
CHAPTER IV

HIGHER CURVATURES OF CURVES IN EUCLIDEAN N-SPACE

The main purpose of this chapter is to characterize the 
Frenet frame and the curvatures of curves in Euclidean n-space.
These results first reported in [uj .

1. The Frenet frame and the curvatures.

Let I = [a,๖] be an interval in R and F : I —* Rn 
,a c^-parametrization by arc length. This means that the arc length 
along the curve from F(s )̂ to F(s2) is เร̂ - ร2 and by Theorem 2.3.
{F7(ร)! =1 for all ร € I. Suppose that for each ร € I, the vectors,

F7(s), f"i(ร),..., F(r)(ร) r ^ k

are linear independent. A pplying the Gram-Schmidt orthonormalÏ ̂ *-'  
process to these vectors, we obtains an orthonormal r-tuple of v ec to rs

( ^ ( ร ) ,  v2( ร ) , . . . ,  vr (ร)) ,
called the Frenet r-frame associated with the curve at the point F ( s ) .  

The Gram-Schmidt process is actually carried out as follows ะ
Let

\  (ร) = f ' (ร) and พ1 (ร) = -jl (ร)!

If V1(ธ), V2(ร),..., V (ร) have already been determined.

V/Ï
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Let

and

E.(s) = F^(s)

E .  ( ร )
vi (s)  -  TE

R
F*1 ’(ร )-V j(s ! ' v3(ร)

P i (ร)!

This works for i = 1,2, » p.

u.1.1 Remark. By our assumption that for each ธ Ê I, the vectors 
F;(ร), F//f(ร),..., F ^ (ร) are linearly independent, we can easily 
show that F ^ ^ (ร), E^(ร), and v^(s) can not he equal to zero vector 
for all ร £ I and for i = 1,2,..., r.

It.1.2 Lemma. Every vector v^(s) is a linear combination

v . ( ร )  =  a n  ( ร )  f ' ( ร ) +  ท± 2  F * ( ร ) + . . . +  & i i  ( ร )  F ( i )  ( ร )

o f  t h e  v e c t o r s  F  ( ร ) ,  F  ( ร ) , . . . ,  F ^ ( s ) ,  w h e r e  ร £ I  a n d  a ^ j  a r e

ck i- real-valued functions defined on I, for j = l ,2 ,.. . ,i ,  
i = 1,2,..., r.

Proof. When i =1, by the Gram-Schmidt process

\  (s ) _ 1 F/(ร)
}f/(ร)!

By letting a (ร) = —-—
| f ' ( ร ) !

= 1 , we are done.
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Assume that the lemma holds for all value of j < i < ท. 
Then from the induction hypothesis,

V j(s) = a ^ (ร )F (ร)+ a^2(ร )F / (ร)+ . . .+ Bj J (ร )F ( ร ) , . . • ( l )

where a^, a^g,..., a ĵ are of class ck-^, J = 1,2,..., i-1.

Obviously â rr1, Th = 1,2,..., j , j = 1,2,..., i-1 are at
least of class 1, thus v ,̂ Vg,..., are at least of class
-k-i

Let'ร consider,

E .(s )  = F( i ) (ร )-  I I  [f ( 1 ) ( ร ) .V (ร)] V (ร ) . (2)
J < i

Using E q u .(l)  and E q u .(2 ), we can express E^(s) in term of F (ร),

F;/(ร),..., F(i)(ร) ะ

E. (ร) = F( i )  (ร ) -  C ( [ f (1) ( b ) .  V .(ร)] ( £ 1» . (ร) F(ïïl) (ร ) ) )1 j  c i  j  J m=l

= F(i)(ร)- ท  ( a a jm(s)[F(i)(ร).Vj(ร)]Ffa)(ร))

= F(i)(ร)- ๖11_1(ร)F^”1)(ร)-...-๖ 11(ร)F (ร),
i-1

where b ^ (ร) = 22 J (ร) [f ^  (ร ) . 1 ( ร ) ] ,  j  = 1 , 2 , . . . ,  i - 1 .

By th e  in duc tio n  hypo thesis and theorem 2 .2 .1 5 , we can e a s i ly  v e r ify  
th a t  th e  fu n c tio n s  b^ j a re  o f c la s s  fo r  j  = 1 , 2 , . . . . ,  i - 1 .
T herefore  E^ i s  o f c la s s  c^”1 , bu t E^(s) i s  never zero fo r  a l l  ร £ I  
thus |e±(ร)) i s  a lso  o f c la s s  1 .
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Now

v. (s) E . ( s )
lETTFJf

๖^  ■1 (ร) (A b , - , ( ธ )1  P ( i ) / B)  u l i - l  to; F ( i - i ) ( c )  f / ( b )
E ~ ( ร ) !  F  { s )  | E * ( s ) |  F  ( ร ) - - . -  | J r ( ร ) !  F  ( ร )

L e t

a i i ( s > ÏI^TT an4 ai j<s) '
V s >

e ” ( ร ) !  ’

for j ะ 1 , 2 , ,  i-1.

H e n c e  w e  c a n  w r i t e

v . ( s )  =  a . . ( s ) F ( i ) ( ร )  +  . . . +  & i 1 ( ร ) f '  ( ร ) ,  

a n d  a ^ ,  ร•1 1  1 , . . . »  a i i  a r e  c 3-a s s  1  b y  v i r t u e  o f  T h e o r e m  2 . 2 . 1 5 -

T h e  p r o o f  n o w  f o l l o w s  b y  M a t h e m a t i c a l  i n d u c t i o n .

น .  1 . 3  C o r o l l a r y . i s  o f  c l a s s  c k  1 f o r  i  =  1 , 2 , . . . ,  r  <  k .

P r o o f . U s i n g  t h e  f a c t  t h a t  F ^ 1  ̂ i s  o f  c l a s s  1  a n d

a p p l y i n g  Lemma น . 1 . 2 ,  f i n i s h e s  t h e  p r o o f .

น . 1 . น T h e o r e m  E v e r y  v e c t o r  v _ f(ร  ) i s  a  l i n e a r  c o m b i n a t i o n

(ร ) = e 11 (ร )v1 (ร )+c 12(ร )v2 (ร )+ . . -+c i i + 1 (ร )v1+1 (ร ) 

of the vectors (ร), Vg(ร),... v.+1(ร), where c^j is of class CF 1  ̂

for j =1,2.,..., i+1, i =1,2 ,..., r-1.
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P r o o f . B y  Lemma น . 1 . 2 ,  w e  c a n  w r i t e

VjL( ร )  = a i 1 ( ร ) F  ( ร ) + a i 2 ( ร ) ( ร ) +  . . , + a i ;L( ร ) F ^ ^ s ) , ......................... ( 3 )

w h e r e  a r e  o f  c l a s s  1 ,  j  = 1 , 2 , . . . ,  i .  D i f f e r e n t i a t i n g  E q u . ( 3 )  

y i e l d s

v. (s)  = ai1(ร)F(ร)+ a (ร)F (ร)+â 2(ร)F (s)+a!2(ร)F (ร)

+ . .  .+ท_(ธ)F^i+1  ̂(ร)+a1' . (ร )F^1'(ร)

= a  1'1 ( ร ) F  ( ร ) +  น 1 ไ ( ร ) + a / 2 ( ร ) ) F  ( ร ) + . . . +

(a i i _1 (ร)-'-a l i  (ร))F (ร)+a iA (ร )F  ̂i+ 1  ̂(ร ).

= ch 1(ธ)F (s)+di2(ร)F (ร)+ . . ,+dii+1(ธ)F̂ 1+1̂ (ร) 

where d (ร) = a* (ร)

1( น )

dim(s) = aim-l(s)+aim(s)’ m = 2>3,...i annd

พ พ a . . ( S)

obviously  d . า , d . nk - i - li l  i 2 , . . . ,  d. a re  o f c la s s  c ii+ 1
E.(s) = F( i )  ( ร ) - [f (1) (ร) ■ V1 (ร)] V 1  (ร )____ [f (1)( ร ) -V .^  (ธ)] v._1(ร).

Thus

F ^ ( s )  = [f ^ ( ร ) - V1 (ร)]  V1 (ร) + . .  . + Jf ^  ( ร ) . 1 ( ร ) ] 1 ( ร) +E (ร)

= jp( 1}(ร ) .■ พ 1 (ร:แV1 (ร)+ . . .+  [f ( i} ( ธ )  .V._1( ร )'J v._ 1 (ร)-+ Je . (ร)!V

fo r  i  = 2 , 3 , . . . , r  and F 1 (ร) = (ร ) .



Uo
R e p l a c i n g  F ^ ( s )  b y  E q u . ( 5 )  i n  E q u . ( น ) ,  w e  h a v e  

( ร )  = 1 ( ร ) V1 ( ร ) + d i 2 ( ร ) ( [ f ' 2 ) ( ร ) . V1 ( ร ) ]  ■ 7:1 ( ร ) +

+ d  ( ร ) ( เ F ( i + l ) ( ร ) . V 1 ( ร ) ! V  ( ร ) +  . . . +

E2(ร) v 2 ( ร ) ) + . . .

Ü+1
L (i+ 1 ) ( ร ) .vi (ร) V 8> . , +  | e 1 + 1 ( ร ) !  v i+1( ร ) )

. 0 1 1 ( ร ) V 1 ( ร )  « 1 2  ( ร ) V 2 ( ร )  + . . . « 1  i + 1 ( ร )  v . + 1 ( ร ) ,

w h e r e

° 1 3 < S )  ใ 1= ! !  v s , [ F t ) ( s > • ' ' 3 ( s ) ] + a i j ( s , K ( s , i

à ~ 1 , 2 , . . . ,  i  a n d  c i i + 1 ( ร )  = d i;L +1  ( ร )  )E i + 1  ( ร ) !  .

T h e r e f o r e  v / ( s )  i s  a  l i n e a r  c o m b i n a t i o n  o f  v ^ ( s ) , v 2 ( ร ) , . . . , v ^ + ^ ( ธ ) .

S i n c e  d̂  ̂y  F ^ J \  V j ,  a n d a r e  a t  l e a s t  o f  c l a s s  c 1 k - i - 1

j  =  1 , 2 , . . . ,  i + 1 ,  t h e n  b y  v i r t u e  o f  T h e o r e m  2 . 2 . 1 5 ,  o n e  e a s i l y  s e e s

t h a t  t h e  c  a r e  o f  c l a s s  1  \  j  =  1 , 2 , . . . ,  i + 1 .  T h e  t h e o r e m  i s  1J
p r o v e d •

it-.1.5 Theorem. F o r  i = 1,2,..., r - 1 ,  j  = 1,2,..., r, 

v / ( ร ) • V j(ร) = อ,

e x c e p t  possibly f o r  j  = i-1 a n d  j  =  i+1.

P r o o f . L e t  i , j  b e  t w o  n u m b e r s  s u c h  t h a t

i  £  £ l,2 ,..., r - l ] ,  j  t  £ l , 2 , . . . , r j ,  a n d  a s s u m e  t h a t  j  ^  i-1
a n d  j  ̂ i+1.



B y  a s s u m p t i o n ,  j  ^  i - 1  a n d  j  ^ i + 1  t h u s  w e  h a v e  t h r e e  e a s e s ,  i . e . ,  

e i t h e r  j  <  i - 1  o r  j  =  i  o r  j  >  i + 1 .  We s h a l l  p r o v e  t h e  t h e o r e m  

f o r  e a c h  c a s e  s e p a r a t e l y .

i + 1

Case 1. If j < i-1, then i # j . Thus 

v ± { ร )  . V (ร) ร 0,
which gives

v.(s) • (ร) = -Vj(ร) •Vi(ร) . ...........(6)
By Theorem l+.l.i+,

Vj'(3) = <.31 (ร) Vj. (ร)+0ป้ 2 (3) V 2 UK..«=3 J+1 (ร) VJ+1 (ร).........(T)
Replacing v7(s) by c (ร)V (ร)+... c 1 (ร)V (ร) in Eq .(6),J JX X J J+X J+x
we obtain

VA( ร ) - V ' ( ธ )  = - ( C j 1 ( ร ) V1 ( ร ) + c . 2 ( ร ) V2 ( ร ) +  . . .+C .1 (ร) ' V j +1 ( ร ) ) • v i ( ร ) .

Since j < i-1 the right hand side of the last equation is equal to ze ro , 
hence

v/(ร) • V (ร) ร 0.
Case 2. If j = i.
Since (ร) • v^(s) = 1, therefore

2v/(ร) • V (ร) = 0 .
Thus

V.7( ร )  . V ( ร )  = 0 .
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Case 3 . I f  ฏํ > i+1, then  from Equ.(T) we get

v!( ร ) ( ร )  = (011(ร)V1(ธ)+012(ร)V2(ธ)+.. .+cii+1(ร)'vi+1(ร))*Vj(ร).

But j > i+1 then the right hand side of the last equation is equal 
to zero, therefore

¥^ (ร) • V (ร) = 0 .

Combining all three cases proves the theorem.

น. 1.6 Theorem. The derivative formula of ¥̂  can be written as 
follows ะ

(ร) = kx(ร)V2(ร)

¥^(ร) = -ki_ 1 (ร)'vi_ 1 (ร) +ki (ร)'Vi+1 (ร) (i = 2 ,3 ,...,r-l),

where the k̂  are real-valued and of class ĉ  1 "*■ inside the given 
interval I .

P r o o f . F i r s t ,  w e  s h a l l  f i n d  t h e  d e r i v a t i v e  f o r m u l a  o f  ¥ ^ .  

B y  T h e o r e m  น . 1 . น ,  t h e  d e r i v a t i v e  f o r m u l a  o f  i s

¥ ^ ( ร )  =  c 1 1  ( ร ) 'V1  ( ร )  + c  1 2 ( ร ) 'V2 ( ร )  .

B u t  b y  T h e o r e m  น . 1 . 5 ,

ร ) • ¥ 1 (ร) ฬr—1 1—i ๐ilOIII

H e n c e V.[(ร) = ^ 2 (ร) ¥ 2 ( ร )  .

B y  l e t t i n g *■ 1  (ร) = C ( ร ) ,  t h e r e f o r e

V.[(ร) = k 1 ( ร )  ¥ 2 (ร ) .(ร) v2 (ร ).
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Vg(ร) = Cg1 (ร)V1 (ร )+c22(ร )V2(ร )+c23(ร )V3(ธ ).

But c2̂ (ร) = V2(ร) . ¥1(ร)

= - ¥ ^ ( ร ) .  ¥2(ร)

Now we s h a l l  f i n d  t h e  d e r i v a t i v e  fo r m u la  o f  Y , ,  i  = 2 , 3 , . . . , r - l .

F or i  = 2 ,  b y  Theorem  1(-.1.1+5

= -  ( ^ ( ร )  ¥2 (ร )) • ¥2 (ร)

= -  ^ ( ร )

and 022(ร) = ¥2(ร) . ¥2(ร) = 0
v2(ร) = -  ไร1 (ธ) ¥1(ร) + C23

By letting kg(ร) = Cg3(ร) 9
3

we get

¥2(ร) = -  kx (ร)¥1 (ร) + kg(ร )¥ 3(ร ).

Now assume that V (ร) = -kj ^(ร)¥j ^(ร)+kj(ร)Yj+̂ (ร) * 

for all j <• i £ r-1. By Theorem u.l.u, we obtain

¥3(ธ) = 031(ธ)¥1(ร)+c32(ร)¥2(ร)+...+cii+1(ร)¥i+1(ร) 

From the induction hypothesis and Theorem 1+.1.5, 

c.. (ร) =¥3(ร) • Y J  s)m
ร 0 (m = 1 , 2 , . . . ,  i - 2 ) 9

c . . า (ร) ii-1 = ¥3(ร) • ¥._1(ร)

- - V-1U) - vi (s)
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= - ( -k ._ 2 (ร)v ._ 2 ' ร)+k ._  1 (ร)'V.(ร ) )  - Vj (ร) 

= “ k i „ 1 (ร)»
and c i i (ร) = v ' (ร) • (ร) 0 ; hence

vi (s)  = -  k i ~ l (s )v i - l (s)+ c i i + l (s)  vi +l (s)  -
Let ki (ร) = ci i+ 1 (ร) 5 we get

vi (s> = -  k i - i (s )  Vi - I (s>+ ki ( s )v i+ i (s )  - 
Moreover, "by Theorem น.1 ,น, th e  fu n c tio n  k^ a re  of c la s s  ck - i - 1

Thus hy in d u c tio n  on i ,  th e  theorem i s  proved.

น . 1.7 Remark. There i s  a hit of a problem with Vr(ร), since there 
may he no Vr+̂ (ร). Given ร0 e. I, if p(r+̂ -) (ร0) is linearly independent 
with respect to F ;(ร0) ,F' ( sq) • •. 5 F ^  (ร0), then น>y the continuity 
of p(r+l)(s) this will also he true in some neighborhood of ร0 i n  I.
( ô e e  A p p e n d i x  ช ) *  F o r  ร  in รบ.๙ . .  a  n e i g h b o r h o o d ,  V - ^ ( s )  c a n  h e  

d e f i n e d  a s  a b o v e  a n d  w e  w i l l  h a v e

v r (ร )  = -  k r _1 ( ร ) v r _1 (ร )+  k r ( ร ) v r + 1 (ร)  .

If F̂ r+^)(ร ) happens to he linearly dependent upon 
F (ร0), F (ร.0) ,.. . ,  F ^ (sQ) 5 then

V s0 ) =  *1V1(s 0 )+ ¥ 2( s 0 )+- + ๙ rvr (s0} 
where 011 are read constants, i = 3,2,..., r.

Obviously,

* i = vr{s0} * vi (s0} » 1 = r  .



B y T heory m น . 1 . 5 ,  w e t h u s  h a v e

0 5 i = 1,2,..., r-2 .

I f  i  > r -2 ,
ex' r-1 = V V ' W V

“ -<-kr-2(s0)Vr-2(B0)+kr- l(30)Vr (s0))-Vr (30)

and (X Y

-  kr-l ' s0 ‘ '
V > 0 )-Vr ( S0 )

= 0.

Hence vj(ธ0) = - V l (S0)Vr-l(ธ0} •

น . 1 . 8  D e f i n i t i o n . T h e  c o e f f i c i e n t  a p p e a r i n g  a b o v e ,  k ^ ( s ) ,  k ^ s ) ,

k ^(ร) 5 are called the curvatures associated with the given curve 
at the point F(s). The r th curvature kp(ร) may be defined similarly 
when (3) is independent of F 1 (ร), F " (ร),..., F̂ r (̂ร), and to
be zero in the dependent case.

It turns out that k^(s) > 0 for i = 1,2,..., r-1, and k (ร) > 0. 
By virtue of Theorem น.1.6, the functions k̂ are of class 9
i = 1,2,..., r-1 and k̂  is of class when it does not vanish,
but over all can only be guaranteed to be continuous.



2 .  T h e  a l g o r i t h m  f o r  p a r a m e t r i z a t i o n  b y  a r c  l e n g t h .

k 6

T h e  a l g o r i t h m  f o r  c o m p u t i n g  t h e  c u r v a t u r e s  d e r i v e s  f r o m  

t h e  f o l l o w i n g  ะ

^ .  2 . 1  T h e o r e m . k ^ ( s )  = l * W s >l
lV s>i f o r  i  = 1 , 2 , . . . ,  r  . 

P r o o f . F i r s t  a s s u m e  i  <  r .  T h e n  b y  T h e o r e m  1 + . 1 . 6 ,

^ i (ร) = V^(s)*vi+1(ร)
/  E i ( s )  \
[ พ ^ )

. vi+1(ร)
|e ± ( ร ) (e ^ ( ร )  -  E . ( s ) ( | e . ( s ) |  ) ^  . V

|e ±( ร )!2
i + r

e !(s)-v1+1(3) ( เร่1(ร)! ) \

E.(s) 1 1*1(s) ฯ
E* (ร ).'V.A, (ร)

“ * (1. ^ ) '

E.(s)'Vi+1(ร)

Ei ( ร ) .vi+1 (ร) .

Wow E i ( ร )  a n d  v ^ + - ^ ( s )  a r e  o r t h o g o n a l ,  s o  t h e  s e c o n d  t e r m  o n  t h e

r i g h t  a b o v e  i s  z e r o .  H e n c e

ki  (ร)
e ' ( s) • V (ร)

I V S>I
T o v e r i f y  t h e  t h e o r e m ,  w e  m u s t  s h o w  t h a t  e | ( s ) * v ^ + 1 ( ร )  = | e ^+  ( ร ) !  .

D i f f e r e n t i a t i n g  t h e  e q u a t i o n  E^(s) = F ^ ^ s ) -  7~~. |f  ̂1 ̂ ( ร )  .V j( ร )j Vj
J < i

y i e l d s

e /(s) = F(i+1) (ร)- C t [e(1) (ร).'V j(ธ)] Vj (ธ)- (ธ). Vj (ร)] Vj (ร).



E v e r y  v e c t o r  o n  t h e  r i g h t  h a n d  s i d e  o f  t h i s  l a s t  e q u a t i o n ,  e x c e p t  

f o r  F ^ 1 ( ร ) ,  i s  a  l i n e a r  c o m b i n a t i o n  o f  ( ร ) ,  ( ร ) , . . . , V^ ( ร ) ,

a n d  t h e s e  a r e  a l l  o r t h o g o n a l  t o  V 1 ( ร ) .  T h e r e f o r e

e { ( s ) - V . +1 ( ร )  =  F ( i + 1 ) ( ร ) - v i + 1 ( ร )  .

B u t  E  ( ร )  =  F ( i + 1 )  ( ร ) -  J Z  [ F ( i + 1 \  ธ ) .  v , ( s ) ] v  ( ร ) ,  s o
j  «r i+1 J J

F ( i + 1 > ( 3 ) . v . + 1 ( ร )  = E 1 + 1 ( ร ) . v . + 1 ( ร )  =  | E . + 1 ( ร )  I .

c o m p l e t i n g  t h e  p r o o f  i n  t h e  c a s e  i  < r .

I f  i  =  r  a n d  E ^ + ^ ( ธ )  ^ 9  ( 9  =  z e r o  v e c t o r ) ,  t h e  sa m e  p r o o f  

w o r k s .  I f  E ^ + ^ ( ร )  = 9  ,  s o  i s  k ^ ( s )  =  0  , a n d  t h e  t h e o r e m  i s  p r o v e d .

k . 2 . 2  E x a m p l e . L e t  a  a n d  ๖  h e  t w o  r e a l  n u m b e r  s u c h  t h a t  a  > 0 ,  

b  ^ 0 ,  a n d  a ^ +  ๖^ = 1 . C o n s i d e r  t h e  c u r v e  g i v e n  b y  F ะ[ 0 , 2 f t ]  — * R ^ ,

w h e r e

F ( s )  = ( a  c o s  ร ,  a  s i n  ธ ,  b s ) .

T h i s  c u r v e  i s  c a l l e d  a  c i r c u l a r  h e l i x , s i n c e  (f 7 ( ร ) )  = 1  t h e n  b y  

T h e o r e m  2 . 3 . 5 ,  t h e  c u r v e  F  i s  p a r a m e t r i z a t i o n  b y  a r c  l e n g t h .  T h e  

d e t e r m i n a n t  o f  t h e  t h r e e  v e c t o r  F ; ( s ) ,  F. (ร), F^ts) i s  n e v e r  z e r o  

f o r  a l l  ร f- [ o , 2 F ]  5 s i n c e

( F / ( ร ) ,  f " ( ร ) ,  f "'( ร ) )  =

- a  s i n  ร 

~ a  c o s  ร 

a  s i n  ร

H e n c e  f o r  e a c h  ร £  [ 0 , 2 / t ]  t h e  v e c t o r s

a  c o s  ร b

- a  s i n  ร 0

- a  c o s  ร 0

f ' ( ร ) ,  f"(s),

=  a 1 b  f- 0 .

Fh!( s )  a r e  l i n e a r l y

i n d e p e n d e n t .
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T h u s  t h e  v a r i o u s  c u r v a t u r e s  m a y  h e  c a l c u l a t e d  a c c o r d i n g  t o  

t h e  a l g o r i t h m  g i v e n  b y  T h e o r e m  1 + . 2 . 1 ,  a s  f o l l o w  ะ 

F ^ ( ร )  = ( - a  s i n  ร 5 a  c o s  ร ,  b )

F (ร) = ( - a  c o s  ร, -  a  s i n  ร, o)
F (,,( s )  =  ( a  s i n  ร ,  -  a  c o s  ร ,  o )

B e g i n n i n g  t h e  G r a m -S c h m id t  p r o c e s s ,  w e  g e t

E-̂ (s) = F*(ร) = (-a  sin ร, a cos ร, b)

K (s)l - 1
V (ร) = h  s  ̂ = ( -  a s in  ร , a cos ร , ti ) .

pTTiTj

Next we have
E2(ร) ระ F''(s)-[f (ร)*v1(ร)]V1(ร) = F ( ธ ) = ( -a cos ร,-I

j Eg c ร)! = a

Vg(s) = (-cos ร, -sin ธ, o).

F i n a l l y  w e  h a v e

E 3 ( b ) F1'"(ร)-[(F1"t ร ) . พ 2 (ร)) V1 (ร )-  [f  1(ธ ) .v2(ร)] v2 (ร) 

( (a - a ^ )s in  ร, (a^ - a )  cos ร, -ba^)

| E ( ร ) !  = J ( a - a 3 ) 2 +  b 2 a u .

s i n  ร ,  o ;



T h e  c u r v a t u r e  a r e  t h e n g i v e n  b y  :
เร่2 (ร)!(ร) E- ( ร )"| =  a
1 1 V ๆ

*■2 (ร)
| E3 ( s ) |  

พ ื ^ โ
=  b

C l a s s i c a l l y  t h i s  i s  t h e  c u r v a t u r e  a n d  t o r s i o n  o f  c u r v e s  i n  R
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