
CHAPTER 2

THEORY

2.1 The d is t r ib u t io n  of steady s ta te  p o te n t ia l  in  a th in  conducting sheet 
o f constan t th ic k n e ss .

Consider a th in  sheet o f conducting m a te ria l o f w hich th ic k n e s s  and 
r e s i s t i v i t y  a re  u n ifo rm . The boundary of th e  conducting sheet i s  h e ld  a t  
d i f fe re n t  e l e c t r i c  p o te n t ia l ,  so th a t  the cu rren t f lo w in g  in  th e  sh e e t  and 
a c e r ta in  p o te n t ia l  d i s t r ib u t io n  a re  s e t  up.C onsider a sm all element of 
th e  sheet bounded by l in e s  p a r a l l e l  to  X and y axes.

F ig .1  Flow o f c u r r e n t  th ro u g h  a sm a ll e lem ent o f th e  c o n d u c tin g  sh e e t

Let i  , ix ; y
V
/

= Component of cu rre n t density  in  X and y d ire c t io n  
= E le c t r ic a l  P o te n tia l  
= R e s is t iv i ty

In  f ig  1. Since



สื

C urrent flow on face IB = i xdy
" " " CD = (  i x  à i x d x ) 'd y
" " " DA = iy d x  ^ x

1' " » 30 = ( i  y y ) d x
7  S r

t o t a l  c u r re n t  e n te r in g  = t o t a l  c u r re n t  le a v in g

y d y + i y d x  “  + c y & y '
b 1  d x d y t- ^ i  d ÿ d x  = 0

พ
D iv ide  by dxdy

A i  A i
> + 4 r ï = 0à  X 5  y

By Ohm1 ร law
i  = -  า 3 v

} & '  i y
h i. + h i
C5x \  2u y

= 0

2 .2  General Torsion Theory

2 .2 .1  Torsion Function

/
h * --ๆ

1 ...

F ig .2
C o - o rd in a te  axes and d isp la c e m e n ts  o f s h a f t

(2 .1)
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th e  c r o s s - s e c t io n  i s  s im p ly -co n n e c ted  r e g i o n , i s  s u b je c te d  to  no body fo rc e  
and f r e e  from e x te r n a l  fo rc e s  on i t  l a t e r a l  s u r f a c e .  The g e n e ra te r s  o f the
sh a ft are p a r a l l e l  to  a -  a x is . One end i s  f ix e d  in  the  plane z = 0 , 
w h ile  the  o th e r end, in  the plane z -  1 i s  tw is te d  th rough a sm all angle 
0 b y  a couple of magnitude M whose moment i s  d ire c te d  along the  a x is  of
th e  s h a f t .

Since the deform ation i s  sm all, the angle 0  i s  assumed to  be 
p ro p o rtio n a l to  the  d is tan ce  o f the  se c tio n  from th e  f ix e d  base. 'Thus,

Q -  oL 2
where oC i s  th e  tw is t  p e r u n it le n g th .

According to  S ain t -  V en an t'ร Semi Inverse  Method, the  deform ation 
of the  tw is te d  sh a f t c o n s is ts  of; _

1. The r o ta t io n  of th e  c ro ss se c tio n  of sh a ft i s  in  such a manner 
th a t  every diam eter seen on th e  p lan e  o f th e  c r o s s - s e c t io n  rem ains -  
s t r a ig h t  and ro ta te s  th rough the  same angle . Thus th e  displacem ents -along 
X and y ax is  correspond to  the  r o ta t io n  of c ro ss se c tio n  a re

น = -  OC ay, V = ot-ZX
2. The cro ss se c tio n s  are warped and each c ro ss -  s e c tio n  i s  

warped in  the  same way. I t  m eansthat the warping of th e  c r o s s - s e c t io n  i s  
independent of z. The displacem ent along z -  ax is  can be expressed  as
a fu n c tio n  of X and y only . This le a d s  US to  assume th a t  th e  d isp la c em en t 
'a long  th e  z - a x is  in  fo fm -o f

พ = O Cty(x,y)

C o n s id e r  t h e  g e n e r a l  c a s e  o f  a  lo n g  e l a s t i c  c y l i n d r i c a l  shafi* o f  w h ic h
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where U) (x ,y) i s  c a l le d  ’’Torsion fu n c tio n  o r Warping fu n c tio n .”

3y simple c a lc u la t io n  o f the  s t r e s s  corresponding to  d isp lacem ents,
th e  s t r a in  components in  f i g . 3 w ill be eI zz

S t r a i n  com p onen ts in  an e lem ent in  th re e  d im en sio n a l form.

XX

yy
zz

£ xy

xz

c’y2

à  น 
พ ั'

— O

Â z .  = 6~à¥5 'พ
à Z

d  •น-
b  y

= 0
+ &L

è x

ô X frz
à ” + c)L
by ô z

= 0

J Û J L o i c - f f - y )
oC  ไ','  + X )



A c c o rd in g  t o  H ook e' ร la w

E = modulus of e l a s t i c i t y ,  
/ {= shear modulus 
1J = P o isso n 's  r a t io

The s t r e s s  components w ill be

^ X ( f ~ +x)
C c  z M *  (  à j t  - y )î z x

c x y  ~  C h o c -  6 y y ~  ô z z ~  0

(2 .2)

(2.3)

อุy s u b s t i tu t in g  t h i s  value in  th e  d i f f e r e n t i a l  equations"1 of 
eq u ilib riu m

+ I ’ °Ô (5zz 4. è'^xz -r, = 0
$ z  b x  d y

(2 .4 )

T im o sh en k o ,s ,p . and G o o d ie r ,J .N . Theory o f E l a s t i c i t y .  2236
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and th e  boundary cond itio n
X = เร ^  cos ( ช ุ x) + %  cos + "Cz cos ( น , z)

Ÿ = (5̂ y cos (ช ุ y) + ' ^ ’ cos (.ชุ z) + ̂  cos ( ช ุx) (2.5)

2 = 6 ZZ cos ( ช ุ ร0 + ^  cos ( ช ุ x) + <^z cos ( ช ุ y)

where cos ($qx), cos ( ช ุy ) ,  COE ( ช ุ z) are d ire c tio n  cosin es of 
th e  e x te rn a l normal to  the  su rface  of th e  body a t the  p o in t under 
c o n sid e ra tio n .

The d i f f e r e n t i a l  equa tio ns of equ ilib riu m  w ill be s a t i s f ie d  i f  
th e  to rs io n  fu n c tio n  ip (x ,y ) s a t i s f i e s  th e  L ap lace 's  equatio n ,

in R  (2 .6 )

where R i s  th e  re g io n  of..-the c ro ’s s - s e c  t io n  o f c y l in d e r .

To s a t i s f y  tho  boundary  c o n d itio n s  on th e  l a t e r a l  s u r f a c e  o f 
th e  c y l in d e r .

(-—̂  -y ) cos (x, V )  + ( - ^ +x) cos ( y , v )  = 0  on G0  A ช /
c i s  th e  b o u n d a ry -o f th e  c r o s s - s e c t io n  o f th e  c y l in d e r .

But cos (x ,z /)  + ^~y 003 -  ^ ช ุ^
So the  boundary cond ition  can be w ritte n  in  the  form o f: -

i f  = y cos (x,Ty) -  X cos (y, 2 /  ) on c (2 .7 )
d
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The problem of so lv ing  L ap lace 's  equa tio n  in  th e  reg io n  ร whose 
normal d e r iv a tiv e  i s  p re sc r ib e d  on th e  boundary of th e  reg io n , such as 
th e  problem o f so lv ing  e q .(2 ,6 )  and boundary co n d itio n  (2.7) i s  known as 
"Neumann problem ."

Since M = J f R (x -  y O  <3*dy (2 .8 )

(2 .9)
By s u b s t i t u t e  of( th e  eq . ( 2 .2 )  and e q .(2 » 3 )

M (x2+ y2+x y )  dxdy

Bq. (2 .6 ) i s  id e n t ic a l  to  th e  e q .(2 c ใ ) . I f  the boundary p o te n t ia l  
o f th e  conducting sheet i s  p re sc r ib e d  in  form of

—  = y cos (x,2^) -  X cos (y ,2 /)  o n  G
&JS
which i s  id e n t ic a l  to  the  eq. (2 .7 ) .  Then to r s io n  fu n c tio n  Ip and 

p o te n t ia l  V a re  analogous. I t  i s  not convenient to  p re sc rib e  t h i s  type 
of boundary co n d itio n  on th e  boundary. Another fu n c tio n  which has sim pler 
boundary co n d itio n  should be in troduced .

2 .2 .2  Conugate fu n c tio n

Since th e  to r s io n  fu n c tio n  2^(x,y) i s  harmonic in  th e  reg io n  of 
c ro ss  s e c tio n , i t  i s  p o ss ib le  to  c o n stru c t an a n a ly tic  fu n c tio n  i p ■+■ /  ip  
of complex v a r ia b le  X where Ip ( .̂, y ) i s  th e  conjugate hormonic fu n c tio n ,
r e la te d  to  ip  (x ,y) by th e  Cauchy -  RLemann equations

à ?  -  d y
â x  a y  ’ d Y  3X

The fu n c tio n  ^ (x ,y )  i s  c a l le d  "C o n ju g ate fu n c tio n ."
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Slem inate พ  by d i f f e r e n t ia t in g  the  f i r s t  w ith re sp ec t to  y i th e  
second w ith  re sp ec t to  X and s u b s t r a c t in g , th e n

aV  3 y in  R (2.10)

The boundary  c o n d itio n  o f can be d e te rm in ed  by e q .( 2 ,7 )  by 
u s in g  Cauchy-Riepiann e q u a tio n  and th e  n o ta t io n  th a t

Cos =

J £
d v

dy = dx . cos (y, v )  
ds d y }

y dy + X dx 
d5 dÿ

-  dx = dyร  d>‘

but d lp
d-y

à jp  .dx + à Ip dy
à x  d y  à  y  d p

■ ร ่  ♦  M  SL
à y  d3 2> x

=
d5

• * • dÿ; y dy + X dx_d> dy dir
The boundary condition is then defined as

¥ ■รู- (x*+ŷ ) + Constant on c (2.11)

From e q . (2 .2 ) ,  (2.3) and (2 .9 ) , th e  s t r e s s  components and tw is tin g  
moment are  expressed in  term  of conjugate fu n c tio n .

•77 -  ~  /Jo*' (  -  x)Cyz c?xy z

^zx

(2.12)

^ - (  M  - y) (2.13)
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M = M a c ii (x2 + y 2-  X ^  -  y )  dxdy (2.14)
) /pL V  y  0  y

I f  th e  boundary p o te n t ia l  o f th e  conducting sheet i s  p re sc rib ed  
in  form of

•V = 2  (x2 + y2) + Constant on c.

which i s  id e n t ic a l  to  th e  e q .( 2 .1 l ) .  The conjugate fu n c tio n  
and p o te n t i a lV  are analogous.

The boundary p o te n t ia l  in  t h i s  case i s  sim ple. I t  i s  more 
convenient to  make the analogy between the  p o te n t ia l^  and th e  conjugate  
fu n c tio n  H  .

2 .2 .3  Shearing S tre ss  Function  O u  J  i  น  .

(f) (ร ี,y )
The t o r s i o n  p ro b le m  may a l s o  be fo r m u la te d  i n  te rm  ofAf u n c t i o na
which i s  defined  as

( p (x>y) = ^ ร ี , y )  -  i  (x2 + y2) (2.15)

by d i f f e r e n t i a t i o n .
M  ะ _ d 0  - dW y
ô x  3 X  ô ÿ  3 /

t h e n  t h e  s t r e s s  com ponents w i l l  be
r rL zx (pcà j j

by

= รี'Soc a x

(2. 16)

(2.17)

(2.18)

D i f f e r e n t i a t e  e q . (2 .16) ,  t h e  f i r s t  w i th  r e s p e c t  t o  X and t h e  seco n d
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w ith  re sp sc t to  y and add

M ,  + i d  = - /  (2.19)
d x  d V A

ihus th e  fu n c tio n (p  (x ,y ) s a t i s f i e s  P o i s s o n 'ร e q u a tio n .T h e  fu n c tio n  
p  (x ,y) i s  known as "Shearing s t r e s s  fu n c tio n ."

From eq. (2 .5 ) , .Since X = Ÿ = z = 0 and 003 ( 22 z  ) = 0  
th e  boundary con d itio n  red u ce s  to

7^eos (^ , x) + 5£*>sCyf3F) = Q 
S u b s t i t u t i n g  e q . ( 2 .1 l )  ,and (2 .1 2 )  in to  th e  boundary  c o n d i t io n .

,dy_ + 1dx_ _ d j#  _ 0
à  y  d ร d x  d5‘ ~ d 5

( j)  = constan t (2.20)

along th e  boundary of c ro ss se c tio n .

R ecall eq . (2.8)

-  X (x Z l j  -  y o  ^

=^ C (x H + y f y j&dy
= - M o c j l f  § y & J t o Z r  *

By G reen1ร Theorem
H = - /  cos (x, */) + y cos (y, 7/ )J d iX  2,-^0c j l(J )  dxdy

— 0 on 0 *

M =• 2 ô  éfcdy

Gho' se
(2.21)
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The tw isting moment expressed in  term of shearing stress function  
i s  simpler than expressed in term  of conjugate function or torsion function.

It i s  advisable to  determine the torsional st iffn ess  in  terms of 0  

Although the shear stress fu n ctio n ,^ , i s  not analogous to  the potential 
V in  the e le c tr ic a l analogy, i t  can, however, ๖3 determined from the 
conjugate function by mean of eq. (2.15)* Then the tw isting moment can 
be approximated as shown in  section A -  5 appendix A.

Consider a family of curves, in  the plane of the cross -  section  
obtained by setting  ^ =  constant, these curves are called  11 Lines of 
shearing stress" or "Shear stress lines."

F ig .if  S h ea r s t r e s s  com ponents on th e  sh e a r  s t r e s s  l i n t

| | L o

+ è A  -* L  = 0
b i  a s  S x  d5

dx = 0T  0 T
2 d5 -  Cyz d5  

^ c o s  ( x ,7 0  +■ ^3 cos = C 2-22)''
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The e q . (2,22) in d ic a te s  th a t  th e  components of shear s t r e s s  
normal to  th e  shear s t r e s s  l in e s  ( 7 ^ 7,' in  f i g *4) a re  alway ze ro , th u s , 
th e  shear s t r e s s  a t any p o in t in  th e  tw is te d  s h a f t  i s  in  th e  d i r e c t io n  
ta n g e n t ia l  to  the  shear s t r e s s  l i n e . (  /7 j in  f ig .4 )«

The magnitude o f th e  re su lta n c e  shear s t r e s s  is*

' C - ' C a  003 (x’ p ') -  4 s  003 b ’ 2')
= zAocI àÉ  â £  + • Jy  \

= - M o (2.23)
d j /

Thus, th e  magnitude o f re s u l ta n t  shearing  s t r e s s  a t any po in t 
i s  in d ic a te d  by th e  c loseness o f shear s t r e s s  l in e s  a t th a t  p o in t and 
th e  maximum shear s t r e s s  a c ts  a t th e  p o in t where th e  shear s t r e s s  l in e s  
are  c lo se s t to g e th e r .

2 .3  Method o f  an a lo g y  and su p p ly  boundary c o n d i t io n .

F i g .5 C o -o rd in a te  axes and th e  re g io n  o f th e  c r o s s - s e c t io n
o f th e  s h a f t  and o f th e  c o n d u c tin g  sh e e t  und er c o n s id e ra t io n



Figure 5 (a) and 5 (b) are geom etric s im i la r i ty .  F igure 5(b) 
re p re se n ts  th e  conducting sheet and f ig u re  5(a) re p re se n ts  th e  c ro ss -  
se c tio n  of s h a f t .  The conducting sheet i s  th e  e n la rg ed  s c a le  mocel o f th e  
c ro ss  -  se c tio n  of sh aft by th e  f a c to r  o f ท. P o in t p (x ,y ) in

f ig u r e  5 (a )  c o rre sp o n d  to  p o in t  P '( x '  r y  ) in  f ig u r e  5 (b )  b y .
x ' = HX , y ' = ny

The p o te n t ia l  d is t r ib u te d  in  a th in  conducting sheet as described  
in  se c tio n  ( 2 .า) i s  th e  analogous system of to rs io n  problem i n  te rm  of 
conjugate fu n c tio n  i f  th e  boundary p o te n t ia l  i s  p re sc rib ed  in  form of

V = g- (x2 + y2 ) + constan t

This equa tio n  does not specify  th e  u n it o f p o te n t ia l .  A c o e f f ic ie n t  
’'ร^,1 i s  in troduced  so th a t  when th e  value  of ex p ress io n  (x*+ y2 ) in c re a se s  
 ๆ u n i t ,  th e  p o te n tia l  V in c re a se s  ร1 V o lts .T he  boundary  p o t e n t i a l  s u p p lin g  

to  conducting sheet i i  f ig u re  5(b) i s  th en  expressed  in te r m  of co -o rd in a te  
( x ',  y 1) as

V = ร 1 (x<2 + y ’2 ) + V o l t  (2 .24)

The value of พ on boundary 0 in  f ig u re  5(a) i s  p re sc r ib e d  by 
eq. (2,11)

y_/= -g- (x'~ + y2 ) + constan t

In  t h i s  experim ent, the constan t i s  alway chosen to  be zero . So 
th e  value o f IjJ p re sc rib ed  on boundary G in  f ig u re  5(a) i s  governed by
equation

y =  2 (*2 + y2)

19

(2.25)
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One u n i t  o f-i^ is  re p re s e n te d  by ร2 v o l t s  and because  th e  c o n s ta n t 
o f if and V can be chosen a r b i t r a r i l y .  The p o t e n t i a l  V on p o in t P1 (x ( , y ' )  
i n  R' re p re s e n t  th e  c o n ju g a te  f u n c t io n If on th e  co rre sp o n d in g  p o in t  
p (x ,y )  i n  R by r e l a t i o n

V = ร2^ + ๐ 2 (2 .2 6 )

The c o e f f ic ie n t  ร.. and c o n s ta n t  e i n  eq . (2 . 24) can  be dete rm in ed  
from th e  maximum and minimum v a lu e  o f  p o t e n t i a l  and th e  CO -  o r d in a te s .
G o - e f f ic ie n t  ร2 and c o n s ta n t c2 i-n eq « (2 .2 6 ) can  be d ete rm in ed  from 

two p a i r s  o f  co rre sp o n d in g  p o in ts  on boundary c a lc u la te d  from eq . (2 . 24)
and (2 . 25)

The d im e n s io n  o f  e a c b le n g th  m easured in  t h i s  experim ent i s  e x p re sse d  
i n  term  o f  u n i t  o n ly . The u n it  o f  cond uctin g  sh e e t may d i f f e r  from th e  

u n i t  o f  y.he c r o s s - s e c t i o n  o f  th e  s h a f t .

There a re  th r e e  ty p e s  o f specim en used i n  t h i s  exp erim ent as shown 
r n  f i g . 9» •i_Th^> s q u a r e  c o n d u c t in g  s h e e t  o f  10 u n i t s  X 10 u n i t s  r e p r e s e n t s

th e  s q u a re  Q Sross- s e c t i o n  o f  s h a f t  o f  10 u n i t s  X 10 u n i t s .A  u n i t  o f th e  
sh e e t i n  t h i s  case  i s  e q u a l to  25 m.m. ,bu t a  u n i t  o f c ro s s  s e c t io n  o f 
s h a f t  eq u a l t o  25/ n  m.m.. T his co n d u c tin g  sh ee t th e n  r e p re s e n ts  a l l  s i z e  

o f  th e  c r o s s e - s e c t i o n s  o f  th e  s h a f t s  t h a t  h a s  g e o m e tr ic  s i m i l a r i t y .
The v a lu e s  ot;f th e  c o n ju g a te  f u n c t io n  a t  any  c o r r e s p o n d in g  p o i n t s  
re m a in  th e  ssame f o r  a l l  s i z e s  o f  th e  c r o s s - s e c t i o n s .

I n  t h i s  t h e s i s ,  th e  p o t e n t i a l  supp ly  i s  า5 ใโ. In  th e  case  o f 
a  sq u a re , a s  i n  f ig u r e  g (a) th e  maximum and minimum boundary p o t e n t i a l
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From e q . (2 . 24)

'/ = 3 Y (xh-y ) + c.|
1 0  ะะ: 2 0 0  ร 1 +  0 ๅ

0 = 100 ร^ + C.J
ร1= 0 .1 , C = 10

The boundary p o te n t ia l  i s  th en  governed by the  equatio n .

V = 0.1 (x2+y2 ) -  10 V o lt. (2.27)

Since e i th e r  th e  X or th e  y CO -o rd in a te  are always equal to  
10 u n i ts ,  th e  boundary p o te n t ia l  (2. 27) i s  reduced to

i s  10 V a n d  0  V r e s p e c t i v e l y .  M axim um  p o t e n t i a l  i s  a t  t h e  p o i n t  ( 1 0 , 1 0 )

a n d  m in im u m  p o t e n t i a l  i s  a t  t h e  p o i n t s  ( 0 , 1 0 )  a n d  ( 10, 0)

V = 0.1 X 2  o r 0 .1 y 2 V olt. (2.28)

From eq. (2 . 25)
a t p o in t (10, 10) IjJ = 100.0

a t  p o in t (0,10) IP = 50.0

The value of ร2 and 0-, can be determ ined
10 ะะะ 100 ร2 + O-d
0 = 50 ร2 + cu2

s2 = 0. 2, =ะ 10.0

The p o te n t ia l  V r e l a t e s  to  th e  conjugate fu n c tio n  ly by the
equatio n .
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V = 0.2&/ + า0.0 (2.29)

Q L ~ 0  9 -W -  , (2 .30)
d x  S X  *  d r  s y

By the  same method, fo r  It-frë" ไท้eetari p illa r  -c o n d u c tin g -sh e e t o f 5x00 
u n i t ,  th e  boundary p o te n t ia l  i s  governed by

V = 0.1 (x2+ y 2) -  2 .5  Volt (2.31)

The r e la t io n  between p o te n t ia l  and conjugate fu n c tio n  are
V = 0 .2  พ- 2 .5

M  = O . ê M -  dx  d x
f V  .  o .x  à E; b y  a y

(2.32)

(2.33)

I n j th e  c ase  o f th e  I c r o s s - s e c t io n  in  f i g . 9» th e  
maximum boundary p o te n t ia l  i s  10.2 V. The boundary p o te n t ia l  i s
governed by

V = 0.15 (x2 + y2 ) -  0 .6  (2.34)

The r e la t io n  between p o te n t ia l  and conjugate fu n c tio n
V = 0 .3  y  -  0 .6

<3v = a  3 M  1 A v  =r 0 .3 M L
dx S x  ’ s y  s y

2 .4  Analyt ic  a l  equat io ท ร

For rec ta n g u la r  sh a ft ,the  to r s io n  fu n c tio n , conjugate f ra c t io n , ๆ
shear s t r e s s  components and tw is t in g  moment have been solved a s  fo llow ed ;-

(2.35)

(2.36)

ร o k o ln ik o f f , I . ร , 'm a th e m a tica l Theory o f E l a s t i c i t y .1

P . 1 3 0 - 1 3 3 .
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F ig .  6 D im ensions and c o - o rd in a te  ax es  o f  th e  r e c ta n g u la r
s h a f t  u n d er c o n s id e r a t io n .

(2,37)V 8a2 <  ( - l ) n s in h  k j  . s i n  k X
พ *^  - x y  -  i p -ท ร) ( £ t ) 3 ^ ^ P 1

พ น ,:/) = i  + i  (y2-x 2 ) -* L  g  - cosh K ?  -cos k  X (2 .38)
4 J]2 n=0 (2rtt-l) c o s h ( k i /2 )
Since é  (x ,y) = i |/(x ,y ) -  £  (x2+y2)

d)(x ,y ) = _a~- X2- j L l l _ . 5  .cosh  k j  ,c o s  k x
4 n=0 (2n+1) cosh(k4b/2)

•V 2 .cosh
cosh(k^b/2)

=M c A 2*  -  8a <ะ ( - l ) n6zy y H Q C ^  “ X < 3 T)
‘T*" = - S a / V ^  ( - 1)n . s in h  k

“  ^  - 1; ( 2 ^ 1 ?  4 S h I k n . .

64a4 ^  tan h  ( k f r /2)

s in  k^x I

'ท̂ - n i  (2ท; า)2 _cosh(kJb/^y n

M -= /< ^ ba? -  __________
. ^ J J *  n=0 (2ท4-1)5 ^

where k = (2ท + 1 ) J f
n a

a = le n g th  of the  side p a r a l l e l  to  X -  ax is  
b = ท ท n to  y  -  ax is
๖ 1 a

(2 .39)

(2.4ว)

( 2 . 4 า )

(2 .42)
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I t  i s  m o re  c o n v e n i e n t  t o  c o m p a r e  t h e  m axim um  s h e a r  s t r e s s  a n d

t o r s i o n a l  s t i f f n e s s  o f  r e c t a n g u l a r  s h a f t s  by  f a c t o r s  K a n d  K>|. T h e

f a c t o r s  K a n d  a r e  d e f i n e d  a s
K -  Zmax

K M
y^oC a^b

(2.43)

(2 . 44 )

FrO-jr I  c r o ç ü - s e c t i o n , no a n a l y t i c a l  s o lu t io n s  a re  e s ta b l i s h e d ,  
b u t th e  a p p ro x im a te  s o lu t io n s  a re  as fo llo w e d ,

^ ร '  7 Dim ension o f th e  I c r o s s - s e c t io n  under c o n s id e ra t io n  

M = ■<̂ OC(๖1±^ + 2 ๖2-tg )  ( 2 . 45)
The c o rre sp o n d in g  d im ension 5 a re  shown in  f i g .  7 .
The shear s t r e s s  o f the  boundary p o in ts  f a r  from the corners of 

c ro ss  se c tio n  i s  approximated by th e  equation  of th e  narrow  r e c ta n g l e .

า T im o sh en k o ,s . p .a n d  G o o d ie r ,J .N . Theory o f E l a s t i c i t y
P . 3 0 7 - 3 0 9  and P . 3 2 1 - 3 2 4 .
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^  = © e t  (2. 46)

where t  = th ic k n e ss  a t th a t  p o in t

The s t r e s s  c o n c e n tr a t io n  a t  th e  r e e n t r a n t  c o rn e r  i s  approx im ated  
by th e  app rox im ate  e q u a tio n  o f the- s t r e s s  c o n c e n tr a t io n  a t  th e  
r e e n t r a n t  c o rn e r  o f  th e  a n g le .

(2.47)

The v a lu e s  o b ta in e d  from th e  abovs e q u a tio n s  w i l l  be 
compared to  th e  v a lu e s  o b ta in e d  e x p e r im e n ta lly .

^  y k 'o c t  ( 1 + )

where r  -ะ rad iu s  o f f i l l e t
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