
CHAPTER V

FUNDAMENTAL THEOREM OF CURVES IN  

EUCLIDEAN N -SP A C E

T h e  m a in  p u r p o s e  o f  t h i s  c h a p t e r  i s  t o  g e n e r a l i z e  s o m e  t h e o r e m s  

o n  c u r v e s  i n  R^ t o  c u r v e s  i n  Rn , b y  u s i n g  t h e  c u r v a t u r e s  d e f i n e d  i n  

C h a p t e r  I V .

1 .  I d e n t i c a l  v a n i s h i n g  o f  t h e  c u r v a t u r e ,  h a v e  g e o m e t r i c a l  

i n t e r p r e t a t i o n  a s  f o l l o w s  ะ

5 . 1 . 1  T h e o r e m . I f  k ^ ( s )  =  0 ,  t h e n  t h e  c u r v e  i s  a  s t r a i g h t  l i n e .

P r o o f . A s s u m e  k ^ ( s )  =  0 .  B y  T h e o r e m  L . 1 . 6 ,  w e  h a v e

5 t V s > 1 ° -

B y  T h e o r e m  2 . 2 . 1 6 ,  V - ( ร )  =  c ,  w h e r e  c i s  a  c o n s t a n t  v e c t o r .

S i n c e  F ( s )  =  v^ (ร) =  c ,  t h e r e f o r e

F ( s )  =  C s  +  D ,  D =  c o n s t a n t  v e c t o r ,  

w h i c h  i s  a n  e q u a t i o n  o f  s t r a i g h t  l i n e .  T h e  p r o o f  i s  c o m p l e t e .

5 . 1 . 2  T h e o r e m . I f  k r ( ร )  =  0 ,  t h e n  t h e  c u r v e  l i e s  i n  a n  r - d i m e n s i o n a l  

l i n e a r  m a n i f o l d ,  r  = 2 , 3 , . . . ,  n - 1 .



P r o o f . L e t  r  ç  I 2 , . . . ,  ท - ! \  a n d  a s s u m e  t h a t  k r ( ร )  =  0 .

B y  T h e o r e m  น . 2 . 1 ,  F ^ r + ( ร )  h a p p e n  t o  h e  l i n e a r l y  d e p e n d e n t  u p o n  

f ' ( ร ) ,  f '7( ร ) , . . . ,  F ^ ( s )  f o r  a l l  ร £  I  =  [ O . l J .

T h u s ,  F ^ r  ' ( ร )  c a n  b e  w r i t t e n  a s  a  l i n e a r  c o m b i n a t i o n

F ( r + 1 ) ( ร )  =  |3 1  ( ร )  f ' ( ร )  +/9 2  ( ร )  f " ( ร )  +  . . . +  <0 r  ( ธ )  F ( r )  ( ร )  ...................

o f  t h e  v e c t o r s  F  ( ร ) ,  F  ( ธ ) , . . . ,  F ^ ( s ) ,  w h e r e  t h e  f u n c t i o n s  /I a r e
r i

r e a l - v a l u e d  f u n c t i o n s  d e f i n e d  o n  t h e  i n t e r v a l  I .

E q u . ( l )  i s  e q u i v a l e n t  t o  t h e  f o l l o w i n g  ท s c a l a r  e q u a t i o n s

f j r+ 1^(ร) = P1 (ร )f^ (s )+  /3 2 (ร ) f  1 (ร) + . . .+  (ร )f | r ^(ร)

j  4 r + 1 ) ( ร )  =  / \ ( ร ) 4 ( ธ ) +(32( ร ) 4 ( ร ) + . . . +  ^ ( ร ) 4 r ) ( ร )  4

4 r + i ) ( ร )  = ^ 1 ( ร ) f ' ( s ) + p 2 ( ร ) / ( ธ ) + . . . + / ? r ( ร ) 4 r ) ( ร ) , .............

w h e r e  F ( s )  =  ( f ^ ( ร ) ,  f 2 ( ร ) , . . . ,  f  ( ธ ) .

T h e  i  t h  e q u a t i o n  o f  t h e  s y s t e m  ( A )  i s  a  l i n e a r  h o m o g e n e o u s  

e q u a t i o n  o f  t h e  f u n c t i o n  f  ,  w h i c h  b y  T h e o r e m  8 . 1  i n  t h e  A p p e n d i x ,  

h a s  a  s o l u t i o n  o f  t h e  f o r m

4 ( ร )  =  พ1 1 g  1  (ร ) - +w2 ±g 2 ( ร ) +  . .  .+ w r i s  1. ( ร )  ,

f o r  i  =  1 , 2 , . . . , ท .  O r e q u i v a l e n t l y
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( f ^ ( ร ) , f 2( ร ) , . . . , { ^ (ร )) =(v11g1 (ร)+พ21g2(ร )+ .. .+W 1gr (ร),พ 12g1 (ร )+ -----

+wr2sr ( s • ’wingi ( ธ ) +*2ท's2( s )+ • • * +Wrngr ( s ) )
= พ1g1(ร)+พ2g2(ร)+...+Wrgr (ร)

= F ^(ร) 5

where พ1 = (พ11,พ12, . . . ,พ111), i  = l,2 ,... ,r ,

are constant vectors, and the g ,  j = 1,2,..., r are the solutions ofJ
every differential equation of the system (a) determined by 

f v  /̂ 2* * V * p r •
Since the function gj is a solution of the differential equations 

of the system (a) and by assumption that r 51 2, then gj is clearly 
differentiable on the interval I, j = l,2 ,...,r .

Hence, the functions g^g2, . . . ,gr are integrable on the interval 
interval I, and we have

F(s) = j (พ1 g 1 (t)+Wgg2(t)+.. •+Wrgr (t))dt+V7ji+1

= ( J  g1 ( t ) d t ) W 1+( I g2 ( t ) d t ) W 2+ . . . + (  j  gr ( t ) d t ) w r+ Wr+1
ร

Let h1(ร) = j g1(t)dt, i = 1,2,..., r, thus
0

F(s) = \(ร)พ1+h2(ร)พ2+...+ hr (ร)พr+ พr+1 , 

where พ 1 is a contant vector, and ร e. I.
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By Remark 3 . 3 . 2 , F (s) l i e s  in  th e  l in e a r  m anifo ld , which i s  
o f  dimension le s s  than  o r equal to  r .

Thus th e  proof i s  com plete.

2. Fundamental ex is ten ce  theorem fo r  curves in  Rn

5 . 2.1  Theorem. Let ท he an in te g e r  such th a t  n s  2 , and suppose th a t  ' 
we a re  given n-1 re a l-v a lu e d  func tio n

^ (ร) > 0, k2 (s) ร 0 , . . . ,  kn_1 (ร) ะ> 0

defined  on an in te rv a l  jo ,l] .

Assume th a t  th e  fu n c tio n s  k ^ (s) a re  o f c la s s  cn 1 -\ i  = 1 , 2 , . . . , n-1 
th en  th e re  e x is ts  a curve F in  Rn fo r  which k ^ (ร ) , k2 ( s ) , . . . ,  k^ 1 (ร) 
a re  th e  f i r s t ,  seco n d ,. . . , ( n - l ) th  cu rv a tu res  a t  th e  p o in t F (s) and ร i s  
th e  a rc  len g th  measured from some s u ita b le  base p o in t .  Such a curve i s  
un iquely  determ ined up to  a Euclidean m otion.

Proof. Existence ะ
Consider th e  d i f f e r e n t i a l  equations

(B)
t ï y l (s )  = kl (s )y 2(s )

(ร) = -k i _1 (ร )y i _1( ร ) ( ร ) y i+1 (ร ) , i  = 2 , 3 , . . . , n-1 

1_ d ? yn (s)  * - kn - l (s )y n - l (s )  -
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I t  i s  proved in  th e  Appendix th a t  th e se  equations admit a unique se t
o f C '*'-solutions which assume p re sc rib ed  va lues y01 , y00 , . . . ,  y 0U1 บ2 บท
when ร = 0.

In  p a r t ic u la r  th e re  i s  a unique s e t V  v2 i* * ‘ ‘ * Vn i 
assume i n i t i a l  va lues 1 , ÏK 2 , . . . ,  รin  when ร = 0 , where = 0 i f

i  Î4 j  and = 1  i f  i  = j , fo r  j  = 1 , 2 , . . . , ท, i  = 1 , 2 , . . . ,  ท.

We now prove th a t  fo r  a l l  value o f ร and fo r  i  = 1 , 2 , . . . , ท,

vl i 2 (s )  + v2^2(s) + . . .+  vn i2(ร) = 1 .

E v iden tly

h (vi i 2 ( s ) tv 21:2(s)+- - - +
= 2 (v1;L(ร)v ^ (ร)+v2 i (ร )V2 . (ร)+ . . .+vn i (ร )V1! (ร ) ) .

Claim th a t  th e  r ig h t-h an d  member o f th e  p rev ious equation  
van ishes id e n t ic a l ly .

To see t h i s ,  s ince  ^ v2i» v2 i* * “ * Vn i } i s  a so lu tio n  o f (8 ) , 
we can w rite  th e  system o f d i f f e r e n t i a l  eq u a tio n s ,

v^1 (ร) = *1 (ร )V2 .(ร )

(c) vj i (s )  = - V i ( s V i i (s)+ V s )V i i ( s ) ’

(1)
๓

j = 2 , 3 , . . . ,  ท-1
V ( ร )  = - k  1 ( ธ ) v  1 . (ร )n i n-1 n - l i (ท)
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Multiply the J th equation of the system (c)  by 
vmi(ร), m= 1,2,..., ท we get

vn (ร)V1!.(ธ) = ^ (ร )V1:L(ร)V21(ร)

v2 i (s )v 2 i (s)  = “k1 ( ร ) V 1 1 ( ร ) V 2 1 ( ร ) +k2 ( ร ) V 2 1 ( ร ) V 3 1 ( ร )

V l i ( s ) V l i (s )  = - V 2 <s)V 2 1 ( s ) V u (s)+ V l (B)V l i (B,Vn l (5) 

v (s )v ท( (s )  = - kn - l ( s ,V l i ( s ) V (B) -
Adding all these equations gives
vx1(ร )V1'1( 5)+V21(ร )V2' (ร)+ . . ,+v111(ร)vn'1(ร)

= ( ^ ( ร ) V1 1 ( ร ) V 2 1 ( ร ) +k2 ( ร ) V 2 1 ( ร ) V 3 1 (ร)+

•■ -+kr .- l ( s ) V l i (s )v n i (s))
- น 1 ( ร ) - V 1 1 ( ร ) V 2 1 ( ร )  + k g  ( ร ) V 2 1 ( ร ) ' V 3 1 (ธ) +

•••■ +V l ( s ) V l i (s )v n i <s))
ร0 .

Thus our claim is proved.
Hence

2 2 2 v“.(ร)+v2.(ร)+.. .+v .(ร) = constant

^ , : ............... * . 1 . . . . .

giving the require result.
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From above result we can show that

V12 ( ร )  , 22( ร ) . ,.vn2(ร )

vln(s) v2n(s)- " vnn(s)

h n (s) T12(s)- " Tln(s ,\
v21(ร) v22(ร)...,211(ร)

\ Tnl(s) v (s)-" \m (s) }

= Id,

where Id is an ท by ท identity matrix.
To prove this it sufficies to show that

h { E l i , j ( s ) V s ) )  -  0 ■ l f  J * k '

or equivalently

E l  <vi j (8)ïik(s)+ïi t (s,vi j (s)) 5 0 -
Consider the two system of differential equations ...................(l)

vlk(s) = V a)v2k(s)
(D) v ik (ร) = -k i - l ^ vi - l k ^ +ki ^ v i + l k ^  » ......... (*)

.i  = 2 , 3 , . . .  n-1
....................(ท)((ร) = -k ■1 (ร)V 11 (ร)ik n-1 ท-!k'nk

(E)

and

f v±j (ร) = k± (ร)'V 2  ̂(ร) ......... ( l )

V s) '  - k i - l ( s )v i - l j (s)+ k i ( s ) V l 3 ( s ) ............. ( i )
i = 2,3,..., n-1

V vn j (s )  * -k (ร)V ..(ร) n-1 n-lj .(ท)
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M u ltip ly  th e  m th  equation  o f  th e  system  (D) and (E) by V ,  (ร ) and V 1 (ร)mj mk
r e s p e c t iv e ly  fo r  m = 1 , 2 , . . . ,  ท, and then adding a l l  th ere  equations g iv e s

ฐ ็L( ï i j < s ) ï4 (s)+T ik ( s K i V s , )

= (k., (ร )v_ A(ร )v 2k(ร )+k9 (ร )V91(ร )v 9V( 3 ) + . . . +2 J 3k'

kn - l ( s ) V l j ( s )v nk( s , *!ll (3 ,v l k ( s ) v 2J(s ,+

k2 U )T 2k( s ) ï 33( s ) + — +kn - l <3)V l k ( s , ï n j ( s ) )
- (kx (ร )vl k ( ร ) ^ ( ร ) +k2(ร )v2k(ร )v 3 j (ร)+  . . . +

Set

kn - l ( s ) V l k ( s , V s)+ V s )v 1 3 ( s ) v 2k (s )+  

k2 ( s ) ï 23( s )v 3k(s )  + • • - +kn - l ( s ) V l j ( s ) ï nk( s ) )
5 0.

A (s) =

(  Tl l ( s ) v 21 ( ร ) . . . vn l (s)
ท 2 <s) Vg2 ( ร ) . . . ''ท:?'3 ,

พ(s) vgn( ร ) . . . vnn<3)

\
/

where ร € [o,Lj.

From th e  above r e s u l t ,  fo r  each ร €. [0,L] th e  m atrix A (s) i s  
orth ogon al, i . e . ,  A (s) A/ ( s )  = Id where A/ (ร) i s  th e  tran sp ose  o f  A (s ) .  
But th e  equation
A (s) a ' (ร ) = Id im p lie s  A^(ร) = A~'*'(s) and so
A7(ร)A(ร) = Id , which i s  eq u iv a len t to
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/ Tl l (s)
v21 (ร)

V12( s ) ' " Vlr . ( = ) \  
V22( s ) - - - T2ท '3,

vn l (s) v_„( ธ ) . . . V (ร ท2 nn V

/ v u (ร) ^ 1 (ร ) . . .T n1 (ร) V

t12(s)  V22( s ) - - - Vn2(s )  ■

\ vl n (s )  ï 2n( s ) - " ' rnn(s) /

= Id  1

I t  follow s th a t  th e re  a re  ท m utually  orthogonal u n i ts  v ec to r 
Vi (ร) = น 11(ร ) , vi 2 ( ร ) , . . . ,  v i n ( ร ) ) ,  i  = 1 , 2 , . . . ,n .

Since th e  system of d i f f e r e n t i a l  equations (c) admit a s e t  of
1 ๅc -so lu tio n s  then  th e  fu n c tio n  v^, V ^ , . . . , V n  a re  o f c la s s  c 5 

ร
consequently l v ^ ( t )d t  e x is ts  (Theorem 2 .b ,3) fo r  a l l  ธ £ [o ,L j. 

0
I f  F ( s )  = f s  V1 ( t ) d t  , ร e [ o , l ] ............................................( 2 )

to
Then claim  th a t  th e  fu n c tio n  F determ ines a curve not only having 
V-, (ร) as i t s  u n i t  tangen t v ec to r a t  th e  p o in t F ( s ) ,  bu t a lso  having 
V1 (ร ) , ¥0 ( ร ) , . . . ,  V11(ร') as i t s  F renet fram e, k^(ร ) , k 0( ร ) , . . . ,  kn 1 (ร) 
as i t s  cu rva tu re  a t  th e  p o in t F ( s ) ,  and ร as i t s  arc le n g th .

To prove th i s  c la im , we must show th a t
( i )  The curve F i s  a Cn-p a ra m e tr iz a tio n  by arc  leng th

( i i )  For each ร t  !0, l ] , th e  v ec to rs  
F (ร ) , f" ( ร ) , . . . ,  F ^  (ร)
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are linearly independent
(iii) If (บ̂ (ร), บ2(ร),..., บ (ร)) is the Frenet frame of F 

at the point F(s) then,

(บ1(ร),บ2(ร)........บ1(ร)) = (V1(ร),V2(ร),...,vn(ร))

(iv) If h^(s), ๖2(ร)..........ĥ  (ร) are the curvatures of F at
the point F(s), then

(ร) = ๖1 (ร ) , ๖2(ร) = ๖2( ร ) , . . . ,  hn_1(ร) = ๖n_11(ร ) .

For the proof of this claim, we shall first prove of the following 
proposition.

5.2.2 Proposition. For each i = 2 ,...,ท, the vector-valued. function F 
defined by Equ.(2) is of class c on [o,l]. Furthermore the function 
F̂ 1  ̂ can be written in of the form

F(i)(ร) = ๖..1(ร)vx(ร)+h.12(ธ)V2(ร) + ...+๖11(ร)V.(ร),.................(3)

where ร £^0,lJ,' ๖1111 is of class a. on [o,l| (see for the definition 
below), m = 1 ,2 , . . . ,i, and ๖11(ร) > 0 for all ร £ |o.LI.

5 .2 .3  D e f in i t i o n . A r e a l- v a lu e d  fu n c t io n  f  d e f in e d  on [o , l ] i s  s a id  to  
be o f c la s s  น1 i f  i t  can be b u i l t  up by a d d i t io n ,  s u b s t r u c t io n ,  and 
m u l t ip l i c a t io n  from  th e  fu n c t io n  in  th e  s e t  A^, where

A = I k k ' k u “2) k k'_ k ^ " 3) k ไ

note. The definition of addition, substruction, and multiplication of 
two real-valued function have already been defined in Theorem 2.2.12.
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Proof. (of Proposition 5.2.2)

The existence of F (ร) follows from Equ.(2) and because of the 
system of differential equation (c), we obtain

F (ร) = V1 (ร) = k̂  (ร) v2(ร) .

By the hypothesis of this theorem, we know that k^(s) > 0 for all 
ร £ [o,l] then by letting (ร) = 0 and hg2(ร) = k^(s), our proposition 
is true for i = 2.

Now assume that our proposition is true for i = ฏํ < ท.

Then we can write

F(j)(ร) = h.1 (ร)V1 (ร) +hj 2 (ร) ¥2 (ร) + .. ,+h (ธ)V (ร) ,
where h. is of class a., m = 1,2,..., j . jm j
By assumption that kffi is of class cn-m“  ̂ (m = 1,2,..., n-l), together
with the condition that j < ท and Theorem 2.2.15, we see that every
function which is of class a is at least of class c1. It follows that
hjm is at least of class c \  From the system of differential equation (c),
we see that V is at least of class c1, m = 1,2,..., j. Hence by
Theorem 2.2.15,

( ไ ) ,  1 Fv is of class c , and moreover

F(J+1)(ร) = hJX(ร ) (ธ )+ 1(ร)V1(ร)+hj2(ร)V2(ร)+hj2(ร)V2(ร) +

...+ h (ร)V*(ร)+๖'1(ร)V (ร).

= (h.1(ร) V1 (ร) +h (ร)v2 (ร) + .. ,+h.y.(ร)Vh(ร))
+(hji (s)vi (ร)+h.2(ร)V 2 (ร)+..,+h (ธ)V (ร))
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= (hj^(s)v^(s) + hj?(ร)V2(ธ)+ . . .+ hjj(s)Vj(s))
+ |"hj 1 (ร) (k 1 (ร)V 2 (ธ)) + h.2(ร) (-k 1(ร),V1(ร) + k2(ร)'V3(ธ))

+...+ hjj(s)(-k 1(ร)V̂ 1(ร) + kj(s)Vj+1(ร))

h (ร) - h pk̂ (ร) (ร) + h.g(ร) + (ĥ 1(ร)k1(ร)-k2(ร)h,3(ร))J1 '
+ . . .+

\  T .1(ร)

(ร )k^ (ร) V i (s) (M

Let hj +i i ( s ) = hj 1 (ร) -  h j ? (ร )k1 (ร)

V i m '5’ = hjm(s> + (V - l <s)V l (s)  -  lrm( s ) V a (s > ) ’
m = 2 , 3 , ,  j - 1  and

* W 3) ■  V s) + V l ( s )h 3 J - l (s )

V u + I (s> -  hj j ( s ) k i (s)  -
Hence

F(J+ 1 )(ร) = hJ+11( 5)V1 ! s)+ hJ+12(ร)V2(ร )+ . . . + ^ +:13+1(ร )vj+ 1(£1) .

By th e  in d u c tio n  hypothesis and E qu.(น ), i t  i s  e a s i ly  seen th a t  h .j+lm
is  o f c la s s  a 1 , and h (ร) i s  obviously  g re a te r  th an  zero fo r  a l l  ร,J+X jtx j+ x
since  h j j (ร) > 0 by th e  in d u c tio n  hypo thesis and k . (ร) > 0 by assum ption.

Thus our p ro p o s itio n  now follow s by M athem atical in d u c tio n .

Now we s h a l l  prove our c la im .

To prove ( i ) ,  th e  f a c t  th a t  F i s  o f c la s s  cn fo llow s im m ediately 
from P ro p o sitio n  5 .2 .2 . Therefore F i s  r e c t i f i a b l e  (Theorem 2 .3 .3 ) .

Since (f ^( ร)) = j ( ร) j 5 1 , th en  by Theorem 2 .3 .5 , F i s  
p a ram etriza tio n  by arc  le n g th . This prove ( i ) .
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To prove (ii) ะ Because of Equ.(2), we have

F / (ร) = V̂ (s) 5É 9 for all ร £ |~0,Lj .

Thus for i = 1, part (ii) is proved.

Assume that (ii) is true for i = j < ท, and assume further that 
Sq £ [o,l] such that (ร ) is linearly dependent with respect

to F (Sq), F (Sq) 3. . . ,  (Sq), then there exist ๖2,. . . ,  ๖ not all
zero such that

F(,3+l)(ร0) = ๖1f ' ( ร0)+๖2F"(ร0) + . . .+ ๖ .F(j)(s0).

But Equ.(3), allows US to write

F (ร0) = V1 (ร0) = 1̂] (ธ0) \ ( ร0) ’ if h1 1 (sQ) = 1

f ' '( s0 ) -  h21( 50)V1 (ร0 )+!122(ร0 )V2 (ร0 )

F (ร0) = (50}^(ร0)+hg2(ร0)V2(ร0) + (ร0) (ร0)

F (ร0) = hj+1(ร0)’.'1(ร0)+!:K+12(ร0)V2(ร0) + . ,.+hj+1J+1(50)VJ+1(ร0),

'*ere hJ +1 J+1 (ร0) > 0 .

Since
F <3+1>( 50) = ๖1F ' ( 50)+๖2f " ( 50) + ...+ ๖ 1F<J*(50) ,  thus

h+Xl(s0)Vl (50> + -” +hJ+lj+l(s0)Vi+l(s0)
= ๖1 (๖11 ( 5 0 )'V1 (ร 0 ))+'๖2 (h21 (ร 0 )-V1 (ร 0 )+๖22 (ร 0 )-v2 ( 50))

+ ...+ ๖1(h,1(50)-V1(50)+hj2(50)V2(50) + ...+hjj(50)IV,(50))

= g1 (ร0)’V1 ( 50)+ g 2 (50) V 2 ( 50)+ ...+  ร11 (50)V.( 50) ,
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J
where 11น 0 ) = bm ( j g  >’11ท(รบ)) • m '  1 ’2 ..........  j  -

Hence

hj + l j + l ^ S0^Vj + l^ 30^ = ^el ^ SC^"h j + l l ^ S0 ^ Vl ^ S0 ^ e 2^S0^"h j+ 12^S0^ )V2^S0^+ * • • 

But h j +1j +1 (ร0 ) >  0» th u s

Vj+ l^ s0^ (g. (ร0 ) -h,. , 1  (ร0 ) )V., (ร0 ) + . . .พ ! ^  ' V V - V u ' V ' V V

+ _-----------------  (g  (ร ) - h (ร ) ) V (ร ) ,
V u + l ( s 0 > J 0 J+1J 0 J 0

i s  a l i n e a r  com bination  o f  v1 (ร q )> V0 (ร0 ) , . . . ,  V. (ร0 ) ,  t h i s  c o n t r a d ic ts  
th e  o r th o g o n a l i ty  o f  V1 (ร0 ) ,  V 2 (ร0 ) , . . . ,  Vj +1 (ร0 )*

T h ere fo re  (ร) i s  l i n e a r l y  ind epen den t w ith  r e s p e c t  to
F ( ร ) ,  F / ( ร ) , . . . ,  F ^ ^  (ร) fo r  a l l  ร £ [o ,L ] ,  The p ro o f o f  p a r t  ( i i )  
now fo llo w s  by in d u c t io n .

Next prove ( i i i ) ,  l e t  ( บ ( ร ) ,  บ2( ร ) , . . . ,  L g(s)) be th e  F renet-fram e 
of F a t  th e  p o in t F (s ) .
S ince , by th e  d e f in i t io n  o f F renet frame บ^(ร) = F (ร) and from E q u .(2 ), 

(ร) = F (ร ) , we th us have th a t

บ1 (ร) = V-, (ร ) .

Now assume th a t  (บ1(ร ) , บ2( ร ) , . . . ,  บ ( ร ) )  = (V (ร ) , v? ( ร ) , . . . ,  Vm(ร)) 
fo r  some number m e n .  Consider th e  v e c to r



พ s) = F̂ m+1\ 'ธ) - zz |F(m+l)(ร).II (ร) บ (ร),
j c m+1 J

then by the induction hypothesis, we have

Em+1(ร) = F̂ m+l)(ร) - J Z  [F̂ m+1)(ร ).(ธ )]V1(ร)

Replace Equ.(3) in Egu.(5), this gives
m+1

E _ (ร) = Z2 h .1 (ร)V (ธ)- L_ร .̂1.,- ,..m+1 1 . m+lk k , , 1'-, 1 m+lk kk=l ,3 < m+1 k=lÊ  พ 81\ ,s)-, !(s)' ไ 13,
m+1 m

“ g u ( s | \ ( s l • ะ

= hm+liH-l(s)V l <s)-

Since ขm1 . 1  (B) = - j r y r i y p  “ d V l  m+l (s)  > °> 

we can conclude that

พ 2 ) = V i ( s ) -
Hence the proofs of part (iii) follows by induction.

Finally to prove (iv), by virtue of theorem น.1.6, we obtain 

h.(s) = บ1'(ร) . บi+1(ร) , i =ะ 1,2,..., n-1 

and from the system of differential equation (c), we have 

^(ธ) = V.7(ร)-vi+1(ร) , i = 1,2,..., n-1 .

By (iii), บ1(ร) = V(ธ) 5 i = 1,2,..., ท . Hence
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(ร) = k (̂s) 9 i = 1,2,..., n-1

Therefore our claim is proved.
This prove the existence of the required curve.

Uniqueness ะ

Suppose we are given two curves F and G defined in terms of 
their respectively arc lengths ร £ jo,l], such that

^ (ร) = (ร ) ,  k? (ร) = ๖2( ร ) , . . . ,  kn_1(ร) = hn_1 (ร)

for all ร, where k (̂s) and ĥ  (ร) are the curvatures of F and G at the 
point F(s) and G(s) respectively, i = 1,2,..., n-1. We are going to 
show that there is a unique Euclidean motion T such that

T(F(s)) = G(s) 5 if ร £ [0,l] 5

Let (¥1(ร), v2(ร),..., vn(ธ)) and (พ1(ร), พ2(ร),..., พn(ร)) he the 
Frenet frame of F and G at the point F(s) and G(s) respectively.
By Theorem 3.น.5j there is a unique Euclidean motion T = R o A, where 
A is linear and R is a translation of Rn such that

T(F(0)) = G(0) 9 and

(A(V1(0)),A(V2(0)),...,A(Vn(0)) = (พ1(อ),พ2(อ),...,พn(0)).

By Theorem น.1.6 and since A is linear, we have



เ^  (A(V1(ร))•พ1(ร)) = A(V1(ร))*พ1/(ธ) + (A O V1)(ร)•พ1(ร)

= A(V1(ร)).'(k1(ร)พ2(ร)) + A(V1/(ร))•พ.1(ธ)

= ไ£1 (ร ) (A(V1(ร))•พ 2 (ร )) + kx (ร ) (A(v2(ร))•พ 1 (ร))

= kx(ร)(A(V1(ร))•พ2(ร) + A(v2(ร))•พ1(ร)),

s im ila r ly

เ^  (A(v2(ร)).พ2(ร)) = A(v2(ร)).¥2(ร) + (A O ¥2)!(ร).¥2(ร)

= - kx(ธ)(A(¥2(ร))•¥1(ธ) + A(V1(ร))•พ2(ร))

+ k2(ธ)(A(v2(ร))•¥3(ร) + A(v (ร))■ พ2(ร))

ai- (A(Vn . 1 (ร))•พ 11. 1 (ร )) = A(vn_1 (ร))•พ 11( 1 (ร) ♦  (A.vn_1 ) (ร)•พn_1 (ร)

■  - kท-2<sMA<V1(ร))'•พ11. 2(:ร)+A(Vn_2(s»«n_1(ร)) 

+ kn - l ( ธ) (A(vn - l ( s ) ) 'wn ( s )+A(Vn ( ร ) ) •พ ( ร ) )

เ ^  (A(vn (ร))•พ n (ร) = A(vn(ธ)) V ( s )  + (AO V ) ( ร ) •¥11(ร)

= - kn_ 1(ธ) (A(vn (ร))* ¥n_ 1(ธ) +A(Vn_ 1(ร))•¥11(ร)).

I t  follow s by a d d itio n  th a t

(A(V1 (ร). ¥1 (ร) +A(V 2 (ธ)). ¥2 (ธ) + .. .+A(Vn (ร))■ ¥11(ร)) = 0.

6 6

T herefore



6 7

But a t  s = 0 , A(V1 (๐) ) = พ1 (อ ), A(v2(0 )) = พ2 ( o ) , . . . ,A(V 11 (๐)) = พ11(อ). 

Thus a t  s = 0, and hence fo r a l l  ร

(A (v ^(  ร)  ) •พ^( ร ) +A( Vp( ร ) ) •พ,2( ร )  + . .  .+A(Vn (ร))'•พ ( ร ) )  = c o n s t a n t

A(vx (ร)).พ 1 (ร )+A(V (ร))•พ 2( ร ) + . . .+A(V (ร))•พ  (ร) 3 ท .

Now two u n i ts  v e c to rs , say A (v^(s)) and พ1 (ร ) , have th e  p ro p erty  th a t  
-1  < A(v^( ร) ) •พ^(ร) = cos (A(v^( ร) ) •พ^(ร)) ร  1. Hence i f  
A (v ^ (s)•พ^(ร)+A(v2(ร))•พ 2(ธ)+ . . ,+A(V (ร)) ■ พ( ร) = n ,  then

A(V1 (ร))•พ 1 (ร) E 1 , A(v2(ธ)).พ2(ร) = 1 , . . . ,  A (vn (ร))•พ11(ร) = 1.

Since th e  angle between any two v ec to rs  A (v\(ร )) and พ (ร) i s  
zero , and th ey  a re  o f  th e  same le n g th , th e re fo re  th ey  must he equa l, 
so we have fo r  a l l  ร

A(Vi (ร )) = พ .(ร ) , i  = 1 , 2 , . . . , ท.

F in a lly , since
V-L(ร) f ;( ร) ,

th e re fo re
A(V1(ร)) A(f ' (ร ))

Hence

พ1 (ร)

G7(ร ).

A (F(s)) = G(s) + c , and

R O A (F (s)) = G(s) + D.
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where c and D a re  some f ix e d  c o n s ta n t  v e c t o r s •

But a t  ร = 0 , R o A (F (0)) = G (o). Hence T (F (s ) )  = G (s) f o r  a l l  ร , 
and i t  fo llo w s t h a t  F and G c o in c id e . Whence F and G a re  i d e n t i c a l  to  
w ith in  a  E u c lid ean  m otion .

The p ro o f i s  com plo te .

it. N a tu ra l E q u a tio n s .

When a curve i s  d e f in e d  by an e q u a tio n  F = F ( s ) ,  i t s  form depends 
on th e  ch o ice  o f  th e  c o o rd in a te  system . When a cu rv e  i s  moved w ith o u t 
change in  i t s  sh ape , i t s  e q u a tio n  w ith  re s p e c t  to  th e  c o o rd in a te  system  
chan ges. I t  i s  n o t alw ays im m ediately  obv ious w hether two e q u a tio n s  
r e p re s e n t  th e  same curve  ex cep t fo r  i t s  p o s i t io n  w ith  r e s p e c t  to  c o o rd in a te  
system . The q u e s tio n  th e r e f o r e  a r i s e s  ะ I s  i t  p o s s ib le  to  c h a r a c te r iz e  
a  curve  by a r e l a t i o n  in d ependen t o f  th e  c o o rd in a te s ?

T h is can be accom plished  in  a  c e r t a i n  c a se s  and such e q u a tio n  i s  
c a l l e d  a  n a tu r a l  e q u a t io n . ,

I f  th e  c u rv a tu re s  k. = k^( ร ) ,  k2 = k? ( ร ) , . . . , k 1 = k^ 1 (ร ) and 
th e  F re n e t fram e a re  a n a ly t ic  th e n  th e y  d e te rm in e  th e  n a tu r a l  e q u a tio n s  
o f  an a n a ly t i c  curve  in  E u c lid ean  n -sp a c e .

To see  t h i s ,  suppose th e  curve i s  a n a ly t i c  th e n  we can w r i t e ,  in  
th e  neighborhood  o f  a p o in t  ร = ร0 , h = ร -  ร 0 ะ

F (s )  = F (30)+ £  F '( ร 0 ) + - ^  F ;/(ร0 ) + ^  f ' I  5 0 ) + . . . . ,

and t h i s  s e r i e s  i s  con v erg en t in  a c e r ta i n  i n t e r v a l  ร < ร < ร2 . Then
/ แ พs u b s t i t u t i n g  f o r  F , F , F , e t c . ,  t h e i r  v a lu e s  w ith  r e s p e c t  to  th e  F re n e t 

a t  F ( s0 ) ,  we o b ta in



6 9

f ' ( s0 ) = ▼ 1 (=0 )

F (ร0 ) = <J 1 (ร0 ) = kx (ร0 )V2(ร0 )

f ' ( s0 ) = kx (ร0 ) ( - k1 (ร0 )V1 (ร0 ) + k2 (ร0 )V3(ธ0 ))+ k ( (ร0 )V2(ร0 )

= -k * (=0 )V1 (■ 0 )+ k 1' พ , 0> * V W ' o ' W
JM. .F ( Sq ) ■” • • • • 9

SO th a t

F (s) = F (80) + พ 1 ( 80) + I  k.1 (ร0 )h2V2 (ร0 ) +

i h 3(-k ^ (So)V1( 30)+kj'(ร0 )V2(ร0 )+k1 (=0 )k2( 80)V3(ร0 ) )+ .........(6)

where a l l  term s can he found by d if fe re n tin g  th e  F ren e t-fo rm u lae , and 
a l l  successive  d e r iv a tiv e s  o f k ^ , k ^ , . . . ,  k^ ^ as w ell as Vp ’V2* ■ ■ ' ท

a t  th e  p o in t ร0 a re  assumed to  e x is t  because o f th e  an a ly tica l, c h a ra c te r  
o f  F. (see  a lso  Theorem น. 1 .6 ) .

I f  we choose a t  an a rb i t r a ry  p o in t F (s0 ) and a r b i t r a r y  s e t  o f  ท 
m utually  p erpen d icu la r u n i t  v ec to rs  and s e le c t  them as V ^ jV g ,.. . ,  v^, 
th en  Equ.(6) determ ines th e  curve uniquely  ( in s id e  th e  in te rv a l  o f 
convergence) up to  Euclidean motion.
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