector-valued from [a ,b 3  in to  Rn . 
Assume that F i s  d iffer en tia b le  on [a ,b ] and F (x) “ 0 for each 
X e (a ,b ) , then F i s  constant through out [a ,b j .

Proof. Write

F(x) * ( f  1 (x ) , f 2 ( x ) ......... fn (x ) ) ,  where x 6  [a ,b ]  .
By assumption, we have

f '(x) -  ( f  1'(X), f 2 น ) , . . . ,  fn (x )) = 9 ,

for a l l  X 6 . (a ,b ) . Hence
f^(x) = f 2 (x) * . . .  = f^(x) = 0 for a l l  X fc (a ,b ) .

This im plies that (s e e [ l]  on page 94)
f 1 (x) 5 , f 2 (x) 5 C j , . . ,  fn(x) ร cn ,

for some rea l constants C j, c2 , . . . ,  c^. Therefore
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F(x) ะะะ. c ® (Cj J * J 1
Hence the theorem i s  proved.

3. Curve In Rn

2 .3 .1  D e fin it io n . A parametrized curve in  Rn i s  a continuous 
vector-valued function F from some closed  in terva l [a ,b ] in to  Rn .

Consider a curve in  Rn described by a continuous function  
F «* (fjp f ^ » . . . ,  f  ) defined on [a ,b ] . For each p a rtitio n
p = jx g ,  X p . . . ,  x^J-of [a,b] we se t

Pj  -  F(x3)
The consecutive lin e  segments jo in in g  Pq to Pjp Pj to Pg»**»» 

and PR_J to P  ̂ form a polygon c . Since each Pj l i e s  on F, we speak 
of c as inscribed in  F.

For such polygons, we define length by 
L(C) -  |p0-  P jl+ IP j- p2! + . . .  + |p n. 1-  p j

* c  |P(Fj+1) -  F(x3) | .

2 .3 .2  D e fin it io n . The length o f a continuous curve F i s  defined  
to be the le a s t  upperbound of the number L(C), where c ranges over 
a l l  polygons inscribed in  F.

When the se t  o f numbers L(C) i s  not bounded, then we w rite  
L(F) ะ» + 0O ,  and say that F has in f in it e  length . I f  L(F) c  + oO  ,
then F i s  said  to be r e c t if ia b le .
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2 .3 .3  Theorem. I f  F Is a curve of c la ss  c from [a ,b ] in to  Rn 
then F i s  r e c t if ia b le ,  and L(F) i s  given by

For the proof of th is  theorem see e .g .[ 2 ]  on page 321.

2 .3 .4  D e fin it io n . Let F be a curve in  Rn defined on [a,b] .
Then F i s  ca lled  parametrization by are length i f  the arc length  
along the curve from F(s^) to F(s2) *■ ® | s ]~ ร2 เ f ° r a S 1 > s 2 belong 
to [a ,b ].

2 .3 .5  Theorem. Let F ะ [ a ,b ] --- » Rn be a c^-param etrization by
/arc length . ThenjF (ร) I = 1 for a l l  ร t  [a,bl and conversely.

Proof. Suppose that F i s  a c^-param etrization by arc length . 
Then, by D efin ition  2 .3 .4 , and Theorem 2 .3 .3 ,

fo r  a l l  S j, ร2 £  [a ,b ]  .

โ ร2But J  ds = เร^— ร2! fo r  a l l  Sj ร2 £ £a,V ], hence 
*1

S1
for a l l  S j, ร2 £ [ a ,๖ ].

Claim that ( |f (ร)! -1 ) 2 0.
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W ithout lo s s  of g e n e ra li ty  we may assume th a t  ( |f (Sq)| -1 ) > 0.
Since F (ร) i s  continuous then I F'f and a lso  I F j -  1 a re  

continuous on [a,b] .
Therefore th e re  e x is ts  a neighborhood บ about S q  and an 6 > 0 

such th a t
( | F '(ร )! ~ 1) > £

fo r  a l l  ร £ บ n [a ,b ]  •
Choose two d i s t i n c t  p o in ts  and ร2 in  บ n  [a ,b ]  1 we 

then have
f s 2 1 f s 2
J ( |F  (ร)! -  l ) d s >  J e ds = efS j“ ร2! > 0.
ร1 ร1

To p rove t h i s  suppose th a t  th e re  e x i s t s  an Sq £  [ a ,b 3  such
t h a t  ( |f / (ร0 )! -  1) + 0.

Thus c o n tra d ic ts  the  assum ption th a t  
f s 2 ij ( iF ( s ) l -  1) ds -= 0
S1

fo r  a l l  S j, ร2 £ £a,b]| •

Hence our claim  i s  proved, i . e . ,  jF / (ร)! -  1.
C onversely, the  hyp o thesis (f (ร)! — 1 im plies

r  s 2
} (f (ร )!ds = |S j-  ร2 !
S1

fo r  a l l  S j, ร2 £ [a ,b^  •
Thus F i s  param etrized  by arc  leng th  and th e  theorem i s  proved.
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4. In te g ra l  of V ector-valued fu n c tio n s .

2 .4 .1  D e fin it io n . I f  [a ,b ]  i s  a f i n i t e  in te r v a l ,  then a s e t  of 
p o in ts

p = [ v  V " >  ’‘ท}
s a t i s f y i n g  th e  i n e q u a l i t i e s  a = Xq < < . . .  < x ^  J < Xn = b i s
c a l l e d  a  p a r t i t i o n  o f  [ a , b |  .

2 .4 .2  D e fin it io n . Let p = { x0* .........x11} be a p a r t i t io n  of
[a,b] and assume th a t t^  £  [x^  x^] i s  chosen k = 1 , . . . ,  ท. I f

F -  <fl> f 2........ fท»
is  a v ec to r-v a lued  fu n c tio n  from ^a,b'* in to  Rn , we form the  sum

ร(P,F) -  £  F ( tk ) (V  v 1) .

We say th a t  F i s  in te g ra b le  on [ a ,b j  i f  th e re  i s  a v e c to r A £ Rn 
having the  fo llow ing p ro p erty  ะ fo r  every £ > 0, th e re  i s  a p a r t i t i o  
Pf of j’ajb}  such th a t  fo r  every p a r t i t io n  p J  Pf and fo r  every choice 
of the  p o in t t^  £ [x^ p  XjJ , we have

j,S(P, F) -  A) < £
When such a number A e x is t s ,  c le a r ly  i t  i s  uniquely  determ ined and 

f ๖i s  denoted by \ F(x)dx,
a



b ๖ b ๖
I  F(x)dx = ( j  f 1(x)dx, [ f 2 ( x ) d x , . . . ,  J fn (x)dx) 
a a a a n

whenever each in te g ra l  on the  r ig h t  e x is ts .

P roo f. For each p a r t i t io n  p of [a ,b ]  and fo r every choice

of t k É โXk -1 ‘ \ ]  » we have
ท

ร(P, F) = j p  F ( tk )(x k-  xk 1) .  Let 

ท
ร(P ,f  1) = \_y f  1 ( t k )(x , -  Xk _ 1) ( i  = 1 , 2 , . . . ,  ท),

k = l
then

S(P, F) = (ร ( P ,£1) ,  ร( P ,f 2) , . . . , ร ( p ,f n) ) .................... (1)

Assume th a t  each fu n c tio n  f  i s  in te g ra b le  on [ a ,b ] ,  then  th e re  i s  
a r e a l  number a 1 correspond to  the  fu n c tio n  f 1 , having the  p roperty  
th a t ,  fo r  given e > 0 th e re  i s  a p a r t i t io n  p^6 of [a,b] such th a t

ร ( P , f 1) -  31 < 6  /Jn ( i  = 1 ,2 , . . . , ท) .

This sum i s  independent of the  p a r t i t io n  p ว  p . £ and of the  
choice t k £ [xk_1, xk] .

ท
I f  we l e t  Pç = บ P , then

i = l  i e
| s ( P , f . )  -  31J <  t / f n  ( i  = 1 , 2 , . . . , ท) ,

22

2 .A .3 Theorem. L et F = ( f  1 , f 2 , . . . ,  f^ )  be a v e c to r -v a lu e d
fu n c t io n  on [ a , b ] . Then we have



for every partition P Z) Pç and for every choice of t^€ ^ X j ^  X ]  . 

Which implies that

Çi=l
Because of Equ.(l), we have

|S(P,F) - A I ^ é (A = (a 1, a 1,.. ., â )) ; 

for every partition p of [a,b] such that p ?£ and for every choice 

I s

2 .4.4 Theorem. Let F be a continuous vector-valued function from 
[a,๖] into Rn, then F is integrable on [a,b'].

Proof. Since F is continuous on [a,b  ̂ » then each component
function is also continuous on [a,b] (Lemma 2 .2 .3).

Therefore each component function of F is integrable on £a,b"] 
(see [l] on page 211).

Hence by Theorem 2 .4 .3ร F is integrable on [a,b]. The proof

x^]. Hence the theorem is proved.t v

I S(P, V  - £

is complete.
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